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Abstract

It has been known for many years that crack propagation along interfaces is influenced by interface topography or
roughness profile. This has given rise to a small body of literature in which interface toughening with stochastic surface
finishes, produced by grinding, rolling, or grit blasting, has been the primary focus. However, there is very little informa-
tion currently available on the effect of patterned interfaces that are characterized by a minimal number of geometric
parameters. In the present article, roughness-enhanced toughening of a cohesive interface between two identical materials
is explored with a pure sinusoidal interface morphology that is characterized by its aspect ratio or ratio of amplitude to
wavelength. Sixteen finite element meshes, each with a different aspect ratio, were constructed to study initiation and
growth of a semi-infinite interface crack due to remote mode-I loading. The cohesive interface was modeled with a viscos-
ity-modified Xu–Needleman cohesive zone law, and the solids were characterized with continuum elastic and elastic–plas-
tic constitutive models. Predicted relationships between the aspect ratio and the macroscopic toughness point to key
differences in the material models. A set of critical parameters which include the aspect ratio, material and cohesive prop-
erties is predicted such that catastrophic crack growth is inhibited due to crack blunting. A clear boundary between brittle
and ductile fracture behavior is thus identified. The results suggest some guidelines for practical design of failure resistant
interfaces through appropriate choice of geometric, material, and cohesive parameters.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Among the many factors that mitigate the strength of an interface between two materials, it is the morphol-
ogies of the bonded surfaces that have yet to be effectively exploited for inhibition of crack propagation (i.e.
interfacial toughening). Experiments have suggested that the toughness of an interface between two materials
can be enhanced by manipulating surface roughness via etching, hot rolling, grit blasting, or laser ablation
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[1–5]. The resulting surface finishes, which are essentially stochastic in nature with roughness heights generally
distributed in Gaussian profiles (or variations thereof) [6], are thought to provide an extended path length for
a growing crack, continually diverting the crack tip as it moves, leading to more efficient energy dissipation.
An intriguing approach to addressing these problems is the incorporation of a patterned interface morphology
characterized by a small number of (readily quantifiable) geometric features that can be precisely controlled to
mitigate crack nucleation and growth. This has been made possible through advances in precision machining
processes (e.g. electrical discharge machining) and primary fabrication methods that impart patterned topog-
raphies to metal surfaces (e.g. electron beam texturing of steel tools) [7–10].

Patterned surfaces and interfaces are quite common in nature. Among the more familiar examples are sea
waves which result from the Kelvin–Helmholtz instability [11]. Similarly, many material systems and materials
manufacturing processes either naturally involve patterned interfaces or have incorporated a patterned inter-
face for product and process enhancement. For example, binary mixtures of granular media have recently
been found to adopt patterned stripes of segregated grains due to an oscillating shear stress [12]. The interface
morphologies of layered composites adopt non-planar geometries with various deformation schemes [13]. The
natural wavy tablet microstructure of Mother-of-Pearl nacre has recently been shown to contribute to its
strain-hardening properties [14]. Morphological instability in strained SiGe multilayers results in transforma-
tion of planar film interfaces to 3D islands or ridge-like morphologies that degrade performance in semicon-
ductor applications [15]. A solid (that is free of hydrostatic strain) in contact with its own vapor or liquid can
relieve its elastic energy by producing an undulatory interface [16]. Solidifying materials commonly exhibit
interfaces that are non-planar. For example, the well-known Mullins–Sekerka instability in directional solid-
ification results in a cellular dendritic structure at the solid–liquid interface [17]. Variations in carbon content
contribute to macro-scale undulation of steel ingot shells often resulting in catastrophic breakout of molten
fluid in continuous casting processes [18]. Irregular heat transfer at a moving metal–mold interface in alumi-
num casting processes also promotes wavy undulations of the order of tens-of-millimeters [19]. A proposed
solution to this is the incorporation of a sinusoidal mold surface for control of the solid–liquid interface mor-
phology and solute segregation to an ingot surface [20,21].

Building upon these observations, we model crack propagation along a cohesive interface that follows a
pure sinusoidal morphology between identical materials. The key geometric parameter for the interface is
its aspect ratio or ratio of amplitude to wavelength (this is in contrast to stochastic surface morphologies that
typically require several roughness measures). Unlike previous models of adhesion and crack propagation
along undulatory interfaces, we do not restrict the surface aspect ratio such that the amplitude is much smaller
than the wavelength [22–26]. Hence, the analysis is carried out within the framework of the finite element
method. A viscosity-modified Xu–Needleman traction–displacement law is assumed to govern interfacial dec-
ohesion due to crack growth. A set of 16 specially constructed finite element meshes allowed for the study of
crack initiation due to remote mode-I loading over a range of aspect ratios. Following a brief overview of
model calibration [27], the extent to which the interfacial toughness can be controlled by the sinusoidal aspect
ratio is carefully explored for both elastic and elastic-perfectly plastic material models. A set of critical param-
eters which includes the aspect ratio, material and cohesive properties is predicted such that catastrophic crack
growth is inhibited due to crack blunting. A clear boundary between brittle and ductile fracture behavior is
thus identified. The results suggest some guidelines that may assist practical design of failure resistant inter-
faces with patterned microgeometries.

2. Problem formulation

2.1. Model geometry

We assume that two semi-infinite, identical materials are bonded along an interface that follows a sinusoi-
dal morphology with peak-to-valley amplitude 2A and wavelength k. To evaluate the effects of the sinusoidal
morphology and associated area extension on the macroscopic fracture toughness of the interface, the growth
of a semi-infinite crack along the interface due to remote mode-I loading is considered.

The model geometry is illustrated in Fig. 1. The crack is positioned at one side of the interface and
constrained to propagate along the interface when subjected to the remote opening load. A typical finite



Fig. 1. Schematic of the semi-infinite crack growing along a sinusoidal cohesive interface between two elastic-perfectly plastic solids. The
interface is assumed to have a sinusoidal profile with amplitude A and wavelength k as denoted in the exploded figure.
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element mesh is shown in Fig. 2a. The global coordinate system is located at the center of the circular
domain as shown in Fig. 2b, with a highly magnified view in Fig. 2c. The sinusoidal interface runs along
the x-direction following y(x) = A[1 + sin(2p{x � k/4}/k)]. The crack tip (also depicted in Fig. 1) is located
at the origin of coordinates (x,y = 0). Hence, the interface is ‘‘open” for x < 0, and connected (or bonded)
for x P 0, where zero-thickness cohesive elements are inserted to model interfacial decohesion (see inset to
Fig. 2c).

The radius of the model domain in Fig. 2a is R0, where R0� A,k. This criterion precludes mesh boundary
interference on crack propagation along the sinusoid. A close up of the sinusoidal interface near the crack tip
is shown in Fig. 2b. The finite element mesh was refined in the crack tip region such that h/k � 10�3 (where h is
the length of the interface elements and, therefore, the edge length of the adjacent quadrilateral finite elements)
along the first period where stable crack propagation is expected. After the second period, it is found that h/
k � 2 � 10�3 to 5 � 10�3. Due to the non-planar interface and propagating crack, we were unable to take
advantage of the apparent symmetry of our model to reduce the size of the computational domain depicted
in Fig. 2a. The reader is referred to [27] for a more detailed description of the computational domain and mesh
generation.

2.2. Material models

We assume that the uniaxial tensile stress–strain curve for the material has the form
r ¼
Ee if e 6 ry=E

Ken if e > ry=E

�
ð1Þ
Note that K = ry(E/ry)n, E is Young’s Modulus, ry is the initial yield stress, n is the strain-hardening expo-
nent, r is the true effective stress and e is the logarithmic strain. For the case of an elastic-perfectly plastic
material, n = 0, and different values of ry can be considered since fracture will be flow stress dependent. Yield-
ing is governed by a von Mises isotropic plasticity model.



Fig. 2. (a) Sample mesh with R0� A. The sinusoidal interface is at the center of the mesh along the x-axis and hence is not visible. (b)
Zoom showing the sinusoidal interface and the crack tip. (c) Region near the crack tip and exploded view showing the cohesive elements.
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2.3. Boundary conditions

With the intention of determining the fracture toughness of the model interfaces, load control boundary
conditions were applied to induce crack instability [28] and therefore determine the maximum load needed
for unstable growth. Only mode-I loading was considered in this work. The boundary conditions consist of
displacement fields corresponding to the isotropic elastic mode-I singular field remote from the crack tip
(KI field). According to the classic theory of linear elastic fracture mechanics [28], the displacement compo-
nents on the remote (circular) boundary (see Fig. 2a) are
ux ¼
KI

l

ffiffiffiffiffiffi
R0

2p

r
cos

h
2

1� 2mþ sin2 h
2

� �

uy ¼
KI

l

ffiffiffiffiffiffi
R0

2p

r
sin

h
2

2� 2m� cos2 h
2

� � ð2Þ
where R0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
denotes the outer boundary radius, h = tan�1(y/x), l = E/2(1 + m), m is Poisson’s ratio,

with Cartesian coordinates x and y measured relative to the crack tip. The displacement field is only applied to
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those nodes located along the outermost circular boundary (as shown in Fig. 2a). Since the boundary condi-
tions are described in terms of the stress intensity factor KI, the problem does not need to be described by the
external applied load and/or the dimensions of the mesh. Therefore, the stress intensity factor KI will be used
to reference the applied load. Since local crack opening is always observed in these calculations (i.e. we allow
no crack closure), sliding friction and contact need not be considered.

2.4. Cohesive interface model

During crack growth, a fracture process zone exists ahead of the crack tip. For metals, micro-cracks or
micro-voids nucleate, grow, and eventually coalesce with the main crack. Alternatively, crack propagation
in fibrous materials occurs by progressive failure of fibers during decohesion. Oxide and grain bridging are
additional mechanisms [29]. These micromechanical phenomena are clearly material-dependent and ultimately
involve the breaking of bonds which points to the atomistic origins of fracture [30]. We note that the region
where the cohesive tractions play an important role in material separation is the cohesive zone.

Crack propagation is effectively modeled by a cohesive traction–separation law (i.e. an interfacial constitu-
tive model). The various material-specific micromechanical mechanisms associated with fracture have led to
the development of numerous cohesive zone laws [29] for applications ranging from crazing in glassy polymers
[31] to failure in concrete dams and masonry structures [32]. For the sinusoidal interfaces considered herein,
we adopt the cohesive traction–separation law proposed by Xu and Needleman [33] that relates the normal
and tangential displacement discontinuity across the interface (Dn,Dt) and the normal and tangential tractions
acting on it (Tn,Tt). This relationship is defined by the potential, /, from which the tractions are derived:
T n ¼
o/
oDn

; T t ¼
o/
oDt

ð3Þ
where
/ðDn;DtÞ ¼ /n þ /n exp �Dn

dn

� �
1� r þ Dn

dn

� �
1� q
r � 1

� qþ r � q
r � 1

� 	Dn

dn

� �
exp �D2

t

d2
t

 !( )
ð4Þ
Note that q and r are parameters that couple the normal and tangential tractions. For simplicity, we choose
q = 1, and therefore /t = /n (unless otherwise indicated). Preliminary studies suggest no effect on the param-
eter r because of the absence of compression along the interface [34]. Therefore, for simplicity we choose,
r = 0.

Following Gao and Bower [35], we use a mechanism for dissipating the excess energy to improve the like-
lihood that the numerical procedure will converge for a sufficiently small time-step. This involves the addition
of an artificial viscosity to the traction–displacement law (for q = 1, r = 0). Inserting Eq. (4) into Eq. (3), and
adding the artificial viscosity gives the following traction–displacement relationships:
T nðDn;DtÞ ¼ rmax
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dn
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where nn and nt are (adjustable) viscosity parameters that govern viscous energy dissipation at the interface
due to normal and tangential loading, respectively. The viscosity does not model any macroscopic-scale energy
dissipation process. Rather, it is introduced to regularize instabilities that tend to occur when a crack first ini-
tiates at the weak interface. In this work, both viscosity parameters are chosen to be identical. Under normal
loading, the interface has a work of separation, /n, and the normal traction reaches a maximum value
rmax = /n/(dne) at an interfacial separation Dn = dn. We will refer to rmax as the intrinsic cohesive strength
of the interface. Under pure shear loading, the interface has work of separation /t where /t = q/n, and the
tangential traction reaches a maximum value at Dt ¼ dt=

ffiffiffi
2
p

. Therefore, the quantities dn and dt are called
the critical opening and tangential displacements. The normal work of separation is, therefore, defined as
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/n ¼
R1

0
T n dDn ¼ rmaxdne. Although we constrain crack propagation to follow the sinusoidal interface (see

Fig. 1), in practice some material systems (e.g. aluminum bonded to diamond [30]) will likely fail outside of
the interface due to crack propagation into the weaker of the two materials. Such a situation, although beyond
the scope of the present work, can readily be modeled by inserting cohesive nodes not only along the interface
but also in regions of both materials that surround the interface.
2.5. Finite element procedure

The commercial finite element code ABAQUS/Standard [36] was used for all simulations. All models
assumed a 2D plane strain condition. Elements in the solid materials were represented by 4-node quadrilateral
continuum elements. The weak sinusoidal interface was represented by 4-node, zero-thickness interface ele-
ments in which the cohesive traction–displacement law is accounted for in a user-defined subroutine
(UEL). The description of the weak interface assumes that these ‘‘cohesive” interface elements carry forces
that oppose normal separation and shear between the two surfaces following Eq. (5). The degradation of
the traction in the cohesive zone can be interpreted as progressive decohesion or failure of the interface until
the traction is zero. Beyond that point, the two surfaces will behave as distinct entities. Crack propagation can
therefore be simulated as the consecutive failure of these cohesive elements. Since the most important infor-
mation from this analysis can be obtained from crack propagation along the first period, cohesive interface
elements were only embedded along the first three periods of each sinusoid.
2.6. Macroscopic interface fracture toughness and dimensional analysis

Of particular interest here is determination of a quantitative relationship between the macroscopic or crit-
ical interface toughness, KIc, which corresponds to unstable crack tip growth or growth without an increase in
the applied load, and key material properties and geometric parameters. This requires a suitable dimensional
analysis to determine those parameters that are likely to have the most effect on KIc. We first plot the crack tip
position (x,y) as a function of the applied load KI and determine the regime of unstable crack propagation.

The crack tip position is defined at the point where
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdn=DnÞ2 þ ðdt=DtÞ2

q
P 5 is satisfied, which means that

Tn/rmax < 0.1. Fig. 3 shows the evolution of the x-coordinate of the crack tip position as a function of the
Fig. 3. x-coordinate of the crack tip as KI is increased. Kinit is the point where the crack starts to propagate. The instability point is
indicated where the crack grows catastrophically. That is the point where we extract the critical value of KI = KIc as the macroscopic
fracture toughness.
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applied load, KI. The first part of the curve is associated with crack initiation followed by stable crack prop-
agation, as indicated in the figure. The point of intersection between the curved and vertical parts of the curve
(i.e. KIc = KI or the macroscopic toughness) denotes the onset of unstable crack growth. To confirm this
behavior, similar calculations were repeated in which the load was ramped up to different values of KI/K0

and subsequently held fixed to determine if either stable or unstable crack growth resulted without any
increase in the applied load. We confirmed that the true instability point is given by KIc/K0.

In order to establish a framework for a dimensional analysis, the main dimensional groups must be iden-
tified. The geometrical parameters describing the shape of the sinusoidal interface are the peak-to-valley
amplitude, 2A, and wavelength, k. The material parameters are Young’s Modulus, E, Poisson’s ratio, m, yield
stress, ry, and the hardening exponent, n (see Eq. (1)). Finally, the cohesive interface parameters specified by
the traction–displacement law (see Eq. (5)) are rmax, dn, dt, r and q. As discussed in [27], the effects of varying
the coupling parameters are negligible for the range of aspect ratios considered herein, and we therefore chose
q = 1(or /n = /t), r = 0 and dn = dt.

The macroscopic or critical fracture toughness, KIc, can be written in the following functional form:
KIc ¼ f ðA; k;E; m; ry ; n; rmax; dnÞ ð6Þ

The next step is to find the relevant combinations of physical variables in dimensional groups, Pi, following
Buckingham’s ‘P-theorem’ [37], such that Eq. (6) can be written as P0 = C(P1, P2, P3, P4, P5). The choice of
appropriate Pi requires an understanding of both the physical processes and the relevant material properties
and geometric variables. In our analysis, we initially chose the following dimensionless variables: P0 = KIc/
(Ermaxdn)1/2, P1 = E/rmax, P2 = ry/rmax, P3 = dn/k, P4 = A/k, P5 = n and P6 = m. However, it is possible
to make use of some other concepts to express these variables in a more succinct fashion, making it easier
to interpret the results. According to the Griffith criterion [28], the work of separation, /n = rmaxdne, is the
critical energy release rate due to fracture, and can be used to express the intrinsic (or local) fracture toughness
of the interface, K0, as follows:
K0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E/n

ð1� m2Þ

s
ð7Þ
Therefore, P0 can be rewritten as P00 ¼ KIc=K0. This allows for comparison of the interface fracture toughness
with the intrinsic fracture toughness of a planar interface in the absence of plasticity. P1 and P2 were chosen
such that the intrinsic cohesive strength could be compared with the Young’s modulus and the yield stress of
the material. In particular, we expect P2 to be of importance since it will allow us to evaluate the competition
between plastic deformation and interfacial fracture. On the other hand, P3 can be combined with P1 and
rewritten as P03 ¼ lcz=k, where lcz is the cohesive zone length, defined as lcz = 9p(K0/rmax)2/32 [38]. The cohe-
sive zone length is the length over which the various micromechanical mechanisms associated with fracture
(detailed briefly above) are active (a more thorough overview of these mechanisms can be found in [29]). A
second possibility is to combine P03 with P2 and obtain P003 ¼ Cp=k, where Cp is yet another characteristic
length that describes the plane-strain plastic zone size in a von Mises solid. This is defined as Cp = (K0/
ry)2/3p [39]. Depending upon how the results are presented it is possible to opt for one or another. Another
relationship between the two characteristic lengths is given by lcz=Cp ¼ 27p2P2

2=32. Using these dimensionless
variables, Eq. (6) can be rewritten as a normalized macroscopic fracture toughness as follows:
KIc

K0

¼ C
ry

rmax

;
E

rmax

; m; n;
lcz

k
;
A
k

� �
ð8Þ
The finite element simulations of the different sinusoidal interfaces are then used to determine the extent to
which the normalized fracture toughness, KIc/K0, depends upon each dimensionless group. It would be desir-
able to write an explicit functional form of Eq. (8). We anticipate that this is be possible since Eq. (8) is likely
to depend upon more than one parameter and hence represents a multi-dimensional surface in parameter
space. However, we can interrogate this surface numerically by exploring suitable projections involving rela-
tionships between two sets of parameters. This allows us to better understand how these relationships could
conceivably be used for interface design in response to the applied mode-I loading.
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2.7. Additional numerical aspects

The model parameters in Eq. (8) govern the macroscopic behavior of the sinusoidal interface. However,
there is a group of variables, introduced to facilitate the numerical methodology, which must be established
prior to running the crack propagation simulations. These are: the element size, h, the model domain radius,
R0, the viscosity, n, and the load increment, DKI. In [27], detailed convergence tests were conducted to estab-
lish appropriate values for these parameters to ensure that they do not artificially affect the results. The major
results from [27] are incorporated herein without further elaboration.

In addition to an element size with h/k � 10�3 along the first period of the sinusoid (necessary for good
definition of the stress concentration near the crack tip), other characteristic lengths play an important role
in the simulations [27]. For example,
Fig. 4
h� lcz � maxðk;AÞ � R0 ð9Þ
Since h/k is fixed, the cohesive parameters from Eq. (5) have been chosen such that Eq. (9) is satisfied. A con-
vergence analysis directed us to meshes with R0 = 5 � 103k.

The viscous term, n, in Eq. (5) becomes important when the displacement rates increase, especially when
unstable equilibrium is achieved at the onset of catastrophic crack propagation. A slight damping of the crack
growth gives place to a slower growth when the instability is triggered. Although the crack speed obtained
with this method is inaccurate, the critical load at which the crack becomes unstable is well defined, and there-
fore leads to a more physically meaningful prediction of the interface fracture toughness, KIc. Reasonable val-
ues of n should be small enough to preclude excessive artificial viscosity, but not so small as to create
numerical instabilities that force termination of the calculation before crack instability. After thorough scru-
tiny, it was found that a value of N ¼ n _KI=ðrmaxK0Þ � 1� 10�5 (where N is the dimensionless viscosity) was
deemed small enough to obtain an acceptable error margin (see [27] for additional details). Finally, a loading
step of DKI/K0 � 0.003 was adopted for all calculations.
3. Interface toughness prediction for elastic materials

For elastic materials, the sinusoidal aspect ratio was the only parameter that had an impact on the normal-
ized macroscopic fracture toughness (corresponding to unstable crack growth). The relationship KIc/
K0 = C(A/k) is essentially linear at larger values of A/k (i.e. A/k > 0.25) and the following functional form
is appropriate:
. Macroscopic interface fracture toughness as a function of the aspect ratio for an interface between two identical elastic solids.
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KIc

K0

� 0:81þ 1:89
A
k

� �
ð10Þ
Fig. 4 shows the macroscopic, KIc/K0, as a function of A/k. This linear relationship has been confirmed by
further numerical studies using the J-integral in [27]. The inset figure shows the variation of KIc/K0 for the
smallest values of A/k. This relationship shows a clear tendency to the Griffith criterion KIc ? K0 when A/
k ? 0 and suggests that for fixed wavelength, increasing the peak-to-valley heights of the sinusoidal asper-
ities effectively delays unstable crack growth. It should be noted that the ability to acquire robust numer-
ical results for small aspect ratios progressively worsens as A/k ? 0, a feature that results from the
difficulties associated with identifying the crack instability point as it gets closer to the crack initiation
point. We surmise that existing analytical solutions may be more appropriate to capture the right crack
behavior for 0 < A

k 6 0:25 and may in fact be used as starting solutions for the finite element simulations
within this range of aspect ratios [22–26]. Moreover, the authors have recently shown that KIc/K0 = 2/
(1 + [1 + 4p2(A/k)2]�1/2) for A/k 6 0.25 using arguments borrowed from linear elastic fracture mechanics
[27].

4. Interface toughness prediction for elastic-perfectly plastic materials

It is well established that plastic deformation in metals has a large impact on fracture toughness. With plas-
ticity, the external work needed to propagate a crack is much larger than the energy required for material sep-
aration. Tvergaard and Hutchinson [40,41] developed one of the first models to use a cohesive zone law for
cleavage fracture by atomic separation and a continuum model to represent the plastic deformation. They con-
sidered a straight crack in an infinite solid and their analysis consisted on finding the critical dimensional
groups that influenced the toughness for initiation and steady-state crack propagation. The combination of
a traction–displacement law with an isotropic plasticity model allowed prediction of many aspects of the frac-
ture behavior of metals. In the present work, we use similar tools to investigate crack behavior in a plastic
material containing an interface with a non-planar (i.e. sinusoidal) geometry.

In this section, we first explore the conditions for ductile to brittle transition in an elastic-perfectly plastic
material as predicted by the variation of the normalized flow stress with normalized toughness. A single sinu-
soidal aspect ratio is chosen for this purpose. We then explore the influence of the elastic parameters E and m
on the macroscopic fracture toughness. The characteristic lengths dn/k, lcz/k and the ratio lcz/Cp are investi-
gated since these affect KIc/K0. Finally, a relationship between KIc/K0 for an elastic-perfectly plastic material
and the sinusoid aspect ratio is developed.

4.1. Transition from brittle to ductile fracture: effect of the normalized yield stress, ry/rmax for fixed A/k

We examine the effects of the cohesive interface and material parameters on the normalized interface frac-
ture toughness KIc/K0 of an interface with A/k = 0.5. The influence of the individual material-related dimen-
sionless variables will be independently evaluated in a subsequent section.

We begin by testing the effect of ry/rmax in an elastic-perfectly plastic material (n = 0) for E/rmax = 100,
m = 0.3 and lcz/k = 1/4. Fig. 5 shows the evolution of the normalized x-coordinate of the crack tip position,
x/k, as a function of the applied load, KI/K0 for several values of ry/rmax. Two distinct behaviors are evident
in Fig. 5. One behavior, resembling that depicted in Fig. 3, is unstable crack growth at a point in the first half
of the first sinusoidal period (i.e. x/k < 0.5). The second behavior is associated with very slow and stable crack
growth as suggested by the curves that increase gradually with KI/K0. In the first behavior, the crack evolution
asymptotically approaches the elastic solution as ry/rmax increases (to the limit where ry/rmax ?1). This
behavior is shown by the curves that turn vertically upwards. In fact, a value of ry/rmax P 2 is high enough
to obtain a fracture toughness KIc/K0 similar to that obtained with an elastic solid. The elastic solution
(denoted by the solid black line closest to the ordinate axis) was also included in Fig. 5 for comparison. Note
that as ry/rmax decreases, the instability point is delayed to higher loads (in other words, the macroscopic
interface toughness KIc/K0 increases). This behavior is observed until a critical value of the normalized yield
stress is reached where the crack simply keeps growing without becoming unstable. This critical value marks a



Fig. 5. Normalized crack tip position (projected over the x-axis) as KI is increased for different values of ry/rmax for A/k = 0.5, E/
rmax = 100 and lcz/k = 2.64 and n = 0. Crack instability only occurs for ry/rmax P 0.79. For ry/rmax < 0.78, the crack propagates in a
stable manner.
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well defined transition to the second behavior. This ‘‘jump” to the second set of more gradually increasing
curves in Fig. 5 occurs at approximately (ry/rmax)cr = 0.785 ± 0.05 (for this particular set of parameters).
In other words, continuous, stable crack propagation behavior occurs for ry/rmax 6 0.78. In this range, the
crack evolution curves are similar to those in previous models of straight crack growth [40,41] where the resis-
tance to fracture increases monotonically without any transition to unstable crack propagation. A closer
examination around the crack tip reveals that the transition to stable crack growth is due to the competition
between the ability of the material to dissipate energy via plastic deformation with the ability of the interface
to open up. Stable crack growth results when the interface effectively dissipates accumulated energy into plas-
tic deformation instead of rapid and uncontrolled interfacial decohesion. Fig. 5 clearly demonstrates the tran-
sition from unstable to stable crack growth due to both the plasticity material model and the non-planar
interface. Fig. 6a and b shows the effective plastic strain, ep

eff , as the crack progresses (for a load of KI/
K0 � 2.2) for ry/rmax = 0.79 and ry/rmax = 0.78, respectively. Note that these values are very close to the crit-
ical value (ry/rmax)cr. The extent of plastic deformation is clearly greater in Fig. 6b as expected, with signif-
icant plastic strain accumulating at distances well removed from the interface. Fig. 6c and d shows magnified
views of the deformed mesh near the crack tip for both cases. While the case with higher yield stress shows a
sharp crack tip, the case with ry/rmax = 0.78 shows a more rounded crack tip confirming the tendency of mate-
rial surrounding the crack to plastically deform and hence blunt (or arrest) crack growth: this behavior could
not be observed with the elastic material model [27]. This makes crack growth more stable by requiring higher
loads to propagate the crack tip thereby resulting in behavior that is captured in the resistance curves of Fig. 5
for ry/rmax < (ry/rmax)cr.

Determination of the critical value of the normalized yield stress (ry/rmax)cr relies upon two key issues:

(1) The crack tip shape must be very well defined. It is sharp for ry/rmax > (ry/rmax)cr and blunted for ry/
rmax < (ry/rmax)cr. The transition from one regime to the other (i.e. unstable growth to blunting) is char-
acterized by a ‘‘jump” over a very narrow range of (ry/rmax) (the calculations can be refined even more
to define the narrow range of (ry/rmax)cr over which this transition takes place).

(2) The required load to propagate the crack increases significantly for ry/rmax < (ry/rmax)cr, and no insta-
bility is observed in the calculations. The simulations suggest that there is a significant amount of plastic
deformation together with highly distorted elements even when the crack tip position is x/k < 0.2. These
conditions forced the calculation to stop (see Fig. 6d). It may be possible that adaptive meshing [42] or
calculation with mesh-free methods [43] will overcome this difficulty thereby allowing the simulation of
crack growth beyond this point (and perhaps to a condition of steady-state growth) [40].



Fig. 6. Detailed views of the crack tip for transition from brittle behavior to stable crack growth with blunting for A/k = 0.5. (a) Effective
plastic strain field for ry/rmax = 0.79. (b) Effective plastic strain field for ry/rmax = 0.78. (c and d) Close-up views of the deformed meshes
that show the differences in deformation around the crack tip. Blunting is evident in (d).
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The crack evolution shown in Fig. 3 suggests that two important parameters can be extracted, namely, the
critical load to initiate crack growth, Kinit/K0, and the load to induce unstable crack growth (or macroscopic
interface toughness) KIc/K0. Both parameters provide important insight into the various regimes of fracture
behavior as a function of ry/rmax. Fig. 7 further explores this by showing Kinit/K0 = f(ry/rmax) and KIc/
K0 = f(ry/rmax) obtained from the curves in Fig. 5. The dashed line with white diamonds (curve closest to
the abscissa) denotes the points where the crack starts growing for a specific ry/rmax. The solid line with black
circles and white triangles denotes the conditions for unstable crack growth. The white triangles in the insta-
bility curve indicate those cases where different combinations of material and cohesive parameters have been
chosen in order to have the same E/rmax = 100 and lcz/k = 1/4 (for example E = 70 GPa/rmax = 0.7 GPa
should give the same results as E = 200 GPa/rmax = 2.0 GPa). This confirms the validity of using E/rmax as
a dimensionless group in Eq. (8). The curve KIc/K0 = f(ry/rmax) (solid line) has two distinct asymptotes.
The horizontal asymptote corresponds to the elastic limit for ry/rmax ?1, for which KIc/K0 ? 1.73 (for
A/k = 0.5). The vertical asymptote for ry/rmax ? (ry/rmax)cr where KIc/K0 ?1, indicates the onset of crack
blunting.



Fig. 7. This plot of the crack initiation point (Kinit/K0) and instability (KIc/K0) as a function of ry/rmax serves as a map of the different
crack propagation regimes (identified by roman numerals): I and II are the regions where there is no crack propagation. Regions III and
IV denote the regime of stable crack propagation. Region IV is a regime of stable crack propagation with large plastic dissipation where
crack blunting occurs. The transition from regimen III to IV occurs at ry/rmax = 0.78. Region V is the regime of unstable crack
propagation. This particular set of calculation is for an aspect ratio of A/k = 0.5.
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Fig. 7 depicts regimes (identified by roman numerals) of characteristic crack behaviors:

– Regimes I and II denote no crack propagation. In particular, regime I denotes those cases where the stress
acting on the plane ahead of the crack tip never reaches the required peak traction to open the cohesive
interface irrespective of the applied external load, and hence ry/rmax < (ry/rmax)0. Note that (ry/rmax)0 is
the threshold value of the normalized yield stress, at which the crack cannot propagate in an elastic-per-
fectly plastic solid. (ry/rmax)0 is indicated in Fig. 7 as a vertical line between regimes I and IV. The model
for an elastic-perfectly plastic material predicts that the opening stress lies in the range 0 < r < rmax.
Regime II is associated with the case where the applied load is too low to initiate crack propagation
(KI < Kinit).

– Regimes III and IV denote the stable crack propagation regime. In regime III, crack propagation is stable
but without a fully developed plastic zone (Fig. 6a and c). Region IV denotes stable crack propagation with
large plastic dissipation and crack blunting (see Fig. 6b and d). As previously discussed, the transition from
III to IV occurs at (ry/rmax)cr (in this particular case (ry/rmax)cr � 0.785).

– Regime V denotes the unstable crack propagation regime for ry/rmax P (ry/rmax)cr and KI/K0 P KIc/K0.

Hence, three distinctive types of crack evolution for a given material/interface system exit when the load is
ramped up from KIc/K0 = 0:

Type 1 For ry/rmax P (ry/rmax)cr, crack growth follows regimes II ? III ? V. Hence, the crack initially does
not grow for KIc/K0 < Kinit/K0 (regime II). Stable growth then occurs according to Kinit/K0 6 KIc/
K0 < KIc/K0 with minimal plastic deformation and no crack blunting (regime III) until it becomes
unstable for KIc/K0 P KIc/K0. We refer to this as brittle behavior without a fully developed plastic
zone (small-scale yielding).

Type 2 For (ry/rmax)0 < ry/rmax < (ry/rmax)cr, the crack growth behavior passes through regimes II ? IV.
Following initiation at KIc/K0 > Kinit/K0, the crack grows in a stable manner and later blunts, requir-
ing even higher loads to advance. This is ductile crack propagation.
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Type 3 For ry/rmax < (ry/rmax)0, crack growth never initiates. Extremely large plastic deformation can
develop at the crack tip region inducing blunting without decohesion (regime I). This type of crack
evolution only occurs in elastic-perfectly plastic materials.

Calculations with lower values of ry/rmax were also conducted. For ry/rmax < 0.35, the crack growth does
not initiate, indicating the onset of regime I. In fact, this is consistent with the calculations reported in [40] for
a straight crack (i.e. along a planar interface), and the fact that the normal traction acting on the plane ahead
of the crack tip cannot exceed ryy = 2.97ry in an elastic-perfectly plastic solid [44]. However, the reliability of
the results for ry/rmax < 0.5 is compromised to a certain extent due to the development of highly distorted
elements near the crack tip region. This results in non-convergence due to the ill-conditioned set of equations
that must be solved by ABAQUS. Note that the lower curve Kinit/K0 vs. ry/rmax could not be defined for ry/
rmax < 0.5 due to mesh distortion. Nevertheless, determination of (ry/rmax)0 is not the main purpose of the
current effort since primary focus is on the analysis of the upper curve of Fig. 7, KIc/K0 as a function of
the variables in Eq. (8).

Figs. 5–7 suggest that the onset of crack instability, which we define as the macroscopic interface toughness
KIc/K0, is greatly affected by the normalized yield stress ry/rmax to the point where there exists a critical value
(ry/rmax)cr at which the fracture transitions from brittle to a ductile. This is a very important observation in
terms of our original objectives because Eq. (8) does not take into account the existence (ry/rmax)cr at which
there is a well-defined transition in crack behavior. This may be an important design variable that can lead to a
tougher interface by modifying the right material and geometrical parameters. As mentioned before, (ry/
rmax)cr = 0.785 for an elastic-perfectly plastic material (n = 0), E/rmax = 100, m = 0.3 and lcz/k = 1/4. How
these variables affect (ry/rmax)cr requires separate investigation and for this purpose, we introduce a second
equation (similar to Eq. (8)) in which (ry/rmax)cr is written as a function of the remaining dimensionless groups
defined in Section 2.6:
ry
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We evaluate this equation in the subsequent sections to understand the role of each individual variable.
On the other hand, we observed that the stable crack propagation regime (regime III in Fig. 7) is primarily

controlled by the interface geometry. In fact, this behavior is not present for A/k ? 0 (the straight crack limit)
under quasi-static equilibrium. Many of the material/interface systems of interest will exhibit behavior that
falls into Type 1 of crack evolution (for high values of ry/rmax), and stable crack propagation can be promoted
by increasing the macroscopic fracture toughness (either by delaying the onset of unstable crack propagation
or by decreasing ry/rmax).

4.2. Influence of the elastic parameters E and m on crack behavior

The effect of the elastic parameters E and m on the crack behavior are evaluated for lcz/k = 1/4 and n = 0,
for A/k = 0.5. Fig. 8a shows the influence of E/rmax on the macroscopic fracture toughness KIc/K0 for two
values of ry/rmax (0.9 and 1.8). For the range of E/rmax considered, we keep m = 0.3. The same figure includes
the effect of m when E/rmax = 100 and ry/rmax = 1.0. The crack evolution (normalized crack tip position as a
function of the applied load KI/K0) is shown in the inset figure at the upper-right corner for ry/rmax = 0.9.
Clearly, crack growth initiation is not significantly affected by E, whereas the instability point is more sensitive
at lower values of E/rmax. The main plot also suggests that the macroscopic interface toughness KIc/K0

remains almost constant over the range of E/rmax considered, except for a slight increase at lower values
E/rmax. The material is more compliant for E/rmax < 50, thereby allowing more deformation near the crack
tip and unstable crack propagation is consequently delayed. The change in KIc/K0 is more pronounced for
lower values of ry/rmax. There is a clear benefit of lowering the values of E/rmax and ry/rmax since doing
so leads to larger values of KIc/K0. Hence, fixing the material parameters provides an opportunity for some
improvement in KIc/K0 (i.e. an increase) by directly increasing the intrinsic cohesive strength rmax. However,
lowering E/rmax (for example for ry/rmax=0.9) does not improve KIc/K0 by more than approximately 15% (see
the solid line with empty circles in Fig. 8a).



Fig. 8. (a) Effect of E/rmax for two values of ry/rmax = 0.9 and 1.8. The enclosed figure in the upper-right corner shows an example of the
effect of the normalized Young’s Modulus on the crack evolution. The effect of Poisson’s ratio, m, is also included in the same figure for
comparison purposes for ry/rmax = 1.0 and E/rmax = 100. (b) Effect of E/rmax on the KIc/K0 vs. ry/rmax curve clearly shows that there is
slight shift in KIc/K0 for different elastic modulus. However, the critical yield stress (ry/rmax)cr remains unaffected. The calculation
presented in this figure corresponds to an aspect ratio of A/k = 0.5.
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For comparison, the influence of Poisson’s ratio m for E/rmax = 100 (and ry/rmax = 1.0) is also included in
Fig. 8a (the range of m explored is found along the top horizontal axis). This clearly shows that m has little effect
on KIc/K0 and any variation can be neglected relative to the other dimensional groups.

Fig. 8b shows KIc/K0 = f(ry/rmax) for E/rmax = 50, 100, 200 and 500. As in the upper curve of Fig. 7, each
data point in this curve originates from a single calculation. This plot clearly shows that there is a slight var-
iation in KIc/K0 due to Young’s modulus for (ry/rmax)cr < ry/rmax < 2. However, the two asymptotes remain
unaffected (recall that there is one horizontal asymptote for large values of ry/rmax ?1 and another for ry/
rmax ? (ry/rmax)cr). All curves converge to the elastic solution for ry/rmax ?1, and (ry/rmax)cr does not seem
to be influenced by Young’s modulus, E (as indicated by the convergence of all the curves to the same vertical
asymptote for ry/rmax ? (ry/rmax)cr). Consequently, E/rmax can be neglected in Eq. (8) (and in Eq. (11)).
4.3. Role of the characteristic lengths dn/k and lcz/k in the crack behavior

The dimensional analysis performed in Section 2.6 identified the normalized critical opening displacement
(dn/k) as one of the dimensionless groups that may affect KIc/K0. As discussed earlier, there are different ways
to capture the influence of this parameter on crack behavior using other characteristic lengths. For example,
lcz/k, which is the normalized cohesive zone length, and Cp/k, which is used as an estimate of the size of the
plastic zone around the crack tip for small-scale yielding problems (in this case, normalized with the wave-
length of the sinusoidal interface) are possibilities. Since our intention is to focus on the characteristic length
related to the intrinsic fracture behavior of the interface, and because the plastic zone size is also captured by
ry/rmax / (lcz/Cp)1/2, we chose to use the normalized cohesive zone length, lcz/k. Although lcz is defined for the
elastic case, this quantity can still be used as a measure of the fracture zone for small-scale yielding conditions
and offers the advantage of allowing a more intuitive and meaningful analysis than simply using dn/k alone. It
is easier to compare the length over which the fracture mechanisms play an active role along the interface with
the wavelength of the sinusoid (for example). For completeness, the plastic zone size is also included in this
analysis to explore the different characteristic lengths, and their interaction, and how they affect the overall
fracture behavior.

The crack evolution (which is the normalized crack tip position x/k as a function of the applied load, KI/K0)
is shown in the inset of Fig. 9a. Clearly, the cohesive zone length lcz/k affects both Kinit/K0 and KIc/K0. Since we



Fig. 9. (a) Effect of lcz/k for two values of ry/rmax = 0.9 and 1.8 (for E/rmax = 100 and m = 0.3). The enclosed figure shows an example of
the effect of the cohesive zone length on crack evolution. (b) Effect of lcz/k on the KIc/K0 = f(ry/rmax) curve clearly shows that there is a
shift in the critical yield stress (ry/rmax)cr. The calculation presented in this figure correspond to an aspect ratio of A/k = 0.5.
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are essentially interested in the instability point, the main plot in Fig. 9a shows the influence of lcz/k on KIc/K0

for two different values of ry/rmax (=0.9 and 1.8). Those values of yield stress also have unique equivalents in
terms of lcz/Cp (= 6.74 and 27, respectively). The cohesive zone length spans from 0 to the sinusoid wavelength
(0 6 lcz 6 k); this guarantees that the fracture zone is still smaller than the actual interface wavelength. The
maximum difference is observed for ry/rmax = 0.9 (or lcz/Cp = 6.74) where a jump in KIc/K0 of approximately
23% can be achieved by selecting the right material parameters. This result suggests that the variation of the
cohesive zone length lcz/k has more influence on KIc/K0 for those cases where both characteristic lengths com-
pete with each other (lcz � Cp) (this is appropriate for the lower values of ry/rmax). However, it is observed
that for lcz/k � 0.5, KIc/K0 shows a minimum. The drop is only about 5% with respect to the value of
KIc/K0 for lcz/k ? 0 compared with the gain of 23% when we increase lcz/k ? 1. We surmise that this minimum
is primarily caused by the interaction between the cohesive zone and plastic zone when their sizes become sim-
ilar. The manifestation of this minimum is not seen when plastic deformation is insignificant. In fact, when
lcz� Cp, lcz/k has a diminishing influence. Further study of this phenomenon is recommended if this becomes
critical for the design of a tougher interface and the material and interface parameters are fixed and the only
design variable is, for instance, the wavelength of the interface. The dashed curved for ry/rmax = 1.8 shows
little variation with respect to lcz/k. This is consistent with the behavior observed for the purely elastic material
[27] in which the cohesive zone length only affected the crack initiation, but did not have any influence on the
macroscopic interface toughness. A better understanding on how lcz/k affects the crack behavior can be
acquired from Fig. 9b where KIc/K0 = f(ry/rmax) curves for three different values of lcz/k (= 1/8, 1/4 and
1/2) are plotted. As in previous cases, each data point along these curves is derived from individual calcula-
tions. The abscissa is defined by both, ry/rmax and lcz/Cp (upper horizontal axis) for comparison purposes. On
the one hand, it can be seen that (ry/rmax)cr is shifted to lower values (up to 10%) as lcz/k decreases. The inset
figure shows the variation of (ry/rmax)cr as a function of lcz/k. This indicates that lcz/k must be included in
Eq. (11). Conversely, the existence of a critical characteristic length (lcz/k)cr for the transition from brittle
to ductile crack propagation can be easily demonstrated. Consider the case of ry/rmax = 0.8, where
lcz/k = 1/4. Crack evolution may become unstable because ry/rmax = 0.8 > (ry/rmax)cr for lcz/k = 1/4 (corre-
sponding to regimes III/IV in Fig. 9b). However, for lcz/k = 1/2, the crack behavior is ductile (since
ry/rmax = 0.8 < (ry/rmax)cr, we are on the left portion of that curve in region IV). This indicates that
(lcz/k)cr is indeed between lcz/k = 1/4 and 1/2. In order to obtain an accurate number for (lcz/k)cr more calcu-
lations are needed, and as discussed before, it should be anticipated that this will be somehow affected by the
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other variables as well. Therefore, we anticipate that an expression similar to Eq. (11) will be needed for
(lcz/k)cr. This shows the benefit of increasing lcz/k for a fixed aspect ratio. The more the curve of Fig. 9b is
shifted to the right, the more the regime IV can be maximized. Note that the level of improvement by inducing
ductile behavior in this manner is more significant than the reduction in KIc/K0 due to the local minimum
observed in Fig. 9a when lcz � Cp.

On the other hand, the three curves in the main figure tend asymptotically to the elastic solution for large
values of ry/rmax, or when lcz� Cp, which means that the size of the plastic zone can be neglected relative to
the fracture zone. The minimal influence of lcz/k on the macroscopic interface toughness may suggest that lcz/k
can be eventually neglected in Eq. (8).
4.4. Role of sinusoidal interface geometry: A/k

In Sections 4.1–4.3, we evaluated the material related parameters for a sinusoidal interface on the fracture
behavior (macroscopic interface toughness and brittle-to-ductile transition) for a fixed aspect ratio. It was
shown that KIc/K0 for an elastic-perfectly plastic material departs from the straight crack solution [40,41].
We also showed how plasticity helps to increase KIc/K0 relative to the elastic solution in [27]. An increase
in KIc/K0 is possible by tailoring specific material and interface cohesive parameters. We next focus on the
effect of modifying the interface geometry on the fracture toughness for fixed material and cohesive parame-
ters. Specifically, we wish to explore KIc/K0 = f(A/k). We will then proceed to look at both material/interface
parameters and interface geometry as we continue to develop Eq. (8).

We first consider the case with the following material parameters: E/rmax = 100, m = 0.3, ry/rmax = 1 and
lcz/k = 1/4. Calculations for A/k = 0, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.2, 1.5, 1.8 and 2.0 were
carried out to explore how the crack growth deviates from a planar crack. The crack tip position as a function
of the normalized applied load KI/K0 for each A/k is shown in Fig. 10a. The macroscopic interface toughness,
KIc/K0, increases monotonically with increasing A/k. Unstable crack propagation is delayed for steeper sinu-
soids up to A/k = 0.7. The crack growth then ‘‘jumps” to a crack blunting regime (see Fig. 6d) wherein no
instability is observed. From that point onwards, higher forces are required to propagate the crack as A/k
increases, generating more plastic deformation that resists crack growth. On the other hand, for A/k ? 0
(i.e. planar interface), KIc/K0 approaches the intrinsic toughness of the interface (which is expected for a
straight crack along a planar interface). Note that the crack initiation point Kinit/K0 is also delayed as A/k
Fig. 10. (a) Crack evolution considering various aspect ratios, A/k, for a given set of fixed material parameters (ry/rmax = 1.0, E/
rmax = 100, m = 0.3 and lcz/k = 1/4). (b) Mapping of the regions of the different crack evolution behaviors, as a function of the aspect ratio.
Kinit/K0 and KIc/K0 delimit the regions II, III and V, whereas for A/k P 0.7 define region IV where crack blunting produces stable crack
propagation. The elastic case is shown in gray for comparison purposes.
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increases. The location of the initial crack tip moves slightly (that is why a vertical shifting is observed in x/k at
crack initiation) which is the apparent crack advance by plastic flow at the blunted crack tip. No interface
separation takes place until the first point in the curves indicates that the region near the crack tip undergoes
large plastic deformation even before the crack starts growing. Alternatively, the crack moves because the
material flows plastically.

In Fig. 10b, Kinit/K0 and KIc/K0 are plotted as a function of A/k. Each pair of points (i.e. each vertically-
aligned Kinit/K0 and KIc/K0 point) represents an individual calculation from Fig. 10a. This plot offers a map-
ping of the regions of the different crack growth behaviors. What is different from Fig. 7 is that the abscissa is
now the aspect ratio, A/k. Note that Kinit/K0 and KIc/K0 delimit the regimes II, III and V for A/k 6 0.7.
Regime IV, where crack blunting induces stable crack propagation, coincides with A/k > 0.7. This suggests
the existence of a critical aspect ratio, (A/k)cr, that denotes a sharp boundary between stable and unstable
crack propagation and crack blunting. Hence, for a given set of material parameters, it is possible to control
the crack growth behavior through (A/k)cr. If crack blunting is desired, then A/k > (A/k)cr. Otherwise, if
A/k < (A/k)cr, brittle crack evolution is predicted. Note that (A/k)cr lies between 0.7 < (A/k)cr < 0.8. An
accurate determination (A/k)cr will require the creation of additional models with aspect ratios in the
A/k = 0.7 � 0.8 range. This is very important for those cases mentioned before, where manipulating material
properties has a diminishing return and the only way to improve cohesion is by modifying the geometry of the
interface as Fig. 10b suggests.

Another interesting characteristic of the curves in Fig. 10b is that KIc/K0 changes more rapidly than Kinit/K0

as A/k is increased. This expands region III (i.e. the of stable crack propagation regime) with respect of A/k
(for A/k 6 (A/k)cr). The elastic case is shown in gray for comparison purposes. The crack initiation limit did
not change significantly from the elastic case. However, it is observed that the instability curve (i.e. the curve
corresponding to KIc/K0) is considerably different. While KIc/K0 = f(A/k) fits a linear function for the elastic
case (see Fig. 4), the elastic-perfectly plastic case follows a quadratic function of the form:
KIc
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where E/rmax = 100, m = 0.3, ry/rmax = 1 and lcz/k = 1/4. Eq. (12) was obtained from a fit to the upper curve
in Fig. 10b. It is expected that the constant multiplier in Eq. (12) will change for other material parameters.
Eq. (12) is just one step forward to obtaining a more comprehensive look at the nature of Eq. (8). The other
influential parameters such as ry/rmax and lcz/k should also be included as previously discussed. The coupling
between all of these variables will be discussed next.
4.4.1. Coupling with the normalized yield stress
The details in Sections 4.1–4.3 suggest that ry/rmax plays the most influential role (of the different material

parameters) on crack behavior. In order to evaluate possible coupling between ry/rmax and A/k, several cal-
culations were carried out for all meshes and ry/rmax = 0.5, 1.0, 2.0, 3.0 and 5.0. The other material param-
eters remained unchanged, i.e. E/rmax = 100, m = 0.3 and lcz/k = 1/4. Fig. 11 shows the KIc/K0 = f(A/k) curve
for each ry/rmax including the limiting elastic case ry/rmax ?1. As previously mentioned, we will mainly
focus on the instability point rather than the crack initiation point, and hence we do not show the crack ini-
tiation load Kinit/K0 from this point onwards. It should be noted that any of these equations can be fitted with
polynomials as illustrated with Eq. (12). For lower values of ry/rmax (= 0.5, 1.0 and 2.0), the critical aspect
ratios to induce crack blunting (i.e. the transition from regimes III/V to IV in Fig. 10b) are labeled as
ðA=kÞ0:5cr , ðA=kÞ1:0cr and ðA=kÞ2:0cr , respectively. Fig. 11 shows that the critical aspect ratio increases as ry/rmax

increases. However, no transition is observed for ry/rmax P 3.0 for any of the meshes. This suggests that there
is a strong coupling between A/k and ry/rmax, and the definition of the critical normalized yield stress or crit-
ical aspect ratio is very much dependent upon how the problem is formulated. In fact, a designer could find
(ry/rmax)cr using Fig. 7 if A/k is fixed, or alternatively, find the (A/k)cr using Figs. 10b or 11 if ry/rmax is fixed.
In other words, an expression analogous to Eq. (11) can be established that relates the critical aspect ratio to
the key material parameters. For example,



Fig. 12
defines
m = 0.3

Fig. 11. Interface fracture toughness as a function of the aspect ratio for various values of ry/rmax. The critical aspect ratios (A/k)cr were
taken from Fig. 12b. The other material parameters considered in this analysis are E/rmax = 100, m = 0.3 and lcz/k = 1/4.
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This can also be explored from another viewpoint if the relationship KIc/K0 = f(ry/rmax) is analyzed for dif-
ferent values of A/k. This is shown in Fig. 12a (for E/rmax = 100, m = 0.3 and lcz/k = 1/4). As in previous cases,
each data point is obtained from individual calculations. The empty circles denote the critical normalized yield
stress (ry/rmax)cr for each value of A/k. As was the case for A/k = 0.5 in Section 4.1, each one of these curves
displays two asymptotes. The horizontal asymptote to ry/rmax ?1 suggests that the macroscopic toughness,
KIc/K0, tends to that for an elastic solid [27]. The vertical asymptote for ry/rmax ? (ry/rmax)cr where
KIc/K0 ?1, denotes the onset of crack blunting due to plasticity.

Fig. 12a suggests a clear relationship between(ry/rmax)cr and (A/k)cr which is captured in Fig. 12b. This plot
shows values of (ry/rmax)cr taken directly from Fig. 12a indicating two distinct crack regimes. These are
divided by the solid curve defined as (ry/rmax)cr = f {(A/k)cr} which, surprisingly, happens to follow a linear
relationship and serves to connect Eqs. (11) and (13). The upper region labeled as ‘‘Crack instability” denotes
. (a) KIc/K0 = f(ry/rmax) for different values of A/k. The empty circles denote (ry/rmax)cr. (b) (ry/rmax)cr vs. (A/k)cr. The solid line
the boundary between the brittle and ductile behaviors. The other material parameters considered in this analysis are E/rmax = 100,
and lcz/k = 1/4.
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brittle behavior (for small-scale yielding) which results if sufficient load is applied. Alternatively, the region
below the solid line in Fig. 12b corresponds to more ductile behavior leading to crack blunting. The implica-
tion of this analysis is that an analyst could potentially choose a given set of material properties or interface
geometries to either increase fracture toughness in a brittle regime or induce a more ductile behavior. The
interpolated values of (A/k)cr used in Fig. 11 (defined with dotted lines for ry/rmax = 0.5, 1.0 and 2.0) have
been taken directly from Fig. 12b.

4.4.2. Coupling with the other material parameters

An analysis of the influence of E/rmax and lcz /k on KIc/K0 = f(A/k) (upper curve of Fig. 10b) was also con-
ducted. Consistent with the findings of Section 4.2, Young’s modulus effect can be neglected. In addition to
this, it is observed that the critical aspect ratio to induce ductile crack blunting (A/k)cr is not affected by
E/rmax, which is also consistent with the fact that (ry/rmax)cr is independent of E/rmax. In the same way,
KIc/K0 is somewhat insensitive to changes in lcz/k, except for (A/k)cr, where there is a variation of about
10% when the cohesive zone length is halved or doubled. A consequence of these variables is that, for example,
the upper curve of Fig. 10b may have a shift for other values of lcz/k (or dn/k), but would remain the same for
any variation of E/rmax. Since the influence of these parameters on the upper curve of Fig. 10b is very small,
we did not include any figure illustrating this analysis.

4.4.3. Influence of the shape of the constitutive cohesive law

Up to this point, we have considered the influence of the dimensionless groups containing the cohesive
strength rmax, work of separation /n and its cohesive zone length lcz. However, these results have been
obtained using Eq. (5). Since the influence of the actual shape of the cohesive law on fracture behavior of inter-
faces has been long under debate [29], separate analyses of other constitutive cohesive laws were conducted to
ensure that the developments in Section 4 still hold provided that the main cohesive parameters are retained.

In addition to the Xu–Needleman law shown in Fig. 1 (Eq. (5)), we also investigated laws that follow trap-
ezoidal and triangular shapes [29]. By holding the other dimensionless parameters constant, we found: for con-
stant A/k, the trapezoidal law predicts the same (ry/rmax)cr and same KIc/K0 (for the elastic limit,
ry/rmax ?1) as the Xu–Needleman law. However, the triangular law predicts a value of(ry/rmax)cr with
an error of approximately 10% with respect to the results obtained with the trapezoidal and Xu–Needleman
laws for A/k = 0.5. On the other hand, the trapezoidal law showed a significant change in the elastic limit for
KIc/K0 when the initial stiffness of the cohesive law (the elastic region of the cohesive law for r < rmax and
Dn 6 dpeak) was decreased considerably so as to affect the overall compliance of the interface. If such consti-
tutive cohesive laws are used, we recommend including the initial stiffness of the cohesive law as another
design parameter. A thorough study of the effect of cohesive laws on variations of relevant cohesive param-
eters is beyond the scope of this work. However, this study enabled us to conclude that the results in this
section indicate that the actual shape of the constitutive cohesive law is of secondary importance to the major
developments in this work.

5. Interface toughness prediction for elastic–plastic materials with hardening

As noted in other work, the effect of hardening on the fracture toughness of interfaces can be quite signi-
ficant [40,41]. In this section, we analyze how the crack propagation behavior considered in Section 4 for an
elastic-perfectly plastic material is affected when the material strain hardens. From Eq. (1), the hardening is
characterized by the hardening exponent n. The higher this parameter, the more the material hardens as it
is strained. Hardening will inhibit ductility and enhance conditions for unstable crack propagation. Therefore,
it is important to understand those conditions and make the necessary correction to the mappings established
by Figs. 7 and 10b.

The first numerical test evaluates how the crack propagation behavior varies when the strain-hardening
exponent increases from n = 0 for two representative cases: (1) when the elastic-perfectly plastic material
develops crack blunting, ry/rmax < (ry/rmax)cr; (2) when the conditions for crack blunting are not given by
ry/rmax > (ry/rmax)cr. For both cases, calculations were carried out for E/rmax = 100, m = 0.3, lcz/k = 1/4
and A/k = 0.5 increasing n from 0 to 0.3. Recall that for this particular set of parameters, (ry/rmax)cr � 0.78.
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Fig. 13a shows the variation of KIc/K0 as a function of n for case 1 with ry/rmax = 0.7 and case 2 with
ry/rmax = 1.0. The inset figure shows the crack evolution for several values of n for the case where there is
crack blunting at n = 0. As n increases, the load required to propagate the crack diminishes until a critical
value ncr is reached at which point the crack becomes unstable for n P ncr. After that point, KIc/K0 can be
defined by the vertical line in the crack evolution curve and it is seen that this toughness decreases as n is
further increased. The main plot in Fig. 13a shows KIc/K0 = f(n), in which the vertical line indicates the critical
strain-hardening exponent ncr (which is ncr = 0.05 for this particular set of parameters). In contrast, for
ry/rmax = 1.0 > (ry/rmax)cr, KIc/K0 does not appear to vary significantly with respect to n (compared with
the first case). However, a change of about 10% results from changing n = 0 to 0.3.

5.1. Relationship between toughness, n and ry/rmax

To further analyze the coupling between n and ry/rmax, additional calculations were carried out in order to
find an explicit form for KIc/K0 = f(ry/rmax) for different values of n. Fig. 13b shows the case for n = 0 (see
Fig. 7) as a solid line and the effect of the hardening exponent for n = 0.1 and 0.2. The empty circles denote
values of (ry/rmax)cr (vertical asymptote). It is interesting that (ry/rmax)cr varies significantly with n. In fact, the
values are (ry/rmax)cr = 0.78, 0.61 and 0.37, for n = 0, 0.1 and 0.2, respectively. This represents a reduction of
about 40% with respect to the original results reported in Section 4.1 for a material with n = 0.2. It is evident
from these plots that strain-hardening indeed facilitates the conditions for more brittle behavior, making selec-
tion of the right material parameters for maximum interface toughness more challenging for a fixed interface
geometry. It should be expected that (ry/rmax)cr ? 0 for the limiting case of n ? 1 (the elastic case).

Another important observation is that we can also look at the dependence of ncr on ry/rmax (similar to our
discussion around the dependence of (ry/rmax)cr on n). This can be observed in Fig. 13b. For any ry/
rmax < 0.785, it is possible to find a value of ncr such that crack evolution transitions from blunting to unstable
propagation. Consider the case of ry/rmax = 0.7 and n = 0: crack evolution is stable with blunting. However,
for n = 0.1 the crack behavior is brittle (since we are on the right portion of the curve in region V). This indi-
cates that ncr indeed falls between n = 0 and n = 0.1 (in fact ncr = 0.05 as shown in Fig. 13a for this particular
set of parameters). If ry/rmax = 0.5 is assumed, one can infer that ncr is indeed between n = 0.1 and n = 0.2.
Conversely, values of ry/rmax P 0.785 would not yield any meaningful value of ncr unless a material with soft-
ening (n < 0) is considered (which is outside the scope of this work).
Fig. 13. (a) Effect of the hardening for A/k = 0.5, E/rmax = 100, m = 0.3 and lcz/k = 1/4. KIc/K0 = f(n) for two different ry/rmax. The inset
figure shows the crack evolution for ry/rmax = 0.7 that indicates that there is a critical ncr, such that there is crack blunting if n < ncr. (b)
Effect of the hardening for A/k = 0.5, E/rmax = 100, m = 0.3 and lcz/k = 1/4. KIc/K0 = f(ry/rmax) for different values of n. The empty circles
denote the (ry/rmax)cr. The inset figure shows the relationship between (ry/rmax)cr and ncr.
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Not surprisingly, a unique relationship (ry/rmax)cr = f(ncr) can be posed (as was the case for (A/k)cr).
This would in principle give a designer the flexibility to pick one or another variable depending upon
which of these two material parameters is easier to modify for a fixed aspect ratio. This relationship is
plotted in the inset plot of Fig. 13b indicating those regions where crack blunting and unstable crack
growth regimes (or equivalently, brittle or ductile, respectively) can take place. While knowledge of
(ry/rmax)cr = f(ncr) contributes directly to Eq. (11), the inverse ncr = f(ry/rmax) suggests that there has to
be a new expression similar to Eqs. (11) and (13) for ncr. Consideration of the aspect ratio as a design
variable for hardening materials is discussed next.

5.2. Relationship between toughness, n and A/k

The possibility of increasing KIc/K0 by modifying A/k remains to be evaluated. Starting from n = 0 and
ry/rmax = 1.0, E/rmax = 100, m = 0.3 and lcz/k = 1/4, KIc/K0 = f(A/k) is investigated for two additional
strain-hardening exponents, namely n = 0.1 and 0.2. Fig. 14 shows the variation of the macroscopic interface
toughness KIc/K0 with A/k and how the critical aspect ratio to induce crack blunting, (A/k)cr, is significantly
affected by the hardening exponent. For this particular set of parameters, (A/k)cr � 0.7, 1.0 and 1.2, for n = 0,
0.1 and 0.2, respectively (these values are indicated in Fig. 14). As previously discussed, an accurate determi-
nation of these values will require more meshes. It is clear from this analysis that the effect of hardening makes
it more difficult to find a suitable aspect ratio to either increase KIc/K0 or to induce crack blunting. In fact,
increasing n narrows the region of crack blunting (regime IV) as illustrated in Fig. 10b. We note that the effect
of hardening becomes more prominent at larger A/k. For fixed A/k, KIc/K0 decreases with increasing n

suggesting an increased tendency toward brittle fracture.
Following the line of reasoning that led us to conclude the existence of (A/k)cr, we can similarly explore how

ncr is affected by A/k. The inset in Fig. 14 shows (A/k)cr = f(ncr). The same plot indicates regimes of brittle and
ductile behavior depending on the specific values of A/k and n. However, since ncr is also a function of ry/rmax,
it is anticipated that the inset in Fig. 14 will be different for other values of ry/rmax. It is therefore possible to
express this critical hardening exponent, ncr, as
ncr ¼ w
ry

rmax

;
E

rmax

; m;
lcz

k
;
A
k

� �
: ð14Þ
Although the dependence of ncr with respect to the elastic parameters and the characteristic lengths is not eval-
uated explicitly, we do not expect significant variations with respect to E/rmax, m or lcz/k.
Fig. 14. KIc/K0 = f(A/k) for different values of n. The inset figure shows the relationship between (A/k)cr and ncr.
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6. Discussion of the results

In the course of developing the above relations, some new physics was revealed which is now summarized:

1. Three different types of crack evolution behavior were described. Type 1 occurs when the crack runs
through a small portion of the sinusoidal interface in a stable fashion and then reaches the critical load
at which it becomes unstable (brittle behavior). Type 2 occurs when the crack keeps growing in a stable
fashion with a considerable amount of plastic deformation around the crack tip and significant blunting
(ductile behavior). Type 3 occurs when the crack does not grow. Transitions between the different types
of behavior are contingent upon a set of critical values of key material and geometric parameters.

2. For those interface where the crack behaves as Type 1, the macroscopic interface toughness can be
increased by decreasing the normalized yield stress ry/rmax (as shown in Fig. 7), decreasing the hardening
exponent n (Fig. 13b) or by increasing the aspect ratio A/k (Fig. 10b). While increasing lcz/k (or dn/k) or
decreasing E/rmax can also improve the interface toughness, their influence is far less significant.

3. The transition from an interface of Type 1 to Type 2 for fixed material parameters is characterized by a set
of critical values of ry/rmax, n, lcz/k and A/k. For instance, a larger aspect ratio suggests blunting, while a
smaller aspect ratio suggests increased likelihood for instability. A linear relationship between the critical
aspect ratio and similarly defined critical yield strength was established. It is expected, however, that this
relationship will be influenced to a small degree by the characteristic length, slightly by the choice of the
cohesive law, but greatly affected by the hardening exponent. This enables the development of maps for
crack behavior for any given set of material parameters and aspect ratio.

4. A mapping of the different crack propagation regimes was presented in Figs. 7 and 10b where the critical
material or geometrical parameters for the transition between the brittle or ductile behavior are well
defined. The relationship between the critical aspect ratio and the critical normalized yield stress was plot-
ted in Fig. 12b where the boundary between the two distinct types of behaviors is indicated. A similar rela-
tionship between the critical hardening exponent and the critical yield stress was also presented in the inset
plot of Fig. 13b. Fig. 14 shows the relationship between the critical hardening exponent and the critical
aspect ratio.

Although Eq. (8) was introduced to provide an indication of which material and geometric parameters
might affect the macroscopic interface toughness, it is recognized that this relation is better described by a
multi-dimensional (or hyper) surface given by:
H ðA=kÞcr; ðry=rmaxÞcr; ncr; ðlcz=kÞcr


 �
¼ 0 ð15Þ
Brittle fracture results where
H½A=k; ry=rmax; n; lcz=k� < 0 ð16Þ
Ductile fracture occurs for
H½A=k; ry=rmax; n; lcz=k� > 0 ð17Þ
Eqs. (15)–(17) require further numerical evaluation. Evidently the selection of the sign in the inequalities of
Eq. (16) and (17) is arbitrary, and the analyst should look at the relationships shown in Fig. 12b and in
the inset of Figs. 13b and 14. Clearly, the results of the present effort demonstrate that incorporation of a plas-
ticity material model results in a much richer physical problem which at the same time is substantially more
complicated than its elastic counterpart.

7. Conclusions

The goal of this work was to explore the possibility of designing failure-resistant interfaces having a non-
planar geometry. For this purpose, we selected a pure sinusoidal geometry that is described by its aspect ratio
or ratio of amplitude to wavelength (i.e. a single geometric parameter). The key result from the present work is
that the macroscopic interface toughness (and hence the extent to which a crack can grow freely, or have its
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growth arrested) can be manipulated through suitable selection of the aspect ratio. However, toughness is also
dependent upon the parameters associated with the plasticity material model. For the elastic material model,
we found that relationship is linear for large values of A/k and shows a clear tendency to the Griffith criterion
KIc ? K0 when A/k ? 0 [27]. No dependence upon material parameters was found. This suggests that for fixed
wavelength, increasing the peak-to-valley heights of the sinusoidal asperities effectively delays unstable crack
growth in an elastic material. For the elastic–plastic material model, we identified a set of critical geometric
and material parameters that govern the transition from brittle to ductile fracture. Selection of these param-
eters requires the evaluation of a multi-dimensional function that accounts for each parameter.

Regarding future extensions of the present methodology, a key deficiency of the present model is the
absence of environmental effects (such as corrosion) on crack growth as well as interface response in fatigue.
The response of a sinusoidal surface to shear (and combined) loading should be explored. Evidence from the
work of Keisler and Lataillade [21] suggests that laser-textured [22] steel substrate surface morphologies lead
to a dramatic increase in shear strength of adhesively bonded steel joints under dynamic loading conditions. In
addition to the surface morphology pattern, we expect that plasticity of surface asperities (neglected in the
present work) is likely to play a more prominent role in shear loading than in tension. Although dynamic load-
ing conditions are not considered in the present methodology, it would be especially interesting to explore the
effect of surface aspect ratio on interfacial toughening at high strain rates.
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