ECE 602 Fall 2010

Stability in the sense of Lyapunov by Stanislaw H. Żak

October 13, 2010

1 An Informal Introduction to Stability

In general, it can be difficult to obtain an explicit solution of nonlinear differential equations modeling a dynamic system. However, often we do not need to know the explicit solution of the modeling equations. Instead, we are interested in the behavior of the solution as time tends to infinity. Furthermore, in many models of physical systems a “small” change in the initial conditions results in a “small” change in the solution. Specifically, if a system is perturbed from its rest, or equilibrium position, then it starts to move. We can roughly say that the equilibrium position is stable if the system does not go far from this position for small initial perturbations. This concept may be illustrated, as in Willems [3], Brogan [2], or in Barnett [1], by means of a ball resting in equilibrium on a sheet of metal bent into various shapes with cross-sections depicted in Figure 1. This figure illustrates four possible scenarios. If we neglect frictional forces, a small perturbation from the equilibrium leads to:

(1) oscillatory motion about equilibrium irrespective of the magnitude of the initial perturbation. In this case the equilibrium position is globally stable,

(2) the new position is also an equilibrium and the ball will remain in it. Here the equilibrium position is stable,

(3) the ball moving away without returning to the equilibrium. This equilibrium position is unstable,

(4) oscillatory motion about the equilibrium, unless the initial perturbation is so large that the ball is forced to oscillate about the new equilibrium position. This equilibrium position is locally stable.

Figure 1: Illustration of stable and unstable equilibrium positions.

If friction is taken into account, then the oscillatory motion steadily decreases until the ball returns to the equilibrium positions as in items (1) and (4) above. We refer to such equilibrium positions as being asymptotically stable. In our discussion of stability concepts, we implicitly assume, as in item (4), that there is some “small” region for allowed initial perturbations for which subsequent motions converge to the equilibrium position. If however, as in item (1), any initial perturbation yields a motion that converges to the equilibrium position, then we have global asymptotic stability, which is also referred to as asymptotic stability in the large.

2 Stability of Continuous-Time LTI Systems

It follows from the discussion in the previous sections that a linear time-invariant dynamic system modeled by the equation

ẋ = Ax, x(t_0) = x_0 (1)

is asymptotically stable if and only if, the solution to equation (1) decays to zero as t → ∞ for any initial state x_0. We can view the vector x(t) ∈ R^n as defining the coordinates of a point moving in an n-dimensional state space R^n. In an asymptotically stable system modeled by equation (1), this point converges to the origin of R^n. We can argue that if a trajectory is converging to the origin of the state space, then it should be possible to find a family of nested surfaces described by V (x_1, x_2, . . . , x_n) = c, c ≥ 0, such that monotonically decreasing values of c give surfaces progressively shrinking in on the origin with the limiting surface V (x_1, x_2, . . . , x_n) = 0 being the origin x = 0. Furthermore, along every trajectory of (1), the parameter c should steadily decrease. We now introduce some notation and definitions that we use in the ensuing discussion.

Let V (x) = V (x_1, x_2, . . . , x_n) : R^n → R be a real-valued function and let S ⊆ R^n be a compact region containing the origin x = 0 in its interior.

Definition 1 We say that the function V = V (x) is positive semi-definite (p.s.d.) in S, with respect to x = 0, if

1. V is continuously differentiable, that is, V ∈ C^1,

2. V (0) = 0,

3. V (x) ≥ 0 for all x ∈ S.

Definition 2 We say that the function V = V (x) is positive definite (p.d.) in S, with respect to x = 0, if

1. V ∈ C^1,

2. V (0) = 0,

3. V (x) > 0 for all x ∈ S \ {0}.

The symbol S \ {0} in item 3 above denotes the set {x : x ∈ S, x ≠ 0}.

Negative semi-definite (n.s.d.) and negative definite (n.d.) functions are defined in a similar fashion by reversing inequality signs in item 3 in both definitions above.

There are many functions that satisfy the above definitions. In the stability analysis of dynamic systems one class is particularly useful. This is the positive definite quadratic form, a label attached to a nested family of ellipses and their extensions to higher dimensional spaces—ellipsoids for n = 3, and hyper-ellipsoids for n ≥ 4. We consider the following quadratic form, V (x) = x^⊤P x, where P is a real symmetric n × n matrix. The time derivative of V (x(t)) evaluated on a solution of ẋ = Ax is dV (x(t)) dt = V̇ (t) = ẋ(t)^⊤P x(t) + x(t)^⊤P ẋ(t).

Substituting ẋ = Ax and ẋ^⊤ = x^⊤A^⊤ into the above equation yields V̇ = x^⊤A^⊤P x + x^⊤P Ax = x^⊤(A^⊤P + P A)x. Let Q = −(A^⊤P + P A).

Then, V̇ = −x^⊤Qx. (2) We are now ready to state and prove the following theorem concerning the stability of the system ẋ = Ax, or equivalently, the matrix A ∈ R^n.

Theorem 1 (A. M. Lyapunov, 1892) The system ẋ = Ax, x(t_0) = x_0, is asymptotically stable if and only if for any given real symmetric positive definite (r.s.p.d.) matrix Q the solution P to the continuous Lyapunov matrix equation,

A^⊤P + P A = −Q (3)

is also (real symmetric) positive definite.

Proof (⇒) We prove necessity, for asymptotic stability, by contradiction. We have −x^⊤Qx < 0 for all x ≠ 0. We assume that A is an asymptotically stable matrix and that for some nonzero x_0 we have x^⊤_0 P x_0 ≤ 0. From the discussion before the theorem, and in particular from (2), it follows that d dt ( x(t)^⊤P x(t) ) = −x(t)^⊤Qx(t) < 0.

The above means that V (x(t)) = x(t)^⊤P x(t) decreases on the trajectories of the system ẋ(t) = Ax(t) as t → ∞. On the other hand, because A is asymptotically stable, we have

lim_{t→∞} x(t) = 0.

Hence, lim_{t→∞} x(t)^⊤P x(t) = lim x(t)→0 x(t)^⊤P x(t) = 0.

Thus, we arrived at a contradiction. This completes the proof of the first part of the theorem that states that asymptotic stability of A implies that for any r.s.p.d matrix Q the solution P to the equation A^⊤P + P A = −Q is r.s.p.d..

(⇐) We prove sufficiency, also by contradiction. We assume that

x^⊤P x > 0 and − x^⊤Qx < 0 for all x ≠ 0,

and that the matrix A is not asymptotically stable. This means that the solution to ẋ(t) = Ax(t), x_0 ≠ 0, which has the form x(t) = eA^{(t−t0)}x_0, is bounded away from the origin x = 0. Thus, there is a constant b > 0 such that

x(t)^⊤Qx(t) > b > 0 for all t > t_0.

Integrating^d_{dt} ( x(t)^⊤P x(t) ) = −x(t)^⊤Qx(t) yields

x(t)^⊤P x(t) = x(t_0)^⊤P x(t_0) +

∫_t

t_0

(−x(s)^⊤Qx(s))ds.

Taking into account that −x(t)^⊤Qx(t) < −b < 0 for all t > t_0, we obtain for t > t_0,

x(t)^⊤P x(t) = x(t_0)^⊤P x(t_0) +

∫_t

t_0

(−x(s)^⊤Qx(s))ds

< x(t_0)^⊤P x(t_0) − b(t − t_0).

The above implies that for a sufficiently large t we would have x(t)^⊤P x(t) < 0, which contradicts the assumption that x(t)^⊤P x(t) > 0. This means that A must be asymptotically stable, and the proof is complete. � Example 1 Let A = [ 0 1 −1 −2 ] , and Q = I_2. We solve the Lyapunov equation A^⊤P + P A = −Q for P . Assume P to have the form, P = [ p_1 p_2 p_2 p_3 ] = P^⊤.

Then, we have

A^⊤P + P A = [ 0 −1 1 −2 ] [ p_1 p_2 p_2 p_3 ] + [ p_1 p_2 p_2 p_3 ] [ 0 1 −1 −2 ]

= [ −2p_2 −p_3 + p_1 − 2p_2 −p_3 + p_1 − 2p_2 2p_2 − 4p_3 ]

= −Q = [ −1 0 0 −1 ] . Solving the corresponding linear equations yields P = [ 3/2 1/2 1/2 1/2 ] . The solution matrix P is positive definite. Hence, the matrix A must have its eigenvalues in the open left-half plane. Indeed, the eigenvalues of A are both located at −1.

Definition 3 A positive definite function V (x) whose time derivative evaluated on the solutions of the system ẋ = Ax is negative definite (or negative semi-definite) is called a Lyapunov function for this system.

Lyapunov’s theorem gives us a necessary and sufficient condition for asymptotic stability of linear time-invariant dynamic systems. To check if a given matrix A is asymptotically stable or not, it is enough to take an arbitrary r.s.p.d. matrix Q, solve the equation A^⊤P + P A = −Q for real symmetric P and check if the obtained P is positive definite, or not. If P > 0, then A is asymptotically stable. If P is not positive definite, then A cannot be asymptotically stable. Because Q can be an arbitrary r.s.p.d. matrix, Q = I_n, the n × n identity matrix, is a good choice. It is important to note that there would be no use, as the following example shows, in first choosing a matrix P and then calculating Q from the equation A^⊤P + P A = −Q.

Example 2 Let A = [ −1 3 0 −1 ] , which is asymptotically stable. Let P = [ 1 0 0 1 ] = I_2 > 0.

Then, Q = −(A^⊤P + P A) = [ 2 −3 −3 2 ]

which is indefinite. Thus, unless Q turns out to be definite, nothing can be inferred about asymptotic stability from the Lyapunov theorem if we start with P and then calculate Q.

We now give a geometric interpretation of the Lyapunov theorem. First, note that the function V̇ = dV (x(t)) dt can be expressed, using the chain rule, as

V̇ = ∇V^⊤ẋ = ‖∇V ‖ ‖ẋ‖ cos θ,

where θ is the angle between the vectors ∇V and ẋ. If ‖ẋ‖ = 1, then ∇V^⊤ẋ can be viewed as the rate of increase of V at x in the direction ẋ. Thus, V̇ < 0 if and only if, 90 deg < θ < 270 deg. In such a case the velocity vector ẋ(t) points in the direction of decreasing V . We illustrate the above discussion in Figure 2.

We now prove a variant of Theorem 1, which is very useful in numerical verification of stability.

Theorem 2 A matrix A is asymptotically stable if and only if for any Q = C^⊤C, C ∈ R^{p×n}, such that the pair (A, C) is observable, the solution P to the Lyapunov matrix equation A^⊤P + P A = −C^⊤C is positive definite.

Proof We first prove the necessity condition (⇒) for asymptotic stability. If A is asymptotically stable, that is, ℜλ_i(A) < 0, then we will show that P = ∫_∞ 0 eA^{⊤t}C^⊤CeA^tdt (4)

Figure 2: Geometric interpretation of the Lyapunov theorem.

is the symmetric positive definite solution to the Lyapunov equation. Indeed, the integrand of (4) is a sum of terms of the form t^ke^{λit},

where λ_i is the i-th eigenvalue of A. Since ℜλ_i(A) < 0, the integral in (4) exists because the terms in P do not diverge when t → ∞. Indeed, let −α_i = ℜλ_i, where α_i > 0, then

lim_{t→∞} t^ke^{−αit} = lim_{t→∞} t^k e^{αit} , We differentiate the numerator and denominator of the above k times and use L’Hospital’s rule to get

lim_{t→∞} t^k e^{αit}

= lim_{t→∞} kt^{k−1} α_ie^{αit} = lim_{t→∞} k(k − 1)t^{k−2} α^2_i e^{αit} . . = lim_{t→∞} k! α^k_i e^{αit} = 0. (5)

Thus, by (5), the formula for P given by (4) is well defined. Next, note that P = P^⊤. The matrix P is also positive definite because the pair (A, C) is observable. Substituting the expression for P into the Lyapunov equation and performing manipulations yields

A^⊤P + P A =

∫_∞ 0 A^⊤eA^{⊤t}C^⊤CeA^tdt +

∫_∞ 0 eA^{⊤t}C^⊤CeA^tAdt = ∫_∞ 0 d dt ( eA^{⊤t}C^⊤CeA^t ) dt = eA^{⊤t}C^⊤CeA^t ∞ 0 = −C^⊤C.

The sufficiency part (⇐) can be proven using the arguments of the proof of the sufficiency part of the Lyapunov theorem and noting that the observability of the pair (A, C) implies that x(t)^⊤C^⊤Cx(t) is not identically zero along any nonzero solution of ẋ(t) = Ax(t). � We now show that if A is asymptotically stable, then the Lyapunov equation (3) has a unique solution for every Q. Uniqueness can be proven in many ways. We use the Kronecker product in our proof. We represent the Lyapunov equation (3) as ( I_n ⊗ A^⊤ + A^⊤ ⊗ I_n ) vec(P ) = −vec(Q). (6)

The condition for a solution vec(P ) of the above equation to be unique is

λ_i(A^⊤) + λ_j (A) ≠ 0, i, j = 1, 2, . . . , n.

Because λ_i(A^⊤) = λ_i(A), and A is asymptotically stable by assumption, the condition λ_i(A^⊤) + λ_j(A) ≠ 0 is met, and hence the Lyapunov equation has a unique solution.

3 Discrete-Time Lyapunov Equation

We will now use the Lyapunov approach to the stability analysis of the discrete-time linear time-invariant systems modeled by

x(k + 1) = Ax(k), x(k_0) = x_0. (7)

By analogy with the continuous-time case, consider a quadratic positive definite form,

V (x(k)) = x(k)^⊤P x(k).

We evaluate the first difference of V , defined ΔV = V (x(k+1))−V (x(k)), on the trajectories of (7) to obtain

ΔV (x(k)) = V (x(k + 1)) − V (x(k)) = x(k + 1)^⊤P x(k + 1) − x(k)^⊤P x(k) = x(k)^⊤A^⊤P Ax(k) − x(k)^⊤P x(k) = x(k)^⊤ ( A^⊤P A − P ) x(k), (8)

where we replaced x(k + 1) in the above with Ax(k). For the solutions of (7) to decrease the “energy function” V , at each k > k_0, it is necessary and sufficient that ΔV (x(k)) < 0, or equivalently, that for some positive definite Q,

ΔV (x(k)) = −x(k)^⊤Qx(k). (9)

Combining (7) and (9), we obtain the so called discrete-time Lyapunov equation,

A^⊤P A − P = −Q (10)

Theorem 3 The matrix A has its eigenvalues in the open unit disk if and only if for any positive definite Q the solution P to (10) is positive definite.

Proof (⇒) We use the Kronecker product to represent the discrete-time Lyapunov equation as ( I_n2 − A^⊤ ⊗ A^⊤ ) vec(P ) = vec(Q), (11)

where ⊗ denotes the Kronecker product and s(·) is the stacking operator. It is easy to see that the above equation has a unique solution if and only if

1 − λ_iλ_j ≠ 0, for all i, j = 1, 2, . . . , n,

where {λ_i} is the set of eigenvalues of A. By assumption, |λ_i| < 1, which is a sufficient condition for (11) and hence (10) to have a unique solution. The solution P can be expressed as P = ∞∑ k=0 ( A^⊤

)_k QA^k. (12)

The above expression is well defined because all eigenvalues of A have magnitude (strictly) less than unity. Substituting (12) into (10) gives

A^⊤P A − P = A^⊤

(_∞ ∑ k=0 ( A^⊤

)_k QA^k ) A − ∞∑ k=0 ( A^⊤

)_k QA^k

= ∞∑ k=1 ( A^⊤

)_k

QA^k − ∞∑ k=1 ( A^⊤

)_k

QA^k − Q

= −Q.

Thus, indeed (12) satisfies the discrete-time Lyapunov equation. Note that if Q is symmetric so is P . If Q is positive definite, so is P .

(⇐) Let λ_i be an eigenvalue of A and v_i be a corresponding eigenvector, that is, Av_i = λ_iv_i. Observe that λ_i and v_i may be complex. We denote by v^∗_i the complex conjugate transpose of v_i. Note that v^∗_i P v_i is a scalar. We will show that its complex conjugate equals itself, which means that v^∗_i P v_i is real. Indeed,

v^∗_i P v_i = v^∗_i P^∗v_i = v^∗_i P^⊤v_i = v^∗_i P v_i,

where we used the fact that the complex conjugate transpose of a real matrix reduces to its transpose. Thus, v^∗_i P v_i is real for any complex v_i.

Premultiplying now (10) by v^∗_i and postmultiplying by v_i gives

v^∗_i ( A^⊤P A − P ) v_i = −v^∗_i Qv_i. (13)

The left-hand side of the above equality evaluates to

v^∗_i A^⊤P Av_i − v^∗_i P v_i = λ̄_iv^∗_i P v_iλ_i − v^∗_i P v_i = ( |λ_i|^2 − 1 ) v^∗_i P v_i.

Comparing the above with the right-hand side of (13) yields ( 1 − |λ_i|^2 ) v^∗_i P v_i = v^∗_i Qv_i > 0

because Q is positive definite. Since P is positive definite, we have to have |λ_i| < 1. The proof is complete. �

References

[1] S. Barnett. Introduction to Mathematical Control Theory. Clarendon Press, Oxford, 1975.

[2] W. L. Brogan. Modern Control Theory. Prentice Hall, Englewood Cliffs, New Jersey 07632, third edition, 1991.

[3] J. L. Willems. Stability Theory of Dynamical Systems. John Wiley & Sons, New York, 1970.