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Modeling of Crack Propagation in
Thin-Walled Structures Using a
Cohesive Model for Shell
Elements
A cohesive interface element is presented for the finite element analysis of crack growth
in thin specimens. In this work, the traditional cohesive interface model is extended to
handle cracks in the context of three-dimensional shell elements. In addition to the
traction-displacement law, a bending moment-rotation relation is included to transmit the
moment and describe the initiation and propagation of cracks growing through the thick-
ness of the shell elements. Since crack initiation and evolution are a natural outcome of
the cohesive zone model without the need of any ad hoc fracture criterion, this model
results in automatic prediction of fracture. In particular, this paper will focus on cases
involving mode I/III fracture and bending, typical of complex cases existing in industrial
applications in which thin-walled structures are subjected to extreme loading conditions
(e.g., crashworthiness analysis). Finally, we will discuss how the three-dimensional ef-
fects near the crack front may affect the determination of the cohesive parameters to be
used with this model. �DOI: 10.1115/1.2173286�
Introduction
The cohesive zone model �CZM� has gained significant impor-

ance in the modeling of crack propagation in solids in recent
ears. Although this model was first proposed by Barenblatt in
962 �1� to describe material degradation and separation in a pro-
ess zone in front of the crack tip in brittle materials and then
pplied to ductile fracture by Dugdale in 1959 �2�, most of the
dvances in the implementation of this model into numerical
ethods have taken place during the last decade �3–7�.
The most commonly used technique to incorporate the cohesive

one model into a finite element analysis is the discrete represen-
ation of the crack which is accomplished by introducing cohesive
urfaces �or so-called zero-thickness interface elements� along in-
erelement boundaries. In most cases, these special elements are
overned by a cohesive constitutive law that relates the traction
ith the opening and shear displacement across the interface

3–7�. Although other techniques that make use of smeared or
xact representation of the crack regardless of the initial mesh
ave been developed in the last few years �8–10�, the utilization
f interface elements remains attractive essentially due to the sim-
licity and effectiveness in some applications. In fact, the main
dvantage is that the complexity of crack initiation and evolution
including branching, coalescence, and arrest� can be modeled as
natural outcome of the model, without the need of any additional

racture criterion.
The first efforts to extend these cohesive models to fully three-

imensional problems were made by Ortiz and co-workers
11,12�. Thereafter, similar works have found this tool to be
ighly predictable of different kinds of three-dimensional prob-
ems �13,14�. However, there is a set of problems involving thin-
alled structures �such as the analysis of thin plates, fuselage,
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sheet-metal forming, and crashworthiness� where the use of 3D
solid elements would be prohibitive from the computational view-
point. Generally, these engineering problems are solved with shell
or other structural elements �15�. Li and Siegmund �16� made the
first attempt to extend the cohesive zone model for shell elements.
In their work, crack propagation under mode I/III conditions was
studied in aluminum panels. However, the out-of-plane bending
deformation was not contemplated in their cohesive model. It
should be mentioned that, although the extension of the three
dimension cases is relatively simple, shell elements present the
challenge of having additional degrees of freedom �i.e., nodal ro-
tations�, which may help to identify other failure modes, such as
surface crack propagating through the thickness of shells under
bending conditions. Most recently, during the review of this paper,
a new cohesive approach was proposed by Cirak et al. �17� in
which the fracture of thin shells, including the out-of-plane bend-
ing mode, was accounted for in the framework of Kirchhoff-Love
theory using subdivision elements, where only the nodal displace-
ments were needed for the shell formulation.

In this work, the cohesive interface model is extended to handle
cracks in the context of three-dimensional shell elements. In ad-
dition to the traction-displacement law, a bending moment-
rotation relation is included to transmit the moment and describe
the initiation and propagation of cracks growing through the
thickness of the shell elements. Unlike the work presented in �17�,
the cohesive model proposed in this paper is intended for shell
elements based on the Mindlin theory �commonly used in several
applications� in which the nodal rotations are used for the out-of-
plane bending modes. The paper is organized as follows: The
description of the interface cohesive element and the constitutive
law is given in Sec. 2. Simulations of simple mode I/III crack
propagation problems and bending configuration in a thin elastic
plate are discussed in Sec. 3. Comparisons with 3D simulations
using solid elements showed that the new cohesive model for shell
elements can predict the same material response using the same
cohesive parameters. A study of ductile crack propagation of
elastic-plastic materials and how this affects the determination of
the cohesive parameters is included in Sec. 4. It is shown that
when the same cohesive parameters are used in the solid and shell

models, the results are appreciably different. This is because shell
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lements cannot properly predict the three-dimensional deforma-
ional state ahead of the crack front that affects the overall behav-
or of the material. However, it is demonstrated that the cohesive
one model can still be used to represent this localized behavior
y including a constitutive cohesive law that considers geometri-
al and material factors. A numerical technique to modify these
ohesive laws to account for these effects is discussed in Sec. 4.1.
inally, a detailed analysis of the 3D cohesive zone reveals that

he projection of the cohesive tractions and opening displacements
ead to a well-defined “effective” cohesive law similar to those
btained by the numerical technique.

Model Description

2.1 Interface Elements for Shell Elements. The description
or the formulation of the interface cohesive element for shell
lements is based on the zero thickness four-node linear interface
lement described in previous works �6,7� extended to 3-D “line”
nterface elements connecting two quadrilateral shell elements.
hese interface elements are embedded along shell element
oundaries as indicated in Fig. 1�a�.

The model assumes that a perfect interface between two sur-
aces carries forces that oppose separation and shear between
hem until decohesion. From that point, the two surfaces will be-

ig. 1 „a… Schematics of the separation between two shell el-
ments. The local coordinates are defined in the middle line of
he interface elements. The upper-left box shows the cohesive
nterface elements embedded along quadrilateral shell ele-

ents „for illustration purposes, the shell elements have been
eparated…. „b… Traction separation law for pure normal separa-
ion. The arrows indicate unloading and loading for �>�cr. The
ame triangular law describes the bending moment-rotation re-

ationship under pure rotation „denoted between parentheses….
ave as distinct entities. The propagation of a crack can thus be

ournal of Applied Mechanics
simulated as the consecutive failure of interface elements. The
cohesive relationship is expressed in terms of the opening dis-
placement �= �un ,ut1 ,ut2�T and the traction T= �Tn ,Tt1 ,Tt2�T,
where the subscripts n, t1, and t2 denote the component of the
traction and displacement in the direction of the local axes of
coordinates. The magnitude of the opposing forces before debond-
ing is a function of the relative normal and shear displacement
jumps between the two surfaces, and this relationship is given by
the constitutive cohesive law, T= f���. The interface between two
shell elements is “intact” until the interface traction reaches a
maximum value Tmax, and reduces to zero until the displacement
jump reaches the maximum value. The reduction of cohesive trac-
tion can be interpreted as the progressive degradation of an oth-
erwise intact stress state ahead of the crack tip. Details of the
constitutive cohesive laws will be given in the following section.

This shell interface element should be compatible with the for-
mulation of the shell element. In this work, the Belytschko-Lin-
Tsay shell element �18� is considered. This shell element, which is
the default shell element implemented in explicit finite element
software DYNA3D �19�, is widely used in several applications in-
cluding crashworthiness and structural analysis. The formulation
of this shell element uses the Mindlin theory of plates �20�, which
allows for transverse shear strains through the thickness of the
plate, as well as thickness reduction. Since the displacements in a
quadrilateral shell element can be approximated with classical C0

interpolations, each node has six degrees of freedom, three trans-
lational, �x ,y ,z� and three rotational, ��x ,�y ,�z�.

2.2 Constitutive Cohesive Law. In this work, the so-called
triangular law introduced by Espinosa and Zavattieri �6,7� is ex-
tended to 3-D interface elements connecting quadrilateral shell
elements. In formulating the cohesive law, a nondimensional
effective displacement jump is defined by �

=��un /�n�2+�1
2�ut1 /�t1�2+�2

2�ut2 /�t2�2, where un, ut1, and ut2 are
the actual normal and tangential displacement jumps at the inter-
face estimated by the finite element analysis, and �n, �t1 and �t2
are the critical values at which the interface failure takes place.

Assuming a potential of the form ��un ,ut1 ,ut1�=�nTmax��
−�2 /2� / �1−�cr�, then the components of the traction acting on the
interface in the fracture process zone in the local configuration are
given by

Tn =
��

�un
=

��

��

��

�un
=

1 − �

�
�un

�n
	 Tmax

�1 − �cr�

Tt1 =
��

�ut1
=

��

��

��

�ut1
=

1 − �

�
�ut1

�t1
	 �1Tmax

�1 − �cr�

Tt2 =
��

�ut2
=

��

��

��

�ut2
=

1 − �

�
�ut2

�t2
	 �2Tmax

�1 − �cr�
�1�

where �1=�1
2��n /�t1� and �2=�2

2��n /�t2�. � is monotonically in-
creasing and has the form �=max��max,�� with �max=�cr at the
beginning. Once the maximum traction is reached, the interface
starts failing, the traction reduces to zero, and any unloading in
the range �cr��	1 takes place irreversibly. Once the effective
displacement jump � reaches or exceeds a value of 1, the interface
element is broken and the crack is said to have initiated. Subse-
quent failure of neighboring interface elements leads to crack evo-
lution. The most attractive feature of this new law is that this
irreversible behavior is already incorporated in the law. Figure
1�b� shows the variation of the tensile cohesive traction Tn /Tmax
with respect to the nondimensional normal displacement. The area
under the curve for normal traction in the absence of tangential
traction gives the cohesive energy �work of separation� GIc for
mode I, namely GIc=�nTmax/2. Similarly, the energies for modes
II and III can be obtained as GIIc=�1

2GIc and GIIIc=�2
2GIc, respec-
F
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m
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tively. Once �
�cr, the cohesive interface begins to irreversibly
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issipate energy defined as Gdis=GIc��max−�cr� / �1−�cr�.

2.3 Fracture by Bending. In this section, a novel cohesive
ormulation that accounts for the effect of cracks growing through
he thickness by bending is proposed. In addition to the traction-
isplacement law �Eq. �1��, a bending moment-rotation relation is
ncluded to transmit the moment and describe the initiation and
volution of cracks. In formulating this cohesive law, a nondimen-
ional effective displacement jump is redefined by adding an extra

erm, �=��un /�n�2+�1
2�ut1 /�t1�2+�2

2�ut2 /�t2�2+ �̂2��� /��max�2.
ince cracks are allowed to grow along interface elements, and
ssuming that the crack will grow in the direction of the maxi-
um stress produced by bending, only the rotation �t1 in the

irection êt1 �parallel to the middle line� will be considered.
Assuming the same potential of Sec. 2.2, the expressions of the

ormal and tangential tractions remain the same as in Eq. �1�,
xcept that � has a contribution from the rotation and the bending
oment is given by

Mt1 =
��

���
=

��

��

��

���
=

1 − �

�
� ��

��max
	 �̂Tmax

�1 − �cr�
�2�

here �̂= �̂2��n /��max�. Since �̂ is nondimensional, �̂ has dimen-
ions of length/radians and a maximum moment can be defined as

max= �̂Tmax. If there is only pure rotation along the axis êt1, this
ending moment-rotation relationship represents a nonlinear rota-
ional spring carrying a moment that opposes the bending. Under
heses circumstances, the cohesive law has the same triangular
hape as the one shown in Fig. 1�b�. The rising portion of the
urve describes the elastic behavior of an intact shell and any
oading/unloading takes place linearly with an initial bending
tiffness given by �=Mmax/ ��cr��max�. When the bending mo-
ent reaches a maximum value Mmax a surface crack initiates and

ropagates through the thickness. Any unloading in the range �
��cr ,1� will take place irreversibly with a bending stiffness

ower than the initial value. That bending stiffness will decrease as
he crack grows until the interface element breaks at �=1.

In early works, the concept of including a rotational spring
long shell element boundaries was introduced by Rice and Levy
21� and later extended to stationary elastic-plastic crack analysis
y Parks and White �22�. In their work, the spring represents the
dditional compliance contributed by the presence of stationary
art-through surface cracks. In this new model the same idea is
pplied in the context of the cohesive zone model, allowing the
rack to propagate due to the bending moment and in-plane
tresses.

Crack Propagation in Elastic Thin Panels
In this section, we will present a simple case of crack propaga-

ion in a precracked elastic thin panel under three different loading
onditions: tension, torsion, and bending. The main purpose of
his study is to compare the new cohesive model for shells with a
ully three-dimensional model based on hexahedral continuum el-
ments and their respective cohesive interface elements. Consid-
ring that the cohesive zone model has been successfully tested
or solid elements in two and three dimensions �3–14�, this com-
arison will allow us to determine how well the proposed model
or shell elements is capable of predicting the same fracture be-
avior using less computational time.

The geometry of the precracked panel is presented in Fig. 2�a�.
he length of this panel is L=30 cm, the width W=12.7 cm, and

hickness t=6 mm. The tensile axis is aligned with the y-direction
nd a crack of initial length a0=26 mm lies along the line y=0.
or all the cases, the specimen is simulated using both hexahedral
nd shell meshes �see Figs. 2�b� and 2�c��. The hexahedral mesh
as been constructed using the same shell elements as base with
our hexahedral elements through the thickness. The shell element
elected is the Belytschko-Tsay shell with five integration points

hrough the thickness. In this analysis, cohesive interface elements

50 / Vol. 73, NOVEMBER 2006
are only embedded along the line y=0, so that the crack is con-
strained to grow along the initial crack line. Since the material
used for these simulations �Steel C300� behaves in a brittle fash-
ion, it is assumed that the crack will only grow under pure mode
I and crack branching is not allowed. It should be mentioned that
this kind of assumption is commonly used by several investigators
�4,11,12,14,16,23�. The constitutive material parameters for steel
C300 are E=200 GPa, �=0.3, =7830 kg/m3. The cohesive pa-
rameters are Tmax=700 MPa, �n=�t1=�t2=70 �m, �1=�2=1.0,
and �cr=0.3. In addition to the condition that the element size has
to be much smaller than the dimension of the block to provide an
accurate representation of the stress near the crack tip, the cohe-
sive element size should be also able to resolve the length over
which the cohesive model plays a role in the elastic solution. For
a simple cohesive law, under pure mode I conditions, Rice �24�
proposed a simple expression of the cohesive zone length given
by the elastic properties, and the cohesive parameters, lcz


�9�E /32��GIc /Tmax
2 �. Considering the material parameters for

the case to be analyzed in this section, the cohesive zone length is
lcz
9 mm. It is common practice to evaluate this characteristic
length before the finite element meshes are built to ensure conver-
gence in the results �5–7�. In addition to this, a convergence analy-
sis with cohesive element size Le� lcz was also performed. Fi-
nally, to satisfy all the length scales a cohesive element size of
approximately Le=1 mm was chosen. A similar convergence
analysis was performed to determine the number of layers of ele-
ments needed through the thickness of the plate. It was then de-
termined that for the elastic simulations presented in Secs.
3.1–3.3, five layers of elements through the thickness of the plate
were sufficient. In this preliminary study, the material is treated as
elastic, using the continuum elastic model for large deformations
available in DYNA3D �19�. Discussion on elastic-plastic material is
given in Sec. 4.

Cohesive interface elements connecting hexahedral elements:
Similar to the case of shell elements, the formulation of the cohe-
sive interface elements connecting the faces of two hexahedral
elements is based on a zero-thickness eight-node bilinear interface
element similar to that previously presented in �14�. Like in any
traditional cohesive interface element for 2- and 3-D, only the
displacement-traction relationship constitutes the cohesive law
�3–7,11–14�. The components of the opening displacement are
�= �un ,ut1 ,ut2�T, and the nondimensional effective displacement
jump becomes �= ��un /�n�2+�2

2�ut /�t�2�1/2 where �ut /�t�2

= �ut1 /�t1�2+ �ut2 /�t2�2. As a result, the cohesive law employed for
these interface elements is the same as the one given by Eq. �1�
considering �t1=�t2=�t. The main difference between this cohe-

ig. 2 „a… Geometry used for the crack propagation analysis of
precracked elastic thin panel under three different loading

onditions: tension, torsion, and bending; „b… Hexahedral
esh. „c… Shell mesh.
F
a
c

sive law and the one proposed for the shell interface element in

Transactions of the ASME



S
t

t
s
u
=
c
e
d
t

a
c
t
fi

p

J

ec. 2.1 is that it is not necessary to make any difference between
he tangential components.

3.1 Mode I Crack Propagation: Tension Test. In this case,
he rectangular thin-walled specimen is subjected to dynamic ten-
ile loading on both upper and bottom boundaries given by a
niformly applied velocity at the top and bottom boundaries, vy
±0.1, 1, and 5 m/s as shown in Fig. 3�a�. The simulations were

arried out until the crack reached the other end of the plate. An
valuation of the stress distribution, crack evolution, and force-
isplacement curves showed a good agreement between the fully
hree-dimensional model and the shell model.

Figure 3�a� shows the crack tip position as a function of the
pplied displacement for the three different loading rates. The
rack tip position is determined by the global position of the in-
egration point in which the condition �=1 is satisfied. In these

ig. 3 „a… Tension test: crack tip position versus displacement
or three different loading rates. „b… Torsion test: crack tip po-
ition as a function of time for the case where the elastic thin
late is loaded under mode III conditions.
gures the solid line represents the simulations with solids and the

ournal of Applied Mechanics
dashed line the simulations with shells. It is clear from these re-
sults that both models can predict exactly the same material re-
sponse.

3.2 Mode III Crack Propagation: Torsion Test. To further
test the model, the same specimen is simulated with solid and
shell elements under torsion load. As in the previous case, the
boundary conditions are only applied on the top and bottom
boundaries, except that in this case a constant rotational velocity

field of �̇=0.08 rad/s is applied. These geometry and loading con-
ditions create a mode III stress field near the crack trip/front. The
loading conditions and cohesive parameters are similar for both
models. Given the asymmetric conditions at the crack plane, the
moment-rotation relationship does not play an important role yet.
However, this problem complements in some way the one consid-
ering only pure mode I. The results of these simulations are de-
picted in Fig. 3�b�. The crack tip position as a function of time is
similar for both cases. A closer examination of the middle plane in
the solid case revealed that the stress field was similar to the one
with shell elements.

3.3 Bending Test. In this case, the same precracked plate is
loaded in a three-point bending setup. Unlike traditional setups to
study crack propagation, in this specific problem the applied load
is perpendicular to the plane of the plate such that out-of-plane
bending is induced. The main idea behind this test is to provoke
through-the-thickness crack propagation. The layout of this ex-
periment is shown in Fig. 4�a�. Two cylindrical rods are posi-
tioned under the plate, each one at 10 cm from crack plane. A
third rod aligned with the crack plane is positioned just above the
plate and it moves towards the plane with a constant velocity vz
=1 m/s. The diameter of the rods is 1 cm. It was observed that
one of the advantages of this setup is that the crack front propa-
gates in two directions: �1� perpendicular to the plane of the plate,
along the z-axis from the bottom to the top �through-the-thickness
crack propagation� and �2� in the direction of the original crack
along the x-axis, from the initial crack front to the other side of the
plate �where the local axes are defined in Fig. 2�. This leads to a
more controlled crack growth, as opposed to the case without
initial crack where the crack can grow through the thickness in an
unrestrained mode. Although the shell model is not able to explic-
itly predict through-the-thickness crack growth, this configuration
will test the capability of the model to predict the overall response
of the structure.

As in previous cases, the cohesive parameters used for the shell
model are the same as those used in the fully three-dimensional
case. However, in this case the moment-rotation relationship of
Eq. �2� becomes an important part of the overall constitutive co-

hesive law and, therefore, the cohesive parameters ��max and �̂
need to be determined. Several simulations were performed with
different parameters until a good match was achieved. Figure 4�a�
shows the crack tip position as a function of time for best case

with ��max=0.05 rad and �̂=1.0. In this figure, the crack evolu-
tion is represented by the x-coordinate of the centroid of the in-
terface elements at the time where �=1 is satisfied. In the simu-
lation with solid elements, several interface elements have the
same x-coordinate. However, the time where the crack front
passes through those points may be different. Figure 4�a� shows
that the crack front evidently evolves differently along the various
layers of elements. This confirms that the crack grows in two
directions along the projected crack plane. Furthermore, it was
observed that the crack initiates originally at the intersection of
the initial crack front and the bottom surface and propagates to the
upper surface as it grows in the x-direction.

A second configuration is tested to validate the model param-
eters. The thickness of the plate is reduced to 2 mm, and the
impact velocity is increased to vz=10 m/s. The crack tip position
as a function of time is shown in Fig. 4�b�. Although the fully
F
f
s

three-dimensional simulation case shows a strong through-the-
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hickness crack propagation, the shell model is able to predict the
rack propagation in the x-direction. Some of the discontinuities
hown in these plots correspond to temporary arrests of the local
rack front. The ability of the model with shell elements to cap-
ure such effects is remarkable. Moreover, it is observed that the
verall force needed in the upper rod to break the plate is similar
sing both models.

The bottom views of the cracked plate and the stress field are
hown in Fig. 5 for both models at three different times where the
rack growth takes place. The position of the crack front/tip can
e estimated from the stress field. It should be noted that the stress
hown in the simulation with solid elements is that of the bottom
urface of the plate, whereas the one shown in the case with shells
epresents the middle plane stress field. Therefore, the crack tip
osition of the model with shells as described in Fig. 4 can be

ig. 4 Schematics of the three-point bending setup. „a… Crack
ip position as a function of time for case with thickness t
6 mm and vz=1 m/s. „b… Crack tip position as a function of

ime for the case with thickness t=2 mm and vz=10 m/s. „Com-
ent: The dots represent the x-coordinate of the centroid of

he interface elements at the time where they fail. Clearly the
imulation with solids shows the crack evolution in the differ-
nt layers of elements.…
onsidered as the position of the crack front at the middle plane.
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4 Three-Dimensional Effects of Ductile Crack Propa-
gation in Thin-Walled Specimens

The potential of the cohesive zone model to simulate crack
propagation in elastic thin plates using shell elements has been
examined in the last section. The material under consideration was
only elastic, and in most cases the crack front was straight. Con-
sequently, the plane stress formulation used by the shell elements
may be suitable to model these kinds of problems. However, this
desired behavior might not be observed in real ductile materials.
The study of ductile fracture in elasto-plastic materials raises
some concerns regarding the mechanical constraint imposed by
the plastic deformation in the region near the crack front. More-
over, during ductile crack propagation of thin metals, a character-
istic phenomenon called crack tunneling is observed. Crack tun-
neling occurs when the initially straight crack front grows more
rapidly in the middle of the thin-walled specimen leading to the
formation of rounded crack front profile. The plastic deformation
around the tunneled crack front departures from the ideal defor-
mational state observed in the elastic cases. As a consequence,
additional out-of-plane components of shear stress become sig-
nificant as the highly plastic deformation takes place near the
crack region. In addition to crack tunneling, slant crack growth
could also occur under certain conditions and materials. This is
when the crack front turns into a 45 deg direction leading to a
mixed mode I/III crack growth problem �25�. The study of slant
fracture and its transition from flat crack is out of the scope of this
analysis. Thus, we will restrict the current study to problems
where crack fronts advance in flat mode.

All these complex mechanisms certainly affect the driving force
of the crack and, consequently, the response of the material. It is
then essential to make use of powerful tools that can accurately
predict these localized phenomena. The cohesive zone model, in
combination with the finite element method and continuum mod-
els, has proven to be a good choice for these kinds of analysis.
Chen et al. �26–28� have extensively carried out fully three-
dimensional analysis of crack growth in thick specimens using the
cohesive model. Since ductile fracture in elasto-plastic materials
is driven by void nucleation, growth, and coalescence, which are
affected by the local constraint, they found a strong dependence of
the cohesive parameters with the constraint conditions �stress tri-
axility�, and as a result through-the-thickness variation of these
parameters was considered. Moreover, they found that different
cohesive parameters may be needed for different specimen geom-
etries �i.e., double edge notched and compact test specimens�. On
the other hand, Roychowdhury et al. �14� have shown that for thin
specimens, a three-dimensional model with constant cohesive pa-
rameters can fit the experimental results with good agreement, and
yet were able to predict crack tunneling. Moreover, their work
demonstrated the ability of the fully-three dimensional model to
predict crack growth with different crack lengths and other geom-
etries �including compact tests� with only one set of cohesive
parameters.

The use of shell elements in conjunction with the cohesive
model may require a special treatment to capture the fundamental
nature of ductile crack propagation in thin specimens. Since shell
theory is based on a bidimensional state of plane stress �15,20�, all
these three-dimensional effects mentioned in the previous para-
graph are essentially ignored by the shell formulation, and any
variation of thickness does not play any role in the simulated
results �29�. It is then expected that the three-dimensional model
and the shell model will lead to different results.

To illustrate the importance of the three-dimensional effect of
tunneling in the crack region, an elasto-plastic specimen loaded in
mode I is simulated with solid and shell elements. Details of this
setup and material model are given later in Sec. 4.1. The same
configuration is simulated with a pure elastic model for compari-
son purposes; however, the cohesive parameters are the same for
all these simulations. Figure 6�a� compares the crack tip position
F
t
=
t
m
t
s

as a function of the applied displacement for all these cases. Even
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Fig. 5 Tensile stress �yy at different times during the propagation of the crack using a shell and solid mesh for
the three-point bending configuration for t=2 mm and v =10 m/s.
z
Fig. 6 „a… Crack tip position as a function of the applied displacement for a mode I ductile crack problem simulated with solid and
shell elements. The solution for the solid mesh is given at the midsection of the panel. „b… Tensile stress field for the elasto-plastic
and elastic material. „c… Details of the crack tunneling for the case modeled with 3D solid elements. The dark region indicates

where Gdis/GIc=1.0.
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hough there is an excellent agreement when the material is elastic
as observed in Sec. 3.1�, a noticeable disagreement in crack
rowth between the solid and shell model is obtained for the
lasto-plastic case. Based on the hypothesis that the three-
imensional simulation contains the most reliable information
bout the true deformation process, there is clearly something
issing in the model for shells. The three-dimensional tensile

tress fields ��yy� for the elasto-plastic and pure elastic cases are
hown in Fig. 6�b�. For illustration purposes, only one half of the
pecimen from the crack plane is shown. The presence of a more
omplex three-dimensional stress state ahead of the crack front is
vident in the elasto-plastic case. The same figure indicates the
ocation of the crack front and the cohesive zone defined as the
egion where irreversible energy dissipation takes place 0

�Gdis /GIc��1 �see Sec. 2.2�. Although not shown in this paper,
he formation of “shear lips” caused by the plastic deformation on
he free borders was also observed. Figure 6�c� shows the pre-
icted crack front formation at different stages. The initial straight
rack front evolves into a round-shaped crack front. The dark
egion indicates where the material has been totally separated
where Gdis /GIc=1.0�. A thick black line on the free surfaces de-
icts evidence of thickness reduction.

Unfortunately, the localized three-dimensional deformational
tate near the crack front affects the overall response of the struc-
ure, and the bi-dimensional nature of the plane stress formulation
s evidently not adequate to capture this phenomenon �29�. Nev-
rtheless, it may still be possible to “lump” this localized behavior
nto the cohesive zone model. In this section, we will study this
lternative by explicitly modifying the existing constitutive cohe-
ive law to incorporate some geometrical and material factors that
ould eventually take into account the complexity of the tunnel-

ng effect. As an example, a mode I crack propagation experiment
erformed by Dodds and co-workers �23� on constrained center-
racked aluminum panel specimens will be used. It should be
entioned that, even though this experiment has been modeled
ith the cohesive zone model using both solid elements �Roy-

ig. 7 „a… Details of the center-cracked aluminum panel. For s
he geometry and „b… the shell model one-fourth. Symmetry b

easured load-crack growth response using both models „

trengths….
howdhury et al. �14�� and shell elements �Li and Siegmund �16��,

54 / Vol. 73, NOVEMBER 2006
both papers have reported different values of cohesive strength.
This discrepancy will be discussed later in the section.

4.1 Analysis of a Center-Cracked Aluminum Panel. Fol-
lowing the work by Dodds and co-workers �14,23�, simulations of
an aluminum Al2024-T3 centered-crack panel are performed with
the fully three-dimensional model. Following the description of
Fig. 7�a�, the width of the panel is 2w=75 mm. The initial crack
length is a /w=0.333 and the thickness of the plates is t
=2.3 mm. Due to the symmetry of this configuration only one-
eighth of the geometry is simulated. Thus, symmetry boundary
conditions are employed accordingly. Cohesive elements are in-
serted in the projected crack plane/line. The element size in the
fracture region is Le=0.1 mm in the crack direction and Lt
=0.16 mm in the thickness direction. This provides seven layers
of elements across half-thickness. Mesh convergence studies per-
formed by Dodds �14� demonstrated that Le=25 mm and five lay-
ers of elements across the half-thickness were sufficient refine-
ment to capture proper crack growth and tunneling formation. Due
to the localized high plastic deformation ahead of the crack front,
a convergence analysis was performed to evaluate the different
element formulations to check for hourglass modes and undesired
locking. Finally, it was found that, either, the fully integrated
eight-node hexahedral elements using the mean dilatation method
or the reduced integration hexahedral with stiffness form of the
Flanagan-Belytschko hourglass method �19� could be safely used
for this kind of analyses. Both formulations gave essentially the
same results and were compared with the results reported by pre-
vious works and experiments �14,23�.

In order to simulate the quasi-static test with displacement con-
trol loading using an explicit code such as DYNA3D, uniform low
velocities are applied at the nodes on the top boundary. Previous
calculations demonstrated that applied nodal velocities of about
500–750 mm/s were slow enough to prevent inertia effects in the
calculation and satisfactorily fast to improve CPU efficiency. For
the continuum material, the traditional isotropic elastic-plastic
constitutive model that uses the Mises yield criterion is utilized.

licity purposes, the solid model considers only one-eighth of
ndary conditions are applied accordingly. „c… Predicted and
comparison purposes the shell model uses two cohesive
F imp
t ou
m for
The elastic parameters for the Al2024-T3 are E=71.3 GPa and
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=0.3. The initial yield stress is �y =345 MPa and the plastic
egimen is governed by �=K�n, where K=�y�E /�y�n, n=0.1 is
he hardening exponent, � is the true effective stress, and � is the
ogarithmic strain. A systematic and parametric study performed
y Roychowdhury et al. �14� led to the following calibrated cohe-
ive parameters: Tmax=2.7·�y =931.5 MPa and GIc=19 kJ/m2

equivalent to a material toughness of KIc=38.5 MPa�m�. Figure
�c� shows a good agreement between the numerical predictions
nd the experimental load-crack extension data. The simulation
ith shells will be discussed later.
Simulation with shell elements: Following the same scheme, the

pecimen is simulated with quadrilateral shell elements. In this
ase only one-quarter of the geometry is modeled with shells. As
hown in Fig. 7�b�, the shell mesh utilized is identical to one of
he faces of the fully three-dimensional case. Keeping the same
lement size, the number of elements is therefore reduced from
1,700 solid elements and 1750 plane cohesive elements to only
500 shell elements and 250 line cohesive elements. However,
esults using the same cohesive parameters as those used in the
hree-dimensional case are markedly different. Crack propagation
s slower than in the real case and the applied peak force is sig-
ificantly overpredicted. Figures 7�c� and 8�a� show the crack
xtension and normal applied force for the three-dimensional case
nd the shell simulation. The same effect has been observed in
ater simulations with specimens of different thicknesses. As ex-
ected, the fully three-dimensional simulations show a strong de-
endency of the overall material behavior with the specimen
hickness, whereas the shell model predicts the same behavior;
hat is, the remote applied stress and crack extension are indepen-
ent of the specimen thickness. It is clear that the cohesive law
eeds to be modified in order to take into account the three-
imensional effect that the shell elements cannot provide.

Calibration of the shell model: As mentioned before, Li and
iegmund �16� demonstrated that the cohesive zone model could
ertainly be used with shell elements to model these kinds of
roblems. Nevertheless, they reported a much lower value for the

ohesive strength �T̄max=2�y�. Prior works on dynamic crack
rowth in thin sheets also led to similar findings �30�. This indi-
ates that possible modifications of the cohesive zone model can
nvolve a reduction of the cohesive strength. However, to the best
f the author’s knowledge, there is no work done on defining
ome sort of scaling law to relate the cohesive strength, Tmax, used
n the three-dimensional calculations with the “modified” cohe-

ive strength, T̄max, for a 2D formulation. As previously discussed,
he cohesive strength used in 3D simulations was shown to predict
ell different specimens and loading conditions �14�. On the other
and, the modified cohesive strength for shell elements should
ventually contain information of the geometry and is expected to
ary for different specimen thicknesses.

Looking at this trend, a series of numerical simulations with
hell elements was performed for various values of the cohesive

trength, T̄max, and keeping the same cohesive energy GIc �the

ritical displacement is then computed as �n=2GIc / T̄max�. Figures
�a� and 8�b� show the crack extension and force as a function of

he remote applied displacement for different values of T̄max using
he shell model. It is observed that crack growth is delayed for

igher values of T̄max. Conversely, the peak force increases with

max. In conclusion, it was found that, with T̄max=1.88 �y
650 MPa, the shell model gives similar results to the three-
imensional model. The force-crack extension curve was also in-

luded in Fig. 7�c� using T̄max=931.5 and 650 MPa for compari-
on purposes. This value is closer to Li and Siegmund’s findings
16�.

Certainly, this change in the value of T̄max is an “adhoc” modi-
cation of the cohesive law to take into account the three-

imensional effects for this specific thickness and material; hence,

ournal of Applied Mechanics
it should be expected that this correction would be different for
other thicknesses or material �different values of E ,� ,�y ,n�.
Therefore, two more three-dimensional simulations were added
for two more thicknesses, t=1 and 3 mm using the constant co-
hesive parameters Tmax=931.5 GPa and GIc=19 kJ/m2 used in
�14�. Then, the same process was repeated for these two new
specimens. Again, simulations with the shell model were per-

formed for different values of T̄max for the two cases until good
agreement was achieved. Finally, the best match was attained with

Tmax=2.17·�y for t=1 mm, and T̄max=1.82·�y for t=3 mm. Fig-

ure 8�c� shows the best match T̄max versus the specimen thickness.
This clearly demonstrates that the cohesive model for shell ele-

ig. 8 „a… Crack extension and force as a function of the uni-
ormly applied displacement obtained with the fully-three-
imensional model and with the shell model using different co-
esive strength values. The two solid lines indicate the crack
ront position at the middle and outer surface of the specimen
or the solid mesh with thickness t=2.3 mm. „b… Correction of
he cohesive strength for shell elements as a function of the
pecimen thickness.
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racks under normal opening.
It should be mentioned that, although it is common practice to

eport only the force versus crack extension curves for these kinds
f experiments �Fig. 7�c��, the individual evolutions of these two
ariables with respect to the applied remote displacement �Fig.
�a�� are more sensitive to the cohesive parameters than just the
ombination of the two. Therefore, the two curves should be used
imultaneously for calibration and validation purposes.

It should be repeated that this model is based on the assumption
hat the three-dimensional simulations give the best match to the
xperimental results, and the cohesive law proposed in this section
s primarily an “adhoc” modification to modify crack growth un-
er plane stress conditions to obtain an accurate response of the
aterial. Certainly this modification can only take place whenever

he three-dimensional model can accurately represent the experi-
ental data in thin plates �where the crack extension and dimen-

ions of the plate are much larger than the thickness of the plate�.
xtensions of this model can also be done for thicker plates if the

ight set of cohesive parameters is known for the three-
imensional model, even if these parameters vary with the local
osition with respect to the middle plane of the specimen, as
ound in �26–28�. However, in those cases where the cohesive
arameters need to be changed for different specimens and bound-
ry conditions in the 3D model, as in �27�, the cohesive param-
ters will need to be changed for the shell model as well.

“Effective” cohesive law: Another way to look at this problem
s by analyzing in detail the three-dimensional deformational state
nd extract from the calculations useful information that can even-
ually provide some guidelines to define a cohesive law for shell
lements. Thus, it can then be possible to look at the bi-
imensional solution as a projection of the three-dimensional
ase. For instance, the three-dimensional cohesive zone ahead of
he mode-I crack front, defined by the normal cohesive traction, is
hown in Fig. 9�a� �upper corner�. The maximum traction �when
n=Tmax� follows a curved shape similar to the tunneled crack
ront. The same figure shows the profile of the normal traction
long the x-axis in the direction of the crack growth. Data points
epresent the normal traction at each integration point of the three-
imensional calculation. The average through-the-thickness cohe-

ive traction can be easily obtained by T̄n=2/ t��0
t�/2Tndz �shown

s solid line�, where t�= t��x� is the current thickness. The aver-

ged maximum traction is then defined as T̄max, which is notably
ower than the cohesive strength used in the three-dimensional

imulations. It was observed that this profile, as well as T̄max,
emains constant as the tunneling is fully developed and cracks
ropagate steadily. Three-dimensional simulations of different
hicknesses reveal that this averaged maximum traction decreases
or thicker panels.

Conversely, the opposite effect was found with the averaged

ormal opening �defined as ūn=2/ t��0
t�/2undz�, in which the aver-

ged maximum critical displacement is greater than the one used
n the three-dimensional simulations and increases with the thick-
ess of the panel. More remarkable is the combination of these

wo variables. Figure 9�b� shows the relationship between T̄n and

n. Each dot represents the values at integration points of the
lane cohesive elements at various stages of the crack propagation
imulation. This well-defined “effective” cohesive law is shown
or three thicknesses t=1, 2.3, and 3 mm. The original cohesive
aw �Tmax=931.5 MPa and GIc=19 kJ/m2� is also shown in
ashed lines. Even though the shape of the cohesive laws departs
rom the original triangular shape, the overall cohesive energy
oes not deviate significantly from its original value, which con-
rms the assumption used in the previous section of keeping the
ame energy and only modifying the cohesive strength. In all the
ases, the initial stiffness also remains unchanged. Consequently,
hese cohesive laws were implemented for shell elements, and

imulations for each thickness were performed. Although, a simi-

56 / Vol. 73, NOVEMBER 2006
lar trend to that described in the previous section was observed,
the crack extension and applied force were not as accurate as the
results obtained with the “calibrated” cohesive parameters. One
possible explanation is that the averaged cohesive parameters are
slightly greater than those obtained in the calibration process and,
hence, do not take into consideration the real three-dimensional
character of crack growth by only projecting in a 2D plane. How-
ever, this “effective” cohesive law provides some qualitative in-
sight into the real mechanisms that need to be applied in order to
define cohesive laws that can be compatible with a plane stress
formulation.

5 Conclusions
In this paper, a three-dimensional finite-deformation cohesive

element for shell elements for the finite element analysis of crack

ig. 9 „a… Normal cohesive traction profile developed near the
rack front. Each dot represents the value at each integration
oint and its x-coordinate „initial straight crack front is located
t x=0…. The solid line represents its average through the thick-
ess T̄n. „b… Effective cohesive law „T̄n vs. ūn… for three different
pecimen thicknesses.
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propagation in thin-walled structures was presented. A numerical
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nalysis for elastic thin plates was included to assess the capabil-
ty of the model to predict crack growth under mode I/III and
ending loading conditions. Unlike previous models �16�, the pro-
osed model incorporates a bending moment-rotation relation to
ransmit the moment and describe the initiation and propagation
f cracks growing through the thickness of the shell elements. In
ddition, three-dimensional simulations of ductile crack propaga-
ion in elasto-plastic materials were used to emphasize the impor-
ance of plastic constrain in the region near the crack front. This
umerical analysis suggested that the two-dimensional nature of
lane stress shell elements together with the cohesive model may
ot be appropriate to accurately predict the three-dimensional de-
ormational state ahead of the crack front that evidently affects the
verall behavior of the material. Therefore, the cohesive law for
hells needs to be modified to take into account these geometry
nd material factors. For that reason, a scaling law for the cohe-
ive strength is proposed in this work �see Fig. 9�. Future direc-
ions will be focused into a dimensional analysis where different
eometry, as well as material parameters, will be included. Along
hese lines, it will be possible to come up with a dimensionless

unction for the “modified” cohesive strength as T̄max/�y
��t / l ,E /�y ,n ,Tmax/�y�, where the thickness t may be normal-

zed by the ligament size �l� or the plastic zone length ��p�.
The versatility and ability of the model to predict crack growth

nder various loading conditions have been demonstrated in this
ork. This opens a new set of possible solutions for problems

nvolving fracture in thin-walled structures that otherwise could
ot be solved with other models, such as dynamic impact and
enetration of plates, deformation, and failure of tubes and tearing
f membranes. Figure 10 shows some preliminary simulations
erformed with this model for various materials.

Finally, the limitations of this model were discussed in Sec. 4.
he model is shown to work under the particular circumstances
escribed in Sec. 4 and, clearly, a comprehensive and systematic
imensional analysis to determine clear limits of this model in
erms of the geometric and material parameters �including the
hickness and plastic zone size� is required, and further studies
ill be needed in future research works.
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