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Abstract

As a direct extension of previous mode-I work on the adhesion of composite joints, this paper uses a cohesive-zone
approach to model the mixed-mode fracture of adhesive joints made from a polymer–matrix composite. Mode-II cohe-
sive-zone parameters were obtained using sandwich end-notch flexure specimens. These parameters were used directly
with the previously determined mode-I parameters to predict the fracture and deformation of mixed-mode geometries.
It was shown that numerical simulations provided quantitative predictions for these geometries, including predictions
for both the strengths of the joints and for the failure mechanisms. In conjunction with the earlier work, these results
demonstrate the use of cohesive-zone approaches for the design of adhesively bonded composite joints, and indicate
approaches for determining the relevant material properties to describe mixed-mode fracture.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Adhesive bonding technology is used in a variety of industries including the automotive, aerospace and
semiconductor industries. However, design approaches for predicting the fracture of adhesively bonded
materials are still somewhat empirical, and improving these approaches is a critical issue for furthering
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the engineering applications of this technology. The most common approach for analyzing the fracture of
adhesive joints is the use of interfacial fracture mechanics, which uses an energy parameter (toughness) as
the failure criterion. In principle, it is possible to characterize the toughness of an interface as a function of
the relative amounts of normal and shear deformation acting at the crack tip. Provided the interface in an
adhesive joint contains a well-defined crack, and the deformation of the system is dominated by linear-elas-
tic deformation of the adherends, it is possible to use mixed-mode fracture mechanics to calculate the
strength of the joint under different loading conditions [4]. However, this energy-based approach relies
on the existence of a crack in the interface, and on assumptions of small-scale bridging and linear elasticity.
If any of these conditions are violated, an alternative approach such as cohesive-zone modeling is required
[9,14,13].

Previous papers [10,11,8] have shown that cohesive-zone models can provide quantitatively predictive
analyses for the mode-I fracture of adhesively bonded composite joints. An important concept of the cohe-
sive-zone approach is that both strength and energy parameters are used to characterize the debonding pro-
cess along the fracture plane, allowing the approach to be of much more general utility than conventional
interfacial fracture mechanics. The present paper extends the earlier work of Li et al. [8] on mode-I fracture
by focusing on determining the mode-II cohesive parameters for an adhesively bonded composite system.
These parameters are then used in conjunction with the mode-I parameters to verify the predictive capabil-
ities of the cohesive-zone approach for mixed-mode geometries.
2. Specimen preparation and characterization of the materials

The composite used for the adherends in this study was the polypropylene matrix with randomly ori-
ented glass fibers that has been described in an earlier paper [7].1 The volume fraction of the fibers was
about 19%. The as-received material was remolded using a hydraulic press at 70 �C and 13 MPa for about
1.5 min. Details of the constitutive properties of the composite, and how they were obtained, have been
described elsewhere [7]. While there was considerable variability in the mechanical properties, the compos-
ite could be approximated as being transversely isotropic and elastic/perfectly plastic in plane, with an in-
plane tensile modulus of E = 6.0 ± 1.5 GPa, an in-plane Poisson�s ratio of 0.30 ± 0.03, and an in-plane
shear yield strength of 65 ± 15 MPa. Additionally, the out-of-plane tensile modulus was 4 ± 1 GPa, while
the out-of-plane shear modulus was 0.5 ± 0.1 GPa [12].

The adhesive used to bond the coupons was the same experimental, two-part material used in the prior
mode-I studies [8].2 This adhesive cured at room temperature, and was specially formulated to bond low-
surface-energy materials such as polypropylene. Before bonding, the composite surfaces were wiped clean
to remove any dirt or debris (no mold-release agent had been used when forming the composite coupons).
During bonding, the adhesive layer was kept at a uniform thickness of 0.6–0.8 mm by using glass beads as
spacers. Where required, a strip of Teflon tape was inserted into one of the adhesive/composite interfaces
before applying the adhesive, so as to define the limits of the adhesive.

Preliminary mode-II fracture tests with the bonded composites showed that it was extremely difficult to
obtain stable interfacial crack propagation, as the composite arms tended to fail after only limited amounts
of crack growth (Fig. 1). Therefore, metal arms were bonded to the composite forming sandwich specimens
which were used to determine the mode-II cohesive parameters. This had two beneficial effects arising from
the relatively high stiffness and strength of the metal compared to the composite. First, extensive interfacial
crack propagation could be obtained before the composite failed. Second, the effects of the variability in the
1 Azdel R401 provided by Azdel, Inc.
2 Provided by Dow Chemical Company.



Fig. 1. Micrograph of an end-notched flexure specimen, showing composite failure (a) before crack propagation (b) after about 20 mm
crack propagation.
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modulus of the composite were suppressed because the stiffness of the bonded structures was dominated by
the metal. The particular metals chosen in this study were a cold-rolled steel and an aluminum 5754 alloy.
Since it was crucial to know the constitutive properties of the metal arms accurately when analyzing the
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Fig. 2. The relationship between true stress and true strain for (a) the cold-rolled steel and (b) the aluminum 5754 alloy used in this
study (from [15]).
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sandwich specimen, stress–strain curves for the steel and aluminum were obtained from standard uniaxial
tensile tests. These curves are shown in Fig. 2a and b, respectively, and the constitutive properties of both
the steel and the aluminum were incorporated into the subsequent numerical calculations directly as point-
to-point representations of these data. Both metals were modeled as being isotropic, with a von Mises yield
criterion for the onset of yield.
3. Mixed-mode cohesive-zone models

To characterize the fracture behavior of the mixed-mode geometries, a mode-dependent cohesive-zone
model was developed. The cohesive-zone model was implemented in ABAQUS through user-defined ele-
ments and associated sub-routines. Following the mixed-mode model of Yang and Thouless [17], the entire
adhesive layer was replaced by user-defined, cohesive-zone elements, and it was assumed that opening and
shear traction–separation laws were totally unrelated, except being coupled through a simple failure crite-
rion of the form
G1=CI þ GII=CII ¼ 1. ð1Þ

Here, CI and CII (the mode-I and mode-II toughness) represent the total areas under the traction–separa-
tion curve for each mode, and the mode-I and mode-II energy-release rates are given by
GI ¼
Z dn

0

rðdnÞddn; GII ¼
Z dt

0

sðdtÞddt; ð2Þ
where dn and dt are the normal and shear displacements, r and s are the normal and shear tractions, and dnc
and dtc are the critical normal and shear displacements. The numerical calculations proceeded by comput-
ing Eq. (2) for both modes until the failure condition of Eq. (1) was met and the crack advanced; at this
point the element was considered to be no longer capable of bearing a load, and the tractions acting on
the element were set to zero. Mesh sensitivity analyses were conducted to ensure that any numerical effects
on the results were less significant than effects from other sources of uncertainty, such as the variability of
experimental results. The lengths of the cohesive elements were at least 25 times smaller than the adherend
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thickness, h, and at least five times smaller than dnc and dtc. Additional details of the numerical techniques
are provided in the accompanying PhD thesis [6].

Descriptions of the mode-I fracture properties of the adhesive interface, and how they were obtained,
have been previously described in [8]. In that reference it was shown that the phenomenon of fiber pull-
out during mode-I fracture resulted in a clear distinction between what was termed the characteristic
strength and the cohesive strength of the interface. The cohesive strength of the interface was identified
as the maximum stress that the interface could support, while the characteristic strength was identified
as the value of the strength that, in conjunction with the toughness, controlled crack propagation. (Alter-
natively, the characteristic strength can be thought of as the parameter that in conjunction with the value of
the critical opening displacement of the cohesive zone establishes the toughness, or an average strength.)
The need to distinguish between the two strength values was equivalent to a recognition that there are some
circumstances under which the shape of the cohesive law has an influence on the fracture of an interface.
The three-parameter mode-I traction–separation law that was obtained in [8] to describe the fracture of the
adhesive interface used in the present study is shown in Fig. 3a. This traction–separation law represents
interfacial cracking followed by fiber pull-out, and the three important parameters that describe the law
Fig. 3. (a) Traction–separation law used to describe the mode-I fracture of the particular adhesive interface studied in this paper (from
[8]). (b) Schematic traction–separation law used to describe the mode-II fracture of this adhesive interface.
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are the cohesive strength of the interface, r̂io ¼ 24� 3 MPa, the characteristic strength of the interface,
r̂i ¼ 5:0� 1:5 MPa, and the toughness, CIi = 7.3 ± 1.8 kJ m�2. This mode-I law was used without any fur-
ther modification in the present work.

In contrast to the mode-I behavior, preliminary mode-II tests indicated that few fibers were pulled out
during mode-II fracture. Therefore, a simple trapezoidal traction–separation law of the form shown in
Fig. 3b, in which the characteristic strength and cohesive strength are essentially identical, was chosen to
simulate elastic/plastic behavior of the adhesive for the mode-II debonding process [5]. The initial slope
of the traction–separation law was chosen to mimic the shear stiffness of the adhesive layer, and the unload-
ing slope was selected for computational ease, since experience has shown that the precise details of this
slope are generally not very significant. Since, under some loading configurations, the cohesive elements
can experience negative displacements, linear-elastic behavior was assumed in the compressive regime for
the normal loading mode, and a trapezoidal law mirroring the response for positive displacements was as-
sumed for negative displacements in the shear loading mode (Fig. 3).
4. Determination of the mode-II interfacial cohesive parameters

4.1. Interfacial shear tests

To investigate the shear strength of the interface, specimens of the form shown in Fig. 4 were fabricated.
Two coupons of the composite were bonded together using the experimental adhesive. Since the shear prop-
erties of the adhesive layer were expected to be sensitive to the bond-line thickness [2], glass spheres were
used as spacers to ensure that the bond-line thickness was always maintained at a constant value of
0.7 ± 0.1 mm in all specimens. The interface between the adherends was then machined to leave a short lig-
ament of about 5.5 mm between the two coupons. A shear load was applied, as shown in Fig. 4, by means
of a screw-driven testing machine at a displacement rate of 0.4 mm/min. The average strength, defined as
the maximum applied load divided by the bonded area, was determined to be 13 ± 3 MPa. A numerical
stress analysis using ABAQUS 6.3 with continuum elements representing the constitutive properties of
the adhesive [8] confirmed that the distribution of the shear stress across the adhesive layer was approxi-
mately uniform, so that the average shear strength measured in this fashion is expected to be reasonably
representative of the cohesive shear strength.

4.2. Sandwich end-notched flexure tests

An example of a mode-II geometry is the three-point-bending end-notched-flexure (ENF) specimen. In
this geometry, the deformation at the crack tip is dominated by shear, with a limited amount of compressive
normal stresses. Thus, the geometry provides an excellent configuration to study pure mode-II fracture
Fig. 4. Configuration of the specimens used to measure the average interfacial shear strength.



Fig. 5. Geometry and dimensions for the sandwich end-notched flexure specimens used to investigate the mode-II fracture properties
of the adhesive–composite interface.
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behavior [1,3,16]. Sandwich end-notched flexure (SENF) specimens with the geometry shown in Fig. 5 were
fabricated by cutting coupons of the composite and steel, and then bonding them with the adhesive, main-
taining the bond-line thickness at 0.7 ± 0.1 mm. To facilitate experimental observations, straight lines were
cut vertically across the bond lines using a sharp razor. During the test, the specimen rested on two steel
cylinders. A similar cylinder was used to load the specimen at its mid-point. To reduce possible frictional
effects along the cracked surfaces, a steel wire with a diameter of about 0.8 mm was inserted as a spacer
between the arms of the adherends at the crack mouth. The specimens were tested under displacement con-
trol with a cross-head velocity of 0.6 mm/min under ambient conditions. A high-resolution CCD camera
was used to correlate the mid-point displacement to the cross-head displacement, as well as to monitor
crack propagation.

Fig. 6 shows examples of the relationship between the applied load and the deflection of the mid-point of
the beam. Although there appears to be two different types of behaviors (monotonically increasing curves
and curves with a primary maximum), no correlation with details of the geometry of the specimens was
noted. Optical micrographs of the side of the specimens are shown in Fig. 7. Although the precise location
of crack tip is difficult to identify from these views, the extent of shear along the interface can be seen.
Examination of the crack surfaces after fracture indicated that crack growth was purely interfacial, and that
relatively few fibers were pulled out during fracture; this was consistent with the preliminary tests men-
tioned earlier.

4.3. Numerical simulations

To extract the mode-II cohesive properties of the interface, the finite-element code ABAQUS (version
6.3) was used to perform a cohesive-zone analyses of the sandwich geometry. The calculations were con-
ducted allowing non-linear displacements of the adherends. The adherends were modeled by a continuum
finite-element model of the SENF geometry, using the appropriate constitutive properties for the steel and
the composite, as described earlier. To prevent interpenetration at the crack mouth, surfaced-based contact
elements were used to simulate the interaction between the steel spacer and the two arms. The adhesive
layer between the metal arms and the composite was modeled using continuum elements with the adhesive



Fig. 6. Plots of applied load versus center deflection for the sandwich end-notched flexure specimens with the geometry given in Fig. 5.
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constitutive properties [8]. The adhesive layer bonding the composite layers together was replaced by four-
noded mixed-mode cohesive-zone elements [6] with an initial thickness of 0.7 mm. As discussed earlier, the
mode-II interfacial fracture was characterized by a simple trapezoidal traction–separation law of the form
shown in Fig. 3b, with an initially unknown shear strength and mode-II toughness. The mode-I parameters
previously obtained for the adhesive (Fig. 3a) were used without any further modification.3 The mode-I and
mode-II traction–separation laws were coupled through the failure condition of Eq. (1).

The two unknown mode-II parameters were obtained by a parametric study that compared the results
from numerical calculations for the load–displacement curves with the experimental results of Fig. 6. It was
observed from the numerical calculations that the final rising part of the curves is dominated by the mode-II
toughness. Therefore, the mode-II toughness could be obtained by matching the numerical predictions and
the experimental results in this region. This comparison indicated that CIIi = 11.5 ± 1.5 kJ m�2. Once the
toughness had been determined, the corresponding shear strength was found by adjusting the maximum
stress in the traction–separation law, while keeping the toughness fixed, until the full load–displacement
curve could be fitted to the experimental data. This analysis resulted in a value of ŝi ¼ 12� 1:5 MPa, which
is in excellent agreement with the average shear strength obtained from the interfacial shear tests discussed
earlier, and supports the notion that, unlike the mode-I law, no distinction needs to be drawn between the
cohesive strength and the characteristic strength. The numerical fit for how the applied load varies with the
mid-point deflection using the mode-II cohesive parameters is compared with the experimental results in
Fig. 8. As can be seen from the plot, the numerical results provide excellent quantitative reproduction of
the experimental results, in the sense that they closely bracket them. The fits provide a reasonable uncer-
tainty of less than about 15% in the values of the cohesive parameters, which mirrors the experimental
uncertainty.

The cohesive law used for in these studies resulted in load–displacement curves with a primary maxi-
mum. While this shape was obtained for some of the experimental results, monotonic load–displacement
curves were also obtained experimentally. The fact that the numerical curves fitted the general form and
3 The numerical calculations confirmed that the SENF geometry did deform under pure mode-II conditions, with the normal stresses
at the crack tip being slightly compressive.



Fig. 7. Micrographs of the side of the sandwich end-notched flexure specimens, during the course of the experiment.
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scale of the load–displacement curves, without completely capturing the details, probably illustrates that,
while a characteristic strength and toughness are generally sufficient to model the behavior at a level suit-
able for design purposes, capturing nuances of the load–deflection curves may require knowledge of the
precise shape of the traction–separation law. However, such additional sophistication will come at the ex-
pense of additional parameters that need to be determined with additional experiments. Exploring this con-
cept in detail was beyond the scope of what was being attempted in the present paper, which had the goal of
establishing a methodology to determine cohesive parameters at a level suitable for design purposes, rather
than capturing nuances in load–displacement curves. However, an additional series of numerical calcula-
tions indicated that it was indeed possible to reproduce both types of curve by changing the shape of
the traction–separation law. Decreasing the cohesive strength or reducing the relative displacement at
which unloading of the traction–separation law begins seemed to favor a more monotonic form of curve
over the curves with a primary maximum. For example, a traction–separation law where unloading began
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at 0.1dtc, rather than 0.6dtc, with CII = 10 kJ m�2 and ŝi ¼ 13 MPa, allowed an almost perfect fit to the
experimental monotonic load–displacement curves.
5. Verification of mixed-mode fracture

5.1. Numerical predictions of sandwich single-lap-shear tests

Earlier work showed that pure mode-I behavior could be modeled by a cohesive-zone model [8]; the
previous section has presented results for what was essentially pure mode-II fracture (even though a full
mixed-mode analysis was used). In this section, the use of the mode-I and mode-II interface parameters
to investigate a mixed-mode configuration is demonstrated. The configuration investigated was a lap-shear
geometry consisting of the composite bonded to an aluminum alloy (Fig. 9). The aluminum arms were
2.0 mm thick, and the composite coupons in these specimens were 2.8 mm thick. Two different bonded
P P

30 mm

width (out of plane): 20 mm

2.8 mm

2 mm
aluminum 5754

composite

Fig. 9. Geometry and dimensions for the sandwich single-lap-shear specimens used to investigate mixed-mode fracture of the
adhesive–composite interface with aluminum arms.



Table 1
Summary of the interfacial and composite cohesive parameters used in this study

Mode-I interface

r̂io (MPa) 24 ± 3
r̂i (MPa) 5.0 ± 1.5
CIi (kJ m

�2) 7.3 ± 1.8

Mode-I composite

r̂m (MPa) 100 ± 20
r̂b (MPa) 79 ± 8
CIc (kJ m

�2) 40 ± 4

Mode-II interface

ŝi (MPa) 12 ± 1.5
CIIi (kJ m

�2) 11.5 ± 1.5
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over-lap lengths, 40 mm and 50 mm, were used; the width of the specimens was 20 mm and the free portion
of the arms was 30 mm.

The numerical simulations were done using the constitutive properties of the composite and aluminum
described earlier. The adhesive layer was modeled using cohesive elements with the appropriate mode-I and
mode-II parameters (Table 1), along with the failure criterion of Eq. (1). This combination of geometry and
cohesive parameters was shown to be mixed-mode with a ratio of GII=GI at fracture of about 2. The numer-
ical simulations showed stable crack propagation for about 8 mm before unstable failure occurred, with
crack propagation being accompanied by macroscopic plastic deformation of the aluminum. The predicted
peak load (per unit width) was in the range of 400–570 N mm�1 for the 40 mm overlap length, and between
510 N mm�1 and 710 N mm�1 for the 50 mm overlap length. The upper and lower bounds for the predicted
loads corresponded to the upper and lower bounds of the cohesive parameters (Table 1).
5.2. Experimental verification

Sandwich single-lap-shear specimens with dimensions identical to the geometries analyzed numerically
were tested to verify these numerical predictions. The lap-shear specimens were tested in a screw-driven ma-
chine at a displacement rate of 1.0 mm/min, with displacements being measured optically between two
points separated by a gauge length of 80 mm using a C.C.D camera. It was observed that, in all cases,
the fracture of the sandwich specimens was purely interfacial, as assumed for the numerical simulations.
The specimens showed stable crack growth for about 13 mm before catastrophic failure occurred.
Fig. 10a and b compare the numerical predictions with the experimental load–displacement curves for
the two different geometries. The experimental data are shown as points corresponding to optical measure-
ments of the displacement; the solid lines are the numerical predictions. The deformation of the aluminum
sandwich specimen (with an overlap length of 40 mm) immediately before catastrophic failure is compared
to the deformation predicted by the numerical calculations in Fig. 11. It should be emphasized at this point
that the numerical results in Fig. 10 are predictions done in isolation from the experiments. They were not
attempts to reproduce the experimental results, and should be contrasted with the calculations of Fig. 8
which were performed to obtain material parameters by fitting experimental results. The range of the
numerical predictions in Fig. 10 represents what is expected to be the full range of the effects of uncertain-
ties in both the mode-I and mode-II cohesive parameters. The results of individual experiments are expected
to fall within the predicted range. In particular, statistical effects are probably responsible for the reason
why the few experimental results do not show the full range of predicted variability.
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6. Fracture of composite joints

As described at the beginning of the paper, the preliminary tests showed that end-notched flexure spec-
imens which were not bonded to a metal failed by fracture of the composite arms (see Fig. 1). Now, it is of
interest to see whether this behavior can be reproduced numerically using the cohesive properties of the
interface and the mode-I cohesive properties of the composite (Fig. 12 and Table 1) obtained in an earlier
work [7]. Although, it is clear from Fig. 1 that an accurate prediction of the complete crack path in the
composite would require the mode-II properties of the composite to be included in any model, the exper-
imental observations indicate that failure in the composite starts off along a mode-I trajectory. Therefore, it
can be assumed that only the mode-I properties of the composite are needed to investigate when cracking
begins in the composite.

The dimensions for the ENF geometry are shown in Fig. 13: the span, 2L, was 140 mm, and the initial
crack length, a, was 30 mm, the composite thickness, h, was 7.6 mm, and the adhesive layer thickness was
0.7 mm. A calculation in which both the composite and interface are fully modeled by cohesive elements
would be computationally intensive. Following a similar approach used for investigating the mode-I frac-
ture of this same adhesively bonded system, the numerical calculations were performed in two stages [8]. In
the first stage, the composite was modeled by its continuum properties, and the adhesive layer was replaced
by the appropriate mixed-mode cohesive-zone model of the interface. These initial calculations were used to
identify the direction and location of the maximum normal stresses in the arms at the conditions under
which the interface crack grows. In the present case, the maximum normal stresses were approximately per-
pendicular to the interface. In the second stage of the calculations, cohesive-zone elements with the mode-I
fracture properties of the composite (Fig. 12) were embedded in the composite near the crack tip (where the
normal stresses were largest) perpendicular to the interface. The calculations were then allowed to proceed
with competition between crack growth in the interface and in the composite. To keep the numerical model
to a reasonable size, the region in which cohesive-zone elements were embedded was limited to 10 mm in
length. If the calculation indicated that the interface crack grew out of this region without failure of the
composite, the geometry was re-meshed and a new calculation was started.

The results of the numerical simulations depended on the relative magnitudes of the cohesive parameters
for the strengths of the composite and interface. For a relatively weak interface and strong composite the
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crack could grow along the interface for about 20 mm before being arrested. A further increase in applied
displacement then caused failure of the composite, without further interfacial crack growth. Conversely,
composite failure before any interfacial crack growth occurred if the composite was relatively weak, or
if the interface was relatively strong. A comparison of the predicted load–displacement curves with the
experimental curves is given in Fig. 14. It should be noted that the numerical curves terminate at the onset
of unstable crack growth in the composite. Owing to the assumptions made of pure mode-I growth in the
composite, these points should more properly be considered to represent the initiation of fracture within the
composite. The numerical predictions of composite failure after limited interfacial crack growth were con-
sistent with what was observed experimentally, as are the magnitudes of the predicted strengths (which
bracket the observed strengths).
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7. Conclusions

The mode-II cohesive parameters for a composite/adhesive joint were determined using sandwich end-
notched flexure specimens in which the composite was bonded to a metal. Such a geometry was found to be
useful because the stiffness of the metal compared to the composite ensured that most of the load was born
by the metal. This eliminated the tendency for the composite to fail, and also suppressed the effects of the
variability of the modulus of the composite. It was observed that, for the particular system studied in this
paper, the characteristic strength for the mode-II traction–separation law was essentially identical to the
cohesive strength of the interface. The average shear strength of the interface measured by direct shear
was identical to the characteristic shear strength measured from fracture tests. This was in distinct contrast
to the mode-I behavior of the same interface for which it was observed that the characteristic strength for
crack growth was considerably lower than the cohesive strength of the interface measured by direct tensile
tests. These results were consistent with observations that mode-I fracture was accompanied by extensive
fiber pull-out, but that mode-II fracture was not. With both the mode-I and mode-II cohesive parameters
determined for the adhesive interface, the behavior of other geometries were modeled and compared to
experimental results. It was shown that the numerical results did a reasonably good job of predicting both
the strengths of the joints and the failure mechanism.
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