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Formulation of the control problem

©

Review of basic principles essential in a turbojet engine mathematical
modeling

©

Turbojet engine station numbering

©

Dynamic equations
@ Power balance equation
@ Mass balance
@ Energy balance

©

Taylor linearization of the non-linear model
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Formulation of the Control Problem

@ We are interested in specifying the system inputs that force the
system states or outputs to behave with time in some pre-specified
manner

@ That is, we are interested in controlling the system states or outputs

@ This is accomplished by means of a controller whose task is to
produce the required system's inputs that in turn result in the desired
system's outputs

@ Constructing a controller is a part of the control problem
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Essential Elements of the Control Problem

a dynamical system to be controlled
a specified objective for the system

a set of admissible controllers, and

©0 00

a means of measuring the performance of any given control strategy
to evaluate its effectiveness
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Single spool turbojet engine

Figure comes from Jayachandran Kamaraj, Modeling and Simulation of Single Spool Jet Engine, MS Thesis in Aerospace

Engineering and Engineering Mechanics, The University of Cincinnati, April, 2003, p. 8
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Turbojet engine station numbering

—_—
7 let | compressor .
S Infe P combustor | turbine nozzle
ambient air
1] 1 2 3 4 5 9
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Surrounding Atmosphere Model

@ Temperature and pressure are functions of the altitude and the flight
Mach number
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Surrounding Atmosphere Model

@ Temperature and pressure are functions of the altitude and the flight
Mach number
@ Mean sea level conditions, International Standard Atmosphere (ISA):
Tsta  Ambient static temp 288.15 °K
Psta Ambient static pressure 101325 Pa
as,d Speed of sound 340.294 m/s
Pstd  Density 1.225 kg/m?3

May 8, 2013 7/33
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Standard Atmospheric Parameter Calculation

@ ISA sea level to 11,000 m altitude, denoted alt,
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Tamb = Tstd — (0.0065 * alt)

5.2561
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Pamb: Pstd* < Tstd
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Standard Atmospheric Parameter Calculation

@ ISA sea level to 11,000 m altitude, denoted alt,

*]
Tamb = Tstd — (0.0065 * alt)

5.2561
Tamb>

Pamb: Pstd* < Tstd

@ ISA 11,000 m to 25,000 m altitude

]
Tamb = 216.60  and  Pypp, = 22632 x e(1:733-0.000157+alt)
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Stagnation, or Total, Values of Ambient Temperature and

Pressure

@ Total temperature and pressures include the energy of the moving air
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Stagnation, or Total, Values of Ambient Temperature and

Pressure

Total temperature and pressures include the energy of the moving air

(4

Ratio of specific heats, v = ¢,/c,

Mach number, M = V//a, where a = \/vgRT is the speed of sound
in a perfect gas; g- = 1 for Sl units

1
Tio = Tamb [1 4 <72> Mﬂ

—1 71
Po= P 1+ (157 1

©
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Inlet Exit
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Inlet Exit

@ Intake diffuser brings the free stream air into the engine
@ It does no work on the flow and guides the flow to the compressor

@ Stagnation values of the temperature and pressure at the diffuser exit
Tio =T and Py =P,
where the inlet efficiency ny = 1.0 if M <1 and for M > 1,

n = 1.0 — 0.075(M — 1)13°
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Compressor

@ The purpose of a compressor is to increase the total pressure of the
gas stream to that required by the engine while absorbing the
minimum shaft power possible
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Compressor

@ The purpose of a compressor is to increase the total pressure of the
gas stream to that required by the engine while absorbing the
minimum shaft power possible

@ Temperature of the incoming air also increases with pressure in the
compressor

@ Compressor performance maps are obtained from the actual rig test
of the engines

@ Corrected parameter values used to eliminate the dependence of the
performance characteristics on the values of the inlet temperature and
pressure
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Corrected parameters at the i-th engine station

@ Dimensionless ratios of pressure, temperature, and density

P T p
o= , 0= , o= ,
P, std Tstd Pstd

where Pyq = 101.3kPa, Tgg = 288.15°K, and psq = 1.225 kg/m?
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where Pyq = 101.3kPa, Tgg = 288.15°K, and psq = 1.225 kg/m?

@ Corrected mass flow rate at the i-th engine station,

Vi
dj

Mmei = mj
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Corrected parameters at the i-th engine station

@ Dimensionless ratios of pressure, temperature, and density

P T p
o= , 0= , o= ,
P, std Tstd Pstd

where Pyq = 101.3kPa, Tgg = 288.15°K, and psq = 1.225 kg/m?

@ Corrected mass flow rate at the i-th engine station,

o
Mci = mj 5
i
@ Corrected engine speed
Ng = N
Ve
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Mass Flow Parameter (MFP)

@ One-dimensional mass flow equation,
m = pAV,

where m is the mass flow rate per unit area, p is density, A is the duct
area, and V is the velocity

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 313
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Mass Flow Parameter (MFP)

@ One-dimensional mass flow equation,
m = pAV,
where m is the mass flow rate per unit area, p is density, A is the duct

area, and V is the velocity

@ Recall the modeling equation of a perfect gas flowing through the gas
turbine,

P = pRT,

where P is the gas pressure, T temperature, and R is the gas constant
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Mass Flow Parameter (MFP)

@ One-dimensional mass flow equation,
m = pAV,
where m is the mass flow rate per unit area, p is density, A is the duct

area, and V is the velocity

@ Recall the modeling equation of a perfect gas flowing through the gas
turbine,

P = pRT,

where P is the gas pressure, T temperature, and R is the gas constant
@ Combining the above equations gives

_y_Pv_ v P/
~"" T RT T VAgRT VRT

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 313
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Mass Flow Parameter (MFP) Contd.

@ From the previous slide

m_ ,_PV__V P&
A" T RT T aRT VRT
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Mass Flow Parameter (MFP) Contd.

@ From the previous slide
m_ ,_PV__V P&
A" T RT T aRT VRT

@ Manipulate more to obtain

m v Pyie _ vgc T, P

A \vg&RT VRT R P: x/ﬁ
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Mass Flow Parameter (MFP) Contd.

@ From the previous slide
m_ ,_PV__V P&
A" T RT T aRT VRT

@ Manipulate more to obtain

m_ VvV P\/vgc vgc T P
A /v8RT VR R P; \/Tt
@ Define
T:
MFP =
A P,
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Mass Flow Parameter (MFP) Contd.

@ From the previous slide
m_ ,_PV__V P&
A" T RT T aRT VRT

@ Manipulate more to obtain

m_ VvV P\/vgc vgc T P
A /v8RT VR R P; \/Tt
@ Define
T:
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A P,
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Useful Formula Involving Mass Flow Parameter (MFP)

@ We have
T,
A P;

MFP =

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 39
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Useful Formula Involving Mass Flow Parameter (MFP)

@ We have
m+/T;
MFP = —
A P;
@ On the other hand,
1 _2(“r+11)
MFP = ’Yf’;m (1 + ’Y;M2> " = MFP(M)

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
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Useful Formula Involving Mass Flow Parameter (MFP)

@ We have
m+/T;
MFP = —
A P;
@ On the other hand,
1 _2(“r+11)
MFP = ’YgCM (1 + ’Y;M2> " = MFP(M)

o Comparing, we obtain

Formula for computing the mass flow rate, m, using the MFP function
P:A

m=

\/TtMFP(M)

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 39
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Yarlagadda's Compressor Model

@ Mass flow rate and the shaft speed for the compressor are represented
in corrected parameters in the compressor performance map

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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@ Mass flow rate and the shaft speed for the compressor are represented
in corrected parameters in the compressor performance map

@ Notation: m3 (kg/s)—mass flow rate at the exit of the compressor,
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rate in the compressor;
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Yarlagadda's Compressor Model

@ Mass flow rate and the shaft speed for the compressor are represented
in corrected parameters in the compressor performance map

@ Notation: m3 (kg/s)—mass flow rate at the exit of the compressor,
my—mass flow rate in the compressor, msz/cor—corrected mass flow

rate in the compressor;
- T2
mary/
3 Toref

m3icorr = P,

Poref

@ Notation: Ncorr comp—corrected speed for the compressor,
Nges—shaft speed at the design point;

N _ N T2des
corr comp — T T.
des 2

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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Obtaining ms.,, and 7 comp to cOmpute ms

@ Corrected mass flow rate of the compressor,

: Ps
M3 o = 1 <Pa Neorr comp
2
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Obtaining ms.,, and 7 comp to cOmpute ms

@ Corrected mass flow rate of the compressor,

: Ps
M3 o = 1 <Pa Neorr comp
2

@ Isentropic compression efficiency,

P3
s comp = f2 (Pg’ Ncorr comp)
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taining ms.,, and 7 omp to compute ms

@ Corrected mass flow rate of the compressor,

: Ps
M3 o = 1 <Pa Neorr comp
2

@ Isentropic compression efficiency,

P3
s comp = f2 (Pg’ Ncorr comp)

@ Compute the actual mass flow rate,
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Compressor—computing T;3, M, and A

@ Notation—)s comp I the isentropic compression efficiency in the
compressor

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 320
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Compressor—computing T;3, M, and A

@ Notation—)s comp I the isentropic compression efficiency in the
compressor

@ Temperature T3/ of the compressor by Yarlagadda, p. 30,

~y—1
1 P\ 5
To=To |14+ —— <3>7 1
s Comp P>

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 320
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Compressor—computing

@ Notation—)s comp I the isentropic compression efficiency in the
compressor
@ Temperature T3/ of the compressor by Yarlagadda, p. 30,

~y—1

1 P3\
Ty=T 1+ —— <3> 1
s Comp P>

@ The compressor corrected mass flow rate of Jaw and Mattingly,

: Tio Psta Pra  Ag
=/ MFP(M
mep T std Pt2 m 1+f ( 4)

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American

Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 320
May 8, 2013 18 / 33
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Compressor—computing

@ Notation—)s comp I the isentropic compression efficiency in the
compressor
@ Temperature T3/ of the compressor by Yarlagadda, p. 30,

~y—1

1 P3\
Ty=T 1+ —— <3> 1
s Comp P>

@ The compressor corrected mass flow rate of Jaw and Mattingly,
. Tio Psta Pra  Ag
= MFP(M,
M2 =\ Toa Py VT 14 Fo (M)

@ The compressor input power, W, = Macpe(Tez — Teo)

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American

Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 320
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Compressor Dynamics

@ Notation: Bld—compressor bleed flow rate (kg/s), Ws—mass of the
air in the compressor (kg), V3—compressor volume in m3;

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010, pp. 30-31
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Compressor Dynamics

@ Notation: Bld—compressor bleed flow rate (kg/s), Ws—mass of the
air in the compressor (kg), V3—compressor volume in m3;
@ Let my be the inflow rate of change of air and (13 + Bld) be the

outflow rate of change of air,
dWs

?:m3/—m3—8ld

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010, pp. 30-31
May 8, 2013 19 / 33
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Compressor Dynamics

@ Notation: Bld—compressor bleed flow rate (kg/s), Ws—mass of the
air in the compressor (kg), V3—compressor volume in m3;

@ Let my be the inflow rate of change of air and (13 + Bld) be the
outflow rate of change of air,

%:mg,/—r'ng,—B/d
° dT- 1
T: = e (M3 (cp T3 — ¢, T3) — (3 + Bld) RT3)

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010, pp. 30-31
May 8, 2013 19 / 33
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Compressor Dynamics

@ Notation: Bld—compressor bleed flow rate (kg/s), Ws—mass of the
air in the compressor (kg), V3—compressor volume in m3;

@ Let my be the inflow rate of change of air and (13 + Bld) be the
outflow rate of change of air,

%:ﬁ’@—fng,—B/d
° dT: 1
3 . .
F = Wsc, (m3/ (CPT3/ — Cy T3) — (m3 + B/d) RT3)
° W;3RT:
p, — WaRTs
3 A

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010, pp. 30-31
May 8, 2013 19 / 33
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Combustor (Burner) Dynamics

@ Pressure drop across the combustor calculated from the formula,

. . P3 — Py
mp = m3 = Tby

where rmy, is the mass flow rate in the cumbustor (burner) in kg/s

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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Combustor (Burner) Dynamics

@ Pressure drop across the combustor calculated from the formula,

. . P3 — Py
my = M3 = _—
b 3 Rb )
where rmy, is the mass flow rate in the cumbustor (burner) in kg/s
@ Ry is the calculated combustor pressure loss coefficient computed

from the steady state values of the engine at various speeds

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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Combustor (Burner) Dynamics

@ Pressure drop across the combustor calculated from the formula,

P3— Py
Ry
where rmy, is the mass flow rate in the cumbustor (burner) in kg/s
@ Ry is the calculated combustor pressure loss coefficient computed
from the steady state values of the engine at various speeds
@ Because of this pressure drop, the gases can flow in the correct

direction and mass flow rate through the combustion chamber is
calculated

mp =m3 =

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010

Stan Zak (Purdue University) Turbojet Engine Modeling May 8, 2013 20 /33



Combustor (Burner) D

@ Pressure drop across the combustor calculated from the formula,

P3 — Py
Ry,
where rmy, is the mass flow rate in the cumbustor (burner) in kg/s
@ Ry is the calculated combustor pressure loss coefficient computed
from the steady state values of the engine at various speeds

@ Because of this pressure drop, the gases can flow in the correct
direction and mass flow rate through the combustion chamber is

mp =m3 =

calculated
@ Wj—mass of the air in the combustor (kg)
dWa . . .
ar m3 + mg — My,

where my is the mass flow rate of the fuel in kg/s

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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Combustor (Burner) Dynamics Contd.

@ Wj—mass of the air in the combustor (kg)

Wa _ s+ e —
dt LS f 4,

where my is the mass flow rate of the fuel in kg/s
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Combustor (Burner) Dynamics Contd.

@ Wj—mass of the air in the combustor (kg)

Wa _ s+ e —
dt LS f 4,

where my is the mass flow rate of the fuel in kg/s
@ Energy balance,

dTy 1

Gt = Wics (M3 (cpp To — cvb Ta) + Mg (HVFnp — cyp Ta) — maRTy)

where 7, is the combustor (burner) efficiency, HVF is the lower
heating value of fuel, HVF = 43120 kJ/kg, and T} is the combustor
interpolation constant calculated from

To=0BT3+(1-0)T4
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Combustor (Burner) Dynamics Contd.

@ Wj—mass of the air in the combustor (kg)

dWs . : .
T m3 + Mg — My,
where my is the mass flow rate of the fuel in kg/s
@ Energy balance,

dT, 1 ) . .
t = (m3 (cpb Th — cub Ta) + M (HVFnp — cup Ta) — maRTy)

W - W4CVb

where 7, is the combustor (burner) efficiency, HVF is the lower
heating value of fuel, HVF = 43120 kJ/kg, and T} is the combustor
interpolation constant calculated from

To=0BT3+(1-0)T4

W4RTy

@ Ideal gas equation, P, = 7
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Engine Fuel Flow Analysis

@ An expression for the engine fuel flow from application of energy
conservation to the burner

m3hez + menphpr = Myhyy,

where m3 and my are the mass flow rates of gas entering and leaving
the burner, hsz and hyy are the total enthalpies, 1y, is the combustion
efficiency, and hpg is the heating value of the fuel (maximum energy
released when fuel is burned at 100% efficiency)

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 327
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Engine Fuel Flow Analysis

@ An expression for the engine fuel flow from application of energy
conservation to the burner

m3hez + menphpr = Myhyy,

where m3 and my are the mass flow rates of gas entering and leaving
the burner, hsz and hyy are the total enthalpies, 1y, is the combustion
efficiency, and hpg is the heating value of the fuel (maximum energy
released when fuel is burned at 100% efficiency)

@ The above equation is approximated as

m3Cpe T3 + menphpr = (M3 + mf)cpt Tea

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 327
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Engine Fuel Flow Analysis

@ An expression for the engine fuel flow from application of energy
conservation to the burner

m3hez + menphpr = Myhyy,

where m3 and my are the mass flow rates of gas entering and leaving
the burner, hsz and hyy are the total enthalpies, 1y, is the combustion
efficiency, and hpg is the heating value of the fuel (maximum energy
released when fuel is burned at 100% efficiency)

@ The above equation is approximated as

m3Cpe T3 + menphpr = (M3 + mf)cpt Tea

@ Dynamic energy equation
dTw 1
dt Wacp

(M3cpe Tz + menphpr — (M3 + me)cpr Tra)

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 327
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The Rate of Change of the Pressure in the Combustor

Volume

@ The rate of change of air (gas) masses within the combustor “control
surface”
m = Min — Moyt = M3 + Mg — My

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 45
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The Rate of Change of the Pressure in the Combustor

Volume

@ The rate of change of air (gas) masses within the combustor “control
surface”
m = Min — Moyt = M3 + Mg — My

@ Recall the perfect gas law, P = pRT

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 45
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The Rate of Change of the Pressure in the Combustor

Volume

@ The rate of change of air (gas) masses within the combustor “control
surface”
m = Min — Moyt = M3 + Mg — My

@ Recall the perfect gas law, P = pRT
@ Calculate
dP = (pR), dT + (RT), dp,

where the subscript “0” denotes a nominal operating condition

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 45
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The Rate of Change of the Pressure in the Combustor

Volume

@ The rate of change of air (gas) masses within the combustor “control
surface”
m = Min — Moyt = M3 + Mg — My

@ Recall the perfect gas law, P = pRT

o Calculate
dP = (pR), dT + (RT), dp,

where the subscript “0” denotes a nominal operating condition
@ Substitute dm = dpV,

RT
dP = (pR), dT + <) dm
V o

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 45
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The Rate of Change of the Pressure in the Combustor

Volume—Contd.

@ Recall,
RT

dP = (pR), dT + () dm
V o
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The Rate of Change of the Pressure in the Combustor

Volume—Contd.

@ Recall,
RT

dP = (pR), dT + () dm
V o

@ Differentiate with respect to time,

dP . RT
PR, T+ (21 5
R, T ()
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The Rate of Change of the Pressure in the Combustor

Volume—Contd.

@ Recall,

RT
dP = (pR), dT + <) dm
o

v
@ Differentiate with respect to time,

dP . RT
PR, T+ (21 5
R, T ()

@ Taking into account that the first term is much smaller than the
second term gives

P (RT
dt - Vi o
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Turbine Modeling—Corrected Parameters

o Corrected mass flow rate, My/corr = —p;——

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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Turbine Modeling—Corrected Parameters

o Corrected mass flow rate, My/corr = —p;——
Paref
C d h f d N _ N T4des
o orrected shatt speeaq, corr turb — N T.
des 4

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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Turbine Modeling—Corrected Parameters

o Corrected mass flow rate, My/corr = —p;——

o Corrected shaft speed, Neorr turb = %, /T“T‘ies
es

@ Corrected mass flow rate of the turbine,

Py

m5’corr = f?: = Ncorr turb
Ps

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010

Stan Zak (Purdue University) Turbojet Engine Modeling May 8, 2013 25 /33



Turbine Modeling—Corrected Parameters

o Corrected mass flow rate, My/corr = —p;——

o Corrected shaft speed, Neorr turb = %, /T“T‘ies
es

@ Corrected mass flow rate of the turbine,

Py

m5’corr = f?: = Ncorr turb
Ps

@ Isentropic compression efficiency,

Py
Ms turb = ﬁl (PS’ Ncorr turb>

Santosh Yarlagadda, Performance Analysis of J85 Turbojet Engine Matching Thrust with Reduced Inlet Pressure to the
Compressor, MS Thesis in ME, The University of Toledo, May 2010
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Computing actual mass flow rate and temperature

@ Actual mass flow rate of the turbine,
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Computing actual mass flow rate and temperature

@ Actual mass flow rate of the turbine,

@ Actual temperature of the turbine,

P b
Tsr = T4 | 1 —Misturb | 1 — <5>
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Computing actual mass flow rate and temperature

@ Actual mass flow rate of the turbine,

@ Actual temperature of the turbine,

b
Tsr =T |1 —Msturb [ 1 — | 5

@ Power
PWt = rh5/Cpb(T5 — T4)
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Turbine Dynamics

@ Continuity equation
dWs

— =My —ms
dt ’
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Turbine Dynamics

@ Continuity equation

s _ g — 1
dt — Mg/ 55

@ Energy balance,

dT: . :
T: " Wacw (s (cpp Ts' — ¢ Ts) — msRTs),
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Turbine Dynamics

@ Continuity equation

s _ g — 1
dt — Mg/ 55

@ Energy balance,

dT: . :
T: " Wacw (s (cpp Ts' — ¢ Ts) — msRTs),

@ Ideal gas equation,
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Shaft Dynamics

@ Newton's second law applied to a shaft of a two-disk system,
lw = AQ,

where [ is the moment of inertia, AQ is the differential torque
exerted on the disks, and w is the angular velocity in rad/s

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 39
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Shaft Dynamics

@ Newton's second law applied to a shaft of a two-disk system,
lw = AQ,

where [ is the moment of inertia, AQ is the differential torque
exerted on the disks, and w is the angular velocity in rad/s
°
AQ =nmQr — Qc — Qy,
where 7, is the turbine efficiency, Q;—turbine’s torque,
Q.—compressor’s torque, and @y is the loading torque

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 39
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Shaft Dynamics

@ Newton's second law applied to a shaft of a two-disk system,
lw = AQ,
where [ is the moment of inertia, AQ is the differential torque
exerted on the disks, and w is the angular velocity in rad/s
°
AQ =nmQr — Qc — Qy,
where 7, is the turbine efficiency, Q;—turbine’s torque,
Q.—compressor’s torque, and @y is the loading torque
@ Multiply both sides of /w = AQ by w to obtain
low = (Mm@ — Qc — Qw
= ant - We — W,
where W, is the turbine output power, W, is the compressor input
power, and W is the loading power

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 39

May 8, 2013 28 /33

Stan Zak (Purdue University) Turbojet Engine Modeling



Shaft Dynamics—Contd.

@ We have
B 27N B TN

YT 760 ~ 30°
where N is the shaft speed in rpm
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Shaft Dynamics—Contd.

@ We have
B 27N B TN

YT 760 ~ 30°
where N is the shaft speed in rpm

@ Substitute the above into

low = nmWe — W, — W,
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Shaft Dynamics—Contd.

@ We have
B 27N B TN

YT 760 ~ 30°
where N is the shaft speed in rpm

@ Substitute the above into

low = nmWe — W, — W,

@ We obtain

w2 dN . .
I@NE = Wi =W - W,

= nmm4cpt(Tt4 - Tt5) - mZCpc(Tt3 - th) - W
= NmMa(1 4 f)cpt(Tea — Tis) — Macpe(Tez — Tr2) — W
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Nozzle Modeling

@ The mass flow rate through the nozzle depends on
@ nozzle back-pressure, Py
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@ nozzle back-pressure, Py
@ nozzle exit critical pressure, P.,
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Nozzle Modeling

@ The mass flow rate through the nozzle depends on

@ nozzle back-pressure, Py
@ nozzle exit critical pressure, P.,

b

2 -1
Pcr - (’Yb‘|‘1> Pinlet
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Nozzle Modeling

@ The mass flow rate through the nozzle depends on

@ nozzle back-pressure, Py
@ nozzle exit critical pressure, P.,

2\
Yp—1
Pcr = (’Yb‘|‘1> Pinlet

@ Need to consider two cases
o Py > P,
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Nozzle Modeling

@ The mass flow rate through the nozzle depends on

@ nozzle back-pressure, Py
@ nozzle exit critical pressure, P.,

2\
Yp—1
Pcr = (’Yb‘|‘1> Pinlet

@ Need to consider two cases

o Py > P,
“PbSPcr
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Engine Thrust

@ Assumption: the pressure leaving the exhaust nozzle is equal to that
of the ambient air, that is, Po = Py

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009 p. 331
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Engine Thrust

@ Assumption: the pressure leaving the exhaust nozzle is equal to that
of the ambient air, that is, Po = Py

[*]
1 . )
F = —(mgVe — moVp)
= M1+ f)Ve— Vgl
Cc

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009 p. 331
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@ Assumption: the pressure leaving the exhaust nozzle is equal to that
of the ambient air, that is, Po = Py

o
1. .
F = —(m9V9—m0V0)
= D1+ f)Ve - V]
8c

@ The exit velocity Vg for a perfect gas with constant specific heats,

P Fe—1
Tt
Vo = 2gcCpt“ Tio |1— <P9>
t9

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009 p. 331
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Engine Thrust—Contd.

@ Mass flow rate,

('ytv M4 = 1)

my = Pt4A4MFP(1 T
t4

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 336
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Engine Thrust—Contd.

@ Mass flow rate,

My =1
mo:Pt4A4MFP(Zt’ ¢~ 1)

1+ VT

Vo = Moy/ (e — 1)cpege To

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 336
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Engine Thrust—Contd.

@ Mass flow rate,

(7e, Mg = 1)

= Py AsMFP
mo t4A4 ( f)\/TT4

Vo = Moy/ (e — 1)cpege To

;
Tio=Tis = Tua (Tj>

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 336
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Engine Thrust—Contd.

@ Mass flow rate,

(7e, Mg = 1)

mo = Pt4A4MFP( f) T
VvV I't4

*]
Vo = Moy/ (e — 1)cpege To
° T,
Teo=Tes = Tu (Tj>
*]

Prg Pty Pro Pe3 Pra Pis Prg

PQ B PO PtOPt2Pt3Pt4Pt5

L. C. Jaw with J. D. Mattingly, Aircraft Engine Controls: Design, System Analysis, and Health Monitoring, American
Institute of Aeronautics and Astronautics, Inc. Reston, VA, 2009, p. 336
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Constructing Turbojet Engine's Models

@ Select state variables and relevant first-order differential equations
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Constructing Turbojet Engine's Models

@ Select state variables and relevant first-order differential equations
@ Select measurement equations, that is, output equations

@ Investigate operating, equilibrium, states
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Constructing Turbojet Engine's Models

@ Select state variables and relevant first-order differential equations
@ Select measurement equations, that is, output equations
@ Investigate operating, equilibrium, states

@ Perform Taylor linearization to obtain linear models
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Constructing Turbojet Engine's Models

Select state variables and relevant first-order differential equations
Select measurement equations, that is, output equations
Investigate operating, equilibrium, states

Perform Taylor linearization to obtain linear models

e © ¢ ¢ ¢

Combine individual linear models to form a composite model
describing the turbojet engine operation over the whole operating
region
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Constructing Turbojet Engine's Models

Select state variables and relevant first-order differential equations
Select measurement equations, that is, output equations
Investigate operating, equilibrium, states

Perform Taylor linearization to obtain linear models
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Combine individual linear models to form a composite model
describing the turbojet engine operation over the whole operating
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@ Constructing a simulation model
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Constructing Turbojet Engine's Models

Select state variables and relevant first-order differential equations
Select measurement equations, that is, output equations
Investigate operating, equilibrium, states

Perform Taylor linearization to obtain linear models

e © ¢ ¢ ¢

Combine individual linear models to form a composite model
describing the turbojet engine operation over the whole operating
region

@ Constructing a simulation model

@ Constructing a design model
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Constructing Turbojet Engine's Models

Select state variables and relevant first-order differential equations
Select measurement equations, that is, output equations
Investigate operating, equilibrium, states

Perform Taylor linearization to obtain linear models

e © ¢ ¢ ¢

Combine individual linear models to form a composite model
describing the turbojet engine operation over the whole operating
region

@ Constructing a simulation model

@ Constructing a design model

@ NASA video lectures:
http://nescacademy.nasa.gov/video_catalog.php?catid=3&subcatid=1
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