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1. Introduction

Observers are dynamic systems that can be used to estimate the
state of a plant using its input-output measurements; they were
first proposed by Luenberger (1966). In some cases, the inputs to
the plant are unknown or partially known, which led to the devel-
opment of the so-called unknown input observer (UIO). Examples
of linear UIO architectures for linear systems are analyzed in Chen
and Patton (1999), Corless and Tu (1998), Darouach, Zasadzinski
and Xu (1994), Hou and Miiller (1992) and Hui and Zak (2005).
Motivated by the design of sliding-mode controllers, sliding-mode
based UIOs have been developed; see, for example, Edwards and
Spurgeon (1998), Edwards, Spurgeon and Patton (2000), Hui and
Zak (2005), Walcott and Zak (1987), and Zak and Walcott (1990).
The main advantage of using sliding-mode observers over their lin-
ear counterparts is that, while in sliding, they are insensitive to
the matched unknown inputs. Moreover, they can be used to re-
construct unknown inputs which could be a combination of sys-
tem disturbances, faults or non-linearities. The reconstruction of
unknown inputs has found useful applications in fault detection
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and isolation (Chen & Patton, 1999; Edwards & Spurgeon, 1998;
Edwards et al., 2000).

For most of the linear and non-linear unknown input observers
proposed thus far, the necessary and sufficient conditions for the
construction of such observers is that the invariant zeros of the
system must lie in the open left half complex plane, and the ob-
server matching condition is satisfied. However, the second con-
dition seriously limits the applicability of this technique. Recently,
high-order sliding-mode based unknown input observers (Floquet
& Barbo, 2006; Floquet, Edwards & Spurgeon, 2007) have been
developed for systems that do not satisfy the observer matching
condition. In Floquet and Barbo (2006), a change of coordinates
is used to transform the system into a quasi-block triangular
observable form. Then, a second-order sliding-mode observer is
constructed for the transformed system. In Floquet et al. (2007),
auxiliary outputs are defined such that the conventional unknown
input sliding-mode observer proposed in Edwards and Spurgeon
(1998) can be developed for systems without the observer match-
ing condition. In order to obtain those auxiliary outputs, high-order
sliding-mode observers which act as exact differentiators are con-
structed using the super-twisting algorithm.

In this paper, we adopt the idea of generating auxiliary outputs
from Floquet et al. (2007). High-gain observers are then used as ap-
proximate differentiators (Khalil, 1999) to obtain the estimates of
these auxiliary outputs. The auxiliary outputs generated by high-
gain observers are then used to construct the sliding-mode ob-
server which was first introduced in Walcott and Zak (1987) and
later modified for a more general class of systems in Hui and Zak
(2005). The major advantage of the proposed high-gain approxi-
mate differentiator-based sliding-mode observer is the simplicity
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of the overall observer architecture. The main contribution of this
paper is the application of the sliding-mode observer presented
in Walcott and Zak (1987) to the state observation for linear sys-
tems without the observer matching condition being satisfied. It is
also the first time that the high-gain observer is used in such an
application.

The remainder of this paper is organized as follows. The sys-
tem description and the problem statement are given in Section 2.
In Section 3, the high-gain observer is first described. Then the
high-gain approximate differentiator based sliding-mode observer
is proposed and analyzed in Section 4. In Section 5, the application
of the proposed sliding-mode observer to reconstruct unknown in-
puts is discussed. Simulation results are included in Section 6, and
conclusions are found in Section 7.

2. System description and problem statement

We consider a class of linear time-invariant systems with un-
known inputs,
X = Ax + Bu, + Bu,
y=Cx (1)

wherex € R,y € RP, u; € R™ and u, € R™ are the state,
output, known and unknown input vectors with m, < p, and B,
and C are of full rank. We assume that ||u,|| < p for p > 0.We also
assume that the invariant zeros of the system model given by the
triple (A, B,, C) are in the open left-hand complex plane, that is,

sl, — A B,
rank |: C Opsem,

]=n+mz (2)

for all s such that 9i(s) > 0. It follows from Walcott and Zak (1987)
that if the so-called observer matching condition is also satisfied
for the system modeled by (1), that is,

rank B, = rank(CBy) = m,, (3)

then we can construct the following Walcott-Zak sliding-mode ob-
server,

X=Ak+ B +L(y—J)+BE (4)

withy = Cxand

Fly—-y) .
n——~7 UFE—Yy)#0

E=1"|Fy-3) _( A)

0 ifF(y—y) =0,

where 7 is a positive design parameter, and L and F are matrices
such that (A — LC)"P + P(A — LC) = —2Q and FC = B, P for
some symmetric positive definite P and Q. A design algorithm for
the above observer can be found in Hui and Zak (2005).

For many physical systems modeled by (1), the observer match-
ing condition (3) is not satisfied. To overcome the restriction im-
posed by this condition, the method of using auxiliary outputs
to construct the sliding-mode observer (Edwards and Spurgeon
(1998)) has been proposed in Floquet et al. (2007). Let ¢; be the
i-th row of the output matrix C. Recall that the relative degree of
the i-th output y; with respect to the unknown input u; is defined
to be the smallest positive integer r; such that

(5)

cA*B, = 0,
cGA'B, £ 0.

fork=0,...,1—2

We can choose integers y; (1 < y; < r;) such that

roc

C]Ay171
C, =
6

w1
Lc, AP

is of full rank with rank(C,B;) = rankB,. It is proved in Floquet
et al. (2007) that the system zeros of the system model given by
the triple (A, B;, C,) are in the open left-hand complex plane if the
triple (A, B, C) satisfies (2). Thus, we can construct the sliding-
mode observer of the form (4) for the following system model,

X =Ax + Biuy + Bou,
Ya = Cux,

if the output y, = Cyx is available. Because those auxiliary outputs
in y, are not available, high-order sliding-mode exact differentia-
tors have been employed in Floquet et al. (2007) to obtain them. In
this paper, we develop an alternative approach of using high-gain
approximate differentiators of simpler architecture to estimate the
auxiliary outputs instead.

3. High-gain approximate differentiator

In this section, we construct the high-gain approximate
differentiator. Let y; = A lxfori=1,...,pandj=1,..., .

Thus, we havey, = [y,, - ~y¢;]T, where yoi = [yi1 -+ Yiy] " If
y; > 1, the dynamics of yg;,j = 1, ..., 3, are given by

Yai = {‘:‘J’ai + birfi(x, ) + bpu, (6)
Yir = €iYai,

where the pair (A;, b;;) is in canonical controllable form represent-
ing the chain of y; integrators, fi(x, uy) = cA"x + A" 'Byu,,
by = [cB; - - ¢AY 'B;]T and¢; = [10 --- 0]. We assume, as
in Floquet et al. (2007), that ¥ and & are bounded and that y;; sat-
isfies |yij| < d;. If y; > 1, we construct the following high-gain
observer to estimate y,;,

Yhi = Ayni + L€ Vai — Yii) + by (7
withyy = [Ji1 -+ Ji,]" and
[(Xn Uiy, ]T

li = — ...

€ evi
where € € (0, 1) is a design parameter and o, j = 1, ..., y;, are
selected so that the roots of the equation, s¥ + a;8%~! 4+ .- +
Qi(;—1)S + aiy, = 0, have negative real parts. If y; = 1, we do not
need to construct the above high-gain observer (7) because y;; are

already available. In this case, we have y,; = ¥4 = yi1. To proceed,
let&; =0ify; = Tandlet & = [&in -+ &iyl' if 4 > 1, where

Vi—Yi .
é‘ij: evid =1L .7 (8)
It follows from (6) and (7) that, if y; > 1, we have
€& = Al + ebufi(x, up) 9
with
-
- —; I 1
A. = i Yi ,
; [_O‘Wi 0;—1}
where o; = [aj - j;—1)] is Hurwitz. Using the arguments

in Mahmoud and Khalil (1996), we can prove the following lemma
that we use in further development.
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Lemma 1. For the high-gain observer (7), there exist a positive
constant B; and a finite time T;(e) such that ||£;(t)|| < Pie for
t > to + T;(€). Moreover, lim,_, o+ Ti(¢) = 0.

It follows from (8) that y,; — yni = D;g;, where D; = diag
[e771 €’ ... 1] Letyy = [y, -~ ¥yp)" D = diagDy --- Dp]
and¢ =g -+ ¢, 17. We have

Yo —¥n =D¢. (10)
Note that the induced Euclidean norm of D is 1; that is, |D|| = 1.
Let Bi = O and Ti(e) = O if 5 = 1. Thus, it follows from

Lemma 1 that ||| < Be, where B = (31, /3?)%, after a finite
time T(€) = maxj<ij<p Ti(€), and lim._,o T(¢) = 0.

4. Sliding-mode observer construction

In this section, we proceed to construct the sliding-mode
observer. To eliminate the peaking phenomenon of the high-gain
observer (Esfandiari & Khalil, 1992), we introduce saturation on the
signal y; such thaty; = [yfﬂT e y,sz]T, wherey;; = ya = yi if
y; = land

A N T
i YViy;
S = |Sysat|{ =— ) --- S;,sat !
Vi [ ! <5i1) v (Siyi>:|

with S; > d;; if y; > 1. Then we construct the following sliding-
mode observer,

X=AX+Bju +1L, (¥ — ¥a) + B:E, (11)
with y, = C,x and

F, (yf, _JA’a)

7/7A ifFa ys_j’a 750
" =50 0 =30)

lfFﬂ (y[S] _j’a) = 05

where L, and F, are matrices such that

E, =

(A —LsC) Py + Py (A — L,Cp) = —2Q,
and
F.C, =B, P, (12)

for some symmetric positive definite P, and Q. Let e = x — X be
the state observation error. Then it follows from (1) and (11) that

e=Ae— L, (¥, — Ja) + Bouy — BE,. (13)

We now state and prove a theorem concerned with the proposed
observer performance.

Theorem 1. For the dynamic system (1) and the associated sliding-
mode observer (11) with high-gain approximate differentiators (7),
there exists a constant €* € (0, 1) such that, if ¢ € (0, €*) and
n > p, then the state estimation error e(t) is uniformly ultimately
bounded. Specifically, we have |le(t)|| < «(e) for t > T (), where
T (e) is a finite time and

k1€ + \JKkie? + Apgkare 2
)\min(Pa)

K@= 2i4q

with positive constants [iq, k1 and k.

Proof. It follows from Lemma 1that || (t)]| < Befort > to+T(¢€).
Then, it follows from (10) that ||y, (t) — yn(t)|| < Be fort > ty +
T(¢). There exists a constant € such that, if |y,(t) — ya(t)|| < B€,
then y; (t) is not saturated; that is, y;(t) = y(t). Thus, we can
choose €* = min{e, 1} such that, ife € (0, €*), then ||£(t)| < Be
and y; (t) = yn(t) fort > to 4 T(e).

Forty <t <ty + T(e), it is guaranteed that the observer state
vector X(t) in (11) is bounded because u;, y; and E, are bounded
and A—L,C, is Hurwitz. Thus, e(t) isbounded forty < t < ty+T(¢).
Fort > ty + T(e), because y;(t) = yu(t) andy, = y, — D¢, the
dynamics of the state estimation error (13) become

é = Ae — Lo (yn — Ja) + Bowz — B2E,
= (A~ LC,) e + LD + Bou, — ByE,. (14)

Consider the Lyapunov function V = je'Psefort > to + T(e).
Evaluating the time derivative of V on the solutions of (14), we
obtain
V=eP(@A-LC,e+e P,LD;+e PBu, —e' P,BE,
—e' Qe+ e P,L,D; + (F,.Cie) 'uy — (F,Coe) TE,

= —e' Qe+ e P.LD; — (F.D;) u

+ (FuD¢) "Eq + (FiCoe + FaDC) ' (1 — Ey).

If F;(Cse + D¢) = 0, then

(FoCoe + FoDE) " (u, — Eg) = 0. (15)
On the other hand, if F,(C,e 4+ D¢) # 0, then
(Facae + FaDg)T(uZ - Ea)

< —(n — p)||FsCee + F,D¢| < 0. (16)
It follows from (15) and (16) that in both cases we have
V < —e' Qe+ e PLD; — (FD;) uy + (FD;)E,. (17)

Performing some manipulations gives

V < —Amin(Qa)llell” + [IPLll D] 11 [ [lell
+ @+ p)IFJIPIE ]
= —ZMGV+K]€\/V+K2€, (18)
where
_ )\min(Qa) _ \/iﬂ”PaLa”
7 Amax(Po)’ V/hmax(Pa)
and x; = (n + p)B||F.||. It follows from (18) that
V< —paV — (ﬁ — R_) (ﬁ— R+) , (19)
where
k1€ — \JK3€2 + Apughre
R_ = <0
21q
and
K1€ + [ K3€2 + Apugire
R, = > 0.
21q

Hence, as long as v/V > R,, thatis, V > Ri, we have (v/V —
ROV —Ry) <O. Therefore, if V(to+T (€)) > R2 andV(t) > R%
fort > to + Tf(e), then V. < —pu4V, which implies that V(t) <
exp(—uq(t — to — T(€)))V(tyg + T(€)). Thus, we can find a finite
time Ty (¢) such that V(t) < R} fort > to + T(€), where

(V(to +T(e))>
R? ’

Tr(e) =T(e) + l In
I T

a
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On the other hand, if V(ty + T(¢)) < R%, then V(t) < R? for
t > to + T(¢). So we can choose Tf(e) = T(e). Therefore, there
exists a finite time Ty (¢) such that V(t) < Ri fort > to + Ty (e).
We also have that %)\min(Pa) le®)]?> < V() < Ri. Using this fact
coupled with the definition of R we have that ||e(t)|| < k(¢€).The
proof of the theorem is complete. O

Remark 1. It follows from Theorem 1 that the state estimation
error enters the closed ball {e: |le|| < k(€)} after a finite time
T;(e). It is easy to verify that the radius of the above closed
ball can be adjusted by the design parameter €, and because
lim._, o+ k(€) = 0, the state estimation error e converges to the
origin as € goes to zero.

Corollary 1. The hyperplane,
{(e,¢) : 0 = Fy(Cie + D¢) = 0},

is invariant in (e, ¢)-space and is reached in finite time for sufficiently
large n.

Proof. Let A; = Oand b; = 0 if y; = 1and let f(x,u;) =
[ix,u) - fr(x, u,)]". Thus, using (9) for y; > 1 and the fact
that §; = 0if y; = 1, we obtain
€ =Al + eBif (x, wy), (20)
where
Ac - diag[;‘c] e Acp]
and
Bl = diag[l;n Bpl]-
Because x and u, are bounded, we know that f(x, u,) is also
bounded. For t > ty 4 Tf(€), it follows from (14) and (20) that
06 = 0! (F,C(A — LyCy)e + F,C,L,D?)

+0 " (F,CuBytt, — FoCuBsE,)

1 _ -
+0'T <EFaDAC§ —f—FuDB]f(X, u2)>

IFoCa(A — LoCo) el o || + IFaCaLall 1D I N
o

+0 " (B, P,By)u, — no ' (B Pasz)ﬂ
o

IA

1 - _
+ 2 IE AP llorll + [1Fall 1B [[If (x. u2) [l
K (€)|FeCa(A — LoCo) |0 || + BellFaColLallllo |
+ BillFall B[l || = 12min (B; PaB2) o |
+ BIFIAN 0| + Amax(B; PeBa) 2] [0 |

IA

= — (1 — 1) Amin(B; PaB2) [0, (21)
with
_ K3+ k4t K5+ Ke+ Ky
T n(BIP.By)
where

K3 = K(e)”FaCa(A - Laca)”a
k4 = BellFCaLoll, ks = phmax(B, PoB2),
ks = BIFalIAcll, 7 = IIFallIB1ll|Lf (%, u2) .

It follows from (21) that, if we choose n such that n > 1+ &, where
¢ is a small positive constant, then o T6 < —¢||o ||, which implies
that the above hyperplane is invariant. Then we can show that the
sliding surface is reached in finite time using the same arguments
as in Edwards and Spurgeon (1998, p. 53).

5. Unknown input reconstruction

Our objective in this subsection is to show that we can use the
proposed architecture to estimate the unknown input u,. We will
show that, for any § > 0, there exist a design parameter ¢ > 0 and
T > 0such that

IEaWhs Yas 1) — 2] < 8 (22)
for t > T.Roughly speaking, the above means that, fort > T,
Ea(}’z,.f’m 7]) ~ Uy. (23)

It follows from the corollary that the manifold {(e,¢) : o =
F,(C,e + D¢) = 0} is invariant and is reached after a finite time,
and therefore

¢ = F,C,(A — L,C,)e + F,C,L,D; + F,C,B,u,
— F.C.B:Eo (¥}, Ja, 1) + F.D = 0. (24)

Substituting (12) into (24) and performing simple manipulations,
we obtain

E}, Jar ) — t = (B] PaB,) ™" (FiCuLDC + F,D?)

-1
+ (By PaB2)  F.Ci(A— LiCye. (25)

We then show that for sufficiently small €, |le(t)]], [|£(t)]| and
lz]| become negligible after a finite time, which results in (22).
Note that E, is a discontinuous function. Two practical approaches
can be used to obtain an estimate of u,. The first approach is to
pass the output of the injection term E, through a low-pass filter.
The second approach is to use a boundary layer to smooth out
the discontinuous E,. More details can be found in Edwards and
Spurgeon (1998).

By Lemma 1, we have ||{(t)] < Be fort > tg + T(e).
By Theorem 1, we have |le(t)]| < «(e) fort > ¢ty + Tr(e),
where lim,_, o+ k(¢) = 0. Thus, in order to get (22), it remains
to show that ||¢(t)|| becomes negligible after a finite time if €
is sufficiently small. In what follows, we perform preliminary
manipulations before formally proceeding with the proof. Recall
that ¢ = [¢,' -+ ¢]1" and & = ¢ = 0if 3 = 1. Thus, we only
need to prove that, if y; > 1, then ||;"i(t) || becomes negligible after
a finite time for sufficiently small €. We first rewrite (9) as

. 1- _
Gi(t) = gAciQ(f) + bifi(x(t), ux(t))

= A0 +w(0), (26)
where vi(t) = byufi(x(t), us(t)). Because x(t) and u,(t) are

bounded, it follows from the definition of f;(x(t), u,(t)) that it is
also bounded. Thus, v;(t) is a bounded measurable function. It is
well known that the solution to (26) has the form

1-
i(t) = exp <€Aci(t - fo)) gi(to)

t
+ / exp (Lﬁc,—(t - s)) vi(s)ds. (27)
to €

Performing a change of variables in the integral of (27) by z =
(t — s)/e, we obtain

1.
Gi(t) = exp <2Aci(t — fo)) &i(to)

(t—tg)/€ _
+e / exp (Aqz) vi(t — €z)dz. (28)
0

To proceed, two notions regarding the function v;(t) are defined in
the following.
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Definition 1. Afunction v;(t) is left-continuous if, for all t, we have
lim._, o+ vi(t — €) = v;(t).

Definition 2. A function v;(t) defined on S C R is weakly
uniformly continuous if, for every v > 0, there existsa é > 0
such that, for each interval £2 C S with length less than &, ||v;(s) —
vi(t)|| < vfors,t e 2.

Remark 2. A function with simple jump discontinuities, for exam-
ple, a square wave, can always be made left-continuous by chang-
ing the function values at the points of discontinuity. Note that
a uniformly continuous function is weakly uniformly continuous.
However, a weakly uniformly continuous function is not necessar-
ily uniformly continuous. The square wave on the complement of
its switching points is an example of a function that is weakly uni-
formly continuous but not uniformly continuous. If S is connected,
then the two notions of uniform continuity are equivalent.

In the following, we use S; 4 S,, where S1, S, C R, to denote the
set {s; + 5 : 51 € S1,5, € S,}. If Sy or S, is empty, then S; + S5 is
defined to be empty.

Theorem 2. Consider the dynamics (26), where A; is Hurwitz and
v;(t) is bounded. Let | denote the set of points at which v;(t) is
discontinuous and let T > ty > 0. If v;(t) is left-continuous, then

JL‘}.E L) =0
for each t > to > 0. Moreover, if v;(t) is also weakly uniformly
continuous on [z, co)\J, then the convergence of ;(t) toOase — 0T

isuniformon[t, c0)\(J+(0, &)) foreach& > 0. Inparticular, if v;(t)
is uniformly continuous, then the convergence is uniform on [z, 00).

Proof. It follows from (28) that
i(t 1- i (L
gl( ) = exp (Aci(t _ to)) ;l( O)
€ € €

(t—tg)/€
+ [ exp (Aqz) vi(t — ez)dz. (29)
0

Note that the matrix A is Hurwitz. Let —A, A > 0, denote the
maximum of the real parts of its eigenvalues. The first term on the
right-hand side of (29) satisfies

1. (t
exp (;Aa-(t - m)) § (6") ‘

M, 1
= — lla(to) ] exp <—6?»(f - fo)) : (30)

Because the initial conditions for the high-gain observers are al-
ways bounded, there exists M, > 0 such that ||Z;(to)|| < M,/e%~ 1.
Substituting the above into (30), we obtain

1 i
exp (EAC.-a - to)> i (Gt") ’

MM, 1
< ——=exp|—A({t—1ty) ). (31)
€vi €

By calculus, for each t > t; > 0, we have
1 At — ¢
lim — exp <—M> =0,
€

and thus,

lim exp (%Ad(t - ro)) g"(et") —=0. (32)

e—0t

We next consider the second term on the right-hand side of (29).
Let

8i(2) = exp (Adz) Vi(t — €2)ljo,(t—tg)/e) (@),

where Ijg (—¢p)/¢)(2) denotes the indicator function for the inter-
val [0, (t — tp)/€). Observe that, for each z > 0, if v;(t) is left-
continuous, then

11[2)]+ gi(z) = exp (AC,‘Z) v;(t).

Because v;(t) is bounded, there exists M3 > 0 such that ||v;(t)] <
M; for all t > to. Thus, foreachz > Oand e € (0, 1), |Igi(2)] <
M;M3 exp(—Az). Because A > 0, the function exp(—Az) is inte-
grable on [0, co). Then we can thus apply Lebesgue’s dominated
convergence theorem Bartle (1966, page 45) (to each component)
such that, foreacht > ty > 0,

(t—tg)/€

lim exp (Aqz) vi(t — €z)dz
e—0t Jo
(e 9)
= lim gi(2)dz
e—0t Jo

= <fooo exp (Aqz) z) vi(t)

= A;l (ZlLrgo exp (/_le) — Iy,.) v;(t)
= —A;'v(t). (33)

We have lim,_, o, exp (AC,-Z) = 0 because A is Hurwitz. Therefore,
it follows from (29), (32) and (33) that

lim C,(f)

e—0t

= —A;'vi(t). (34)
Combining (26) and (34), we conclude that

lim &(t) = Ag lim G®
e—0t+ €

e—=0

+vi(t) =0

for eacht > t; > 0. Now we consider the case when v;(t) is
also weakly uniformly continues on [z, 00) \ J. Let v > 0 and
T >ty > 0. We can use (29) to estimate the difference between
gi(t)/e and —A lvi(t). For t > 7, it follows from (31) that there
exists a constant n1 € (0, 1) such that

(&
exp( Aut — to)) “E") ‘ <3

for e € (0, 11). We next analyze the difference between the sec-
ond term on the right-hand side of (29) and —A lvi(t). Let t > 7.
Then we have

(t—tg)/e€ _ _
f exp (AC,'Z) vi(t — ez)dz + ACj]vi(t) H
0

(t—tg)/€
<M f exp (—12) [Wi(t — €2) — w(0)]|dz
0

(t—tp)/€ B _
- / exp (Aqz) vi(t)dz + AZ'vi(t)
0

We analyze the terms in the above sum separately. Let S =
[t,00) \ (J + (0, &)). The set S is closed and it may be empty. For
eacht € S, the distance from ¢ to the nearest point of discontinuity
less than t is at least & since all points with distance less than & to
the right of a point of discontinuity are removed. Note that it is pos-
sible for S to contain a point of discontinuity. Let t € S. By assump-
tion, v;(t) is weakly uniformly continuous on [t, c0) \ J. Because
(t—&,t) C [r, 00)\J, we canchoose §, independent of t, such that
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0 <8 < &and ||vi(s) — vi(w)|| < Av/(8My) fors, w € (t — 6, t).
Because v;(t) is left-continuous, we conclude, by letting w — t~,
that ||lv(s) — v(t)|| < Av/(8M,) fors € (t — &, t]. Then we have

(t—tg)/€
M, / exp (—12) [Wi(t — €2) — w(D)|1dz
0
§/€
=M (/ exp (—Az) [|[vi(t — €z) — vi(t)||dz
0

(t—tg)/€
+ / exp (—Az) |[vi(t — €z) — Vi(t)”dZ)
§/e

o0

exp (—Az)dz
/€

AV [
< — exp (—Az) dz + 2M{ M3
8 Jo 5
_ E + 2M1M3

%)
exp|——).
8 A P €

Choose w, € (0,1) such that 2M M3 exp(—XAé/e)/A < v/8
for e € (0, uy). It follows that, for t € S and € € (0, uy),
M, fo(t*t")/E exp (—Az) ||vi(t — €z) — v;(t)||dz < v/4. On the other
hand, we have

(t—tg)/€ _ _
/ exp (Adiz) vi(t)dz + A vi(t) H
0

< MiM; A5 exp (_

< 3 s (2722,

A;il exp (%Aci(t — t0)> vi(t)

€

€

because A > 0,¢ > Oandt > 7. Choose us € (0, 1) such
that M;M3||A;" || exp(—A(t — to)/€) < v/4fore € (0, u3). Let
@ = min{x1, 12, n3}. Then, combining the above inequalities, we
conclude that, fort € Sand € € (0, w), ||&i(t)/€ —i—A;,-lv,-(t)H <,
which implies that ¢;(t) /e converges uniformly to —/_!glv,»(t) onS.
The uniform convergence of g;i(t) toOon[t,00) \ (J + (0, §)) fol-
lows immediately. If v;(t) is uniformly continuous, then J is empty,
which implies that ] + (0, &) is empty. Thus, it follows that the
convergence of ;(t) to 0 is uniform on [t, 00), and the proof of the
theorem is complete. O

6. Numerical example

In this section, we illustrate the effectiveness of our proposed
high-gain approximate differentiator based sliding-mode observer
with a numerical example. We consider a linear time-invariant
system modeled by

0 1 0 0 0
0 o0 1 0 0
A=|0 0 0 1 0
0 o0 0 0 1
-1 =5 —-10 —-10 -5
and
0 0 10
0 0 00
Bi=B,=|0 —-1], c'=(0 o0
1 0 0 1
0 0 00

The initial condition is x(0) = [0.5 0.5 0.5 — 0.5 — 0.5]", and
the known input u; is set to be a zero vector. The unknown input
u, consists of a square wave with amplitude 1 and frequency 1 Hz,

0

0.

1
0
1
1
0
1
2
0
2
5
0
5
1
0
1

H
N
w
IS

ot ol b Tl Tl T, L]

i i i i
1 2 3 4
time (sec)

Fig. 1. State estimation errors: e; through es.

estimate||

time (sec)

u
22
3 - = u

22

estimatel]

i i i i
0 2 4 6 8 10
time (sec)

Fig. 2. Unknown input reconstruction.

and a sawtooth signal with amplitude 2 and frequency 1 Hz. It is
easy to check that for this system rank(CB,) # rankB, because
¢1B; = 0. Thus, we choose y; = r; = 3 such that

¢ 10 0 0 0
c_|eAl_|o 1000
= |¢A*| T |0 01 00

¢ 000 10

is of full rank with rank(C,B,) = rankB,. We employ a high-
gain observer to estimate the auxiliary outputs y;, = c¢;Ax and
y13 = c;A%x. The design parameters of the high-gain observer
are selected to be 11 = 3, o1 = 3,13 = 1and € = 0.001.
Now we use the estimates of the auxiliary outputs to construct the
sliding-mode observer described by (11). We choose x = 2.0659
and n = 50 to obtain

6 1 0 0

0 7 0 0
L,=|0 0 2.0659 0

0 0 0 2.0659

0 0 0 0
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and
0 0 0 1
Fo= [0 0 -1 o} :
We set the initial states of the sliding-mode observer to be zero,
that is, (0) = 0, and select S;; = S;z = Si;3 = 1.5. The

state estimation errors are shown in Fig. 1. The unknown input
reconstruction is illustrated in Fig. 2.

7. Conclusions

In this paper, a sliding-mode observer has been designed for lin-
ear systems with unknown inputs, where the observer matching
condition is not satisfied. High-gain approximate differentiators
were employed to estimate auxiliary outputs that are then used in
the sliding-mode observer design. The proposed high-gain approx-
imate differentiator based sliding-mode observer has simple archi-
tecture, which lends itself to easy implementation and analysis.
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