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In [1], Liu et al. considered the problem of computing
the inner distances of volumetric models for articu-
lated shape description with a visibility graph. In this
supplementary material, we introduce the definition of
articulated shapes. Then we show the detailed evalua-
tion of experimental results for three databases: ISDB,
MolMovDB, and CDB, as given in Section 4 in [1].

1 DEFINITION OF ARTICULATED SHAPES

One simplified strategy to nonrigid shape analysis is
based on the articulated shape model, which assumes
that nonrigid shapes are composed of rigid parts, each
of which has a certain freedom to move [2], [3]. In our
work, we deal with the input 3D shape as a model of
articulated object defined roughly as follows.

Definition 1 (Articulated shape): An articulated shape O

consists of K disjoint rigid parts R1,...,RK and L flexible
junctions J1,...,JL, such that [2]

O = (R1 ∪ ... ∪ RK) ∪ (J1 ∪ ... ∪ JL). (1)

Intuitively, O is an articulated object if it satisfies the
following four intuitions [3].

(1) O can be decomposed into several parts connected
by junctions.

(2) The junctions between parts are very small com-
pared to the parts they connect.

(3) Let Φ be a transformation that changes the pose of
an object O. Φ is roughly considered as articulated
transformation if the transformation of any part
of O is rigid (rotation and translation only) and
the transformation of junctions can be nonrigid or
flexible.
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(4) The new shape O′ achieved from articulation of
O is again an articulated object and can articulate
back to O.

Some similar definitions appeared in other literatures [2],
[3]. Some mathematical results can be summarized from
the intuitions. In the above and following, we use the
notation Φ(O) = {Φ(x) : x ∈ O} for short. From the
above definition, the articulated transformation from an
articulated shape O to the corresponding shape O′ is
considered as a one-to-one reversible mapping, where
Φ−1 denotes an articulated transformation that maps O′

to O. Then we have

O′ = Φ(O) and O = Φ−1(O′).

Meanwhile, Φ can also be utilized on the rigid parts
and junctions, i.e.

R′

i = Φ(Ri) and J ′

j = Φ(Jj),

where i = 1, 2, . . . ,K, and j = 1, 2, . . . , L. The same hap-
pens on each single object’s point, i.e. x′ = Φ(x), ∀x ∈ O.
Note that R′

i and J ′

j are still parts and junctions in O′,
respectively. This preserves the topology between the
articulated parts after articulated transformation. Fig. 1
shows an example of articulated shapes with three parts
and two junctions, of which two dimensional models are
typical without loss of generality.

2 EVALUATION

In addition to two distance descriptors: Euclidean dis-
tance (ED) and geodesic distance (GD), we also compare
our inner distance (ID) descriptor to several known de-
scriptors, which have been applied to 3D rigid shape re-
trieval in many areas, such as engineering domain, com-
puter graphics, computer vision, and molecular shape
comparison. They are as follows.

• Shape Distribution (SD) [4] represents the shape
descriptor as a probability distribution sampled
from a shape function measuring the geometric
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Fig. 1. Illustration of articulated shapes. (a) An articulated shape O = (R1 ∪ R2 ∪ R3) ∪ (J1 ∪ J2) with three parts and
two junctions. (b) The corresponding articulated shape O′ of O after one articulated deformation Φ by rotating R1 and
R2 with flexible deformation of J1 and J2. The reversible mapping is Φ−1.

properties of a 3D model. Here, we use the D2 shape
measure for the triangle surface of a 3D object.

• Spherical Harmonic Descriptor (SHD)1 [5], [6] is a
rotation invariant shape descriptor based on spher-
ical harmonics.

• Solid Angle Histogram (SAH) [7], [8] measures
the concavity and the convexity of a 3D object.
Histograms are computed based on a complete par-
titioning of the 3D space into disjoint cells which
correspond to the bins of the histograms.

2.1 Precision-recall curve
The standard evaluation procedures from information
retrieval, namely precision-recall curves [9], [10], are often
used for evaluating the various shape descriptors, but
other evaluation criteria also exist [11]. Precision-recall
(PR) curves describe the relationship between precision
and recall for an information retrieval method. Precision
is a measure of exactness or fidelity, and it is the ratio of
the relevant models retrieved to the retrieval size. Recall
is a measure of completeness, and it is the fraction of
the relevant models retrieved for a given retrieval size.
Precision and recall are defined as follows:

precision =
TP

TP + FP
, (2)

recall =
TP

TP + FN
, (3)

where TP , the number of true positives, is the number of
objects that are included in the group that are the same
as the query object correctly retrieved in the search; FN ,
the number of false negatives, is the number of objects
that included in the group same as the query object but
missed in the search; FP , the number of false positives,
is the number of objects that are included in a different
group from the query object but inaccurately retrieved in
the search. Thus, the denominator in Eq. (2) is the total
number of all members in a group and the denominator

1. The source code is available at http://www.cs.jhu.edu/∼misha/
HarmonicSignatures/.

in Eq. (3) is the retrieval size. A perfect retrieval retrieves
all relevant models consistently at each recall level, pro-
ducing a horizontal line at precision = 1.0. However, in
practice, precision decreases with increasing recall. The
closer a precision-recall curve tends to the horizontal line
at precision = 1.0, the better the information retrieval
method. For more details, the reader can refer to [9],
[10], [12].

Fig. 2 shows the precision-recall curves for three
databases [1]: ISDB, MolMovDB, and CDB. For
precision-recall plots, the precision for each object or
group is averaged using linear interpolation over the
recall range. The results show that the ID descriptor
performs better than other descriptors for articulated
models in three databases.

2.2 Other measures

In addition to the precision-recall curves, we also eval-
uate other quantitative statistics for evaluation of re-
trieved results for three databases. Specifically, we com-
pute E-measure and F-measure.

E-measure is a composite measure of the precision
and recall for a fixed number of retrieved results [13],
[14]. The intuition is that a user of a search engine is
more interested in the first page of query results than
in later pages, where we consider a fixed number (e.g.
32) of retrieved results for every query and calculate the
precision and recall over those results. The E-measure
[14] is defined as

E =
2

1

precision
+ 1

recall

,

where the maximum score is 1.0 and the higher values
indicate better results.

F-measure (also F-score)2 is a measure of a test’s
accuracy, and it is the harmonic mean of precision and

2. The brief description of F-measure is introduced at
http://en.wikipedia.org/wiki/F-score.
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(a) ISDB
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(b) MolMovDB
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(c) CDB

Fig. 2. Precision-recall curves computed with several known descriptors for three databases.

TABLE 1
Various quantitative measures evaluated on three

databases: ISDB, MolMovDB, and CDB, for different
methods. The results show that our ID descriptor is

higher in performance compared to others.

Databases Methods F-measure E-measure

ISDB ID 41.42% 39.24%
ED 30.03% 29.24%
GD 36.48% 34.92%
SD 25.13% 24.71%
SHD 22.67% 22.40%
SAH 27.58% 26.99%

MolMovDB ID 57.78% 51.34%
ED 44.54% 41.12%
GD 39.12% 36.81%
SD 37.71% 35.37%
SHD 31.96% 30.54%
SAH 34.09% 32.40%

CDB ID 52.80% 48.70%
ED 39.89% 38.01%
GD 36.31% 34.99%
SD 31.65% 30.83%
SHD 26.97% 26.49%
SAH 30.43% 29.72%

recall. The F-measure is defined as

F = 2 ·
precision · recall

precision+ recall
.

This is also known as the F1 measure, because recall
and precision are evenly weighted. We summarize the
retrieval statistics in Table 1 for each method. Examining
the results, we can see that the ID descriptor is higher
in performance compared to other descriptors.
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