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Abstract—In this paper, an explicit nonlinear model predictive for certain special classes of nonlinear systems. For eb@amp
controller (ENMPC) for the stabilization of nonlinear systems it is shown in [L5] that optimal control laws and stability
is investigated. The proposed ENMPC 'is constructed using g ,arantees can be analytically derived for unconstraingati

tensored polynomial basis functions and samples drawn from affine svstems. Recent advances have also been made in
low-discrepancy sequences. Solutions of a finite-horizorptmal ! y ’ v Vv :

control problem at the sampled nodes are used (i) to learn an Convex multi-parametric nonlinear programming for noeén
inner and outer approximation of the feasible region of the EMPC control laws where stability guarantees are provided o
ENMPC using support vector machines, and (ii) to constructhe  the sub-optimal controller by adjusting approximationoerr
ENMPC control surface on the computed feasible region using ygerances 16]-[18]. Other reports of satisfactory nonlinear
regression or sparse-grld |nterpollat|on, depending on theshape EMPC f ith imated state-feedback NMPC
of the feasible region. The attractiveness of the proposedatrol performance with approximated state-feedbac
scheme lies in its tractability to higher-dimensional systms with ~ control law include neural network formulations of the EMPC
feasibility and stability guarantees, significantly small on-line for locally Lipschitz systems1[9], [20]. Although these con-
computation times, and ease of implementation. trollers perform well on benchmark problems, the above
Index Terms—Model predictive control, nonlinear systems, algorithms require the partition of admissible regionsoint
supervised learning, function approximation, low-discrgpancy boxes or hypercubes. Hence, current EMPC formulations for
sampling. nonlinear systems incur large computational costs foresyst
with higher dimensionality. Thus, EMPC is commonly used
|. INTRODUCTION to control smaller ¢ < 5) systems 21]. To overcome the
Nonlinear Model Predictive Control (NMPC) has beer?tOrage Iimitations_ associated Wi.th hypercubes, we P®PoOs
. L . . C a scalable, sampling-based nonlinear EMPC on domains of
widely applied in numerous industrial applications due to

. . : L arbitrary shape.
its abllllty to handle constraints and its .|nherent robussne Application of learning-based methods in NMPC can be
properties I]. There are, however, certain drawbacks assp-

ciated with the NMPC. These include: (i) complexity oiomunﬁ)'ne;hforzce?giti(:gzgrteHeFo:eeé(iiR%I%Onn?;? Isszg%_ﬂte
implementation on low-memory deviceg]][ (ii) increased ploy PP P

. . . . . [26] and the feasible region is maximized using support vector
computational burden due to iterative computation of oe-li . ) .
. . . . . . machines (SVMs) in27]. In this paper, we also choose the
optimal control actions, (especially in the design of nienli ) ! . ; ;
. . SVM classifier to approximate the feasible region for twomai
ear controllers), (iii) reduced computational efficienchem

applied to higher-dimensional models, and, (iv) difficuity reasons. First, the SVM is a supervised learning algorithm

uaranteeing closed-loop properties of the control schidine that works efficiently in the presence of sparsely distedut
9 Y P prop - .. _.data P8|, [29). Second, the SVM is relatively fast and works
[4]. To address the above issues, the Explicit Model Predictiv ™ ~.> "’ . : : . :
ell in higher dimensional spaces owing to the ‘kernelkric

Control (EMPC) method was proposed. The advantage of A en compared to existing artificial neural networg|[

EMPC is that it replaces the finite horizon optimal contro . .
: . . - major difference of our work from the method proposed
problem at each iteration with pre-computexplicit control . . L :
. in [27] is that we propose a deterministic learning method for
laws based on current states of the system, thereby inageasi .~ - ° : . . e
. : estimating the feasible region. That is, the training saspl
the computational efficacyd]. . . )
. . . are derived from a low-discrepancy sequence, as investigat
For linear systems, EMPC laws are computed off-line usin i T
i If [31]; not randomly extracted from a probability distribution.
methods such as those reported3h [5]-[14]. An extension . . . ;
. . ; The rationale behind the selection of such sampling pattern
to nonlinear EMPC, however, is not straightforward except . - :
is (i) to ensure that the samples are distibuted uniformigrov
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pled point, we solve a terminal constraint-based finite zwori [1l. PROBLEM STATEMENT
optimal control problem and store feasibility informatiand A Model Description
optimal control actions. Next, inner and outer approxiordi . . .
. . . . . We consider a class of nonlinear dynamical systems mod-
of feasible region boundaries are computed using SVM bi-
- . ot . eled as,
classifiers. Although results for SVM bi-classifiers exist f .
: & = f(z,u), @)

random sampling scheme37, we develop new convergence
results for kernel-based SVM bi-classifiers informed by devherexz € X C R” is a state-vector constrained to the state-
terministic low-discrepancy sampling sequences. Findllg space polytopéX, w € U ¢ R™ is the control-vector con-
ENMPC control surface is constructed within the feasiblstrained to the input space polytopeand f : X x U — R"=
region using the stored optimal control actions at each gamijs the nonlinear model.
point. Feasibility and stability guarantees are providadthe We make the following assumptions.
ENMPC. We demonstrate the performance of the proposed
controller on a 2-dimensional and 8-dimensional simulat
example. This paper extends some results obtaine@3n [

The rest of the paper is organized as follows. In Section
we present our notation and in Sectidin we present a class of Remark 1. Without loss of generality, we assume tfi&is a
nonlinear models for which we develop our proposed ENMP,-dimensional hypercube.

and discuss briefly the finite horizon optimal control prable Assumption 2. The functionf is continuously differentiable
In SectionlV, we briefly review the support vector bi—classifietih '

scheme and explain how it is utilized to estimate an inner anolat s, f € C' with a Lipschitz constanﬂjﬁ with respect to
P :ndand a Lipschitz constarg} with respect tou. This implies

outer approximation of the feasible region. The guarantee

feasibility and stability of the proposed ENMPC is discusse [ f(x1,u) — f(x2, u)|| < £F]|21 — 2|

in V. We illustrate the effectiveness of the proposed control

scheme on two nonlinear systems in Sectiin Our method and w

is first tested on a benchmark two-dimensional nonlinear 1 (2, w1) — f (2, ua)l| < Lfllus — o]

system to compare to existing methods. Second, the propogsidany =, x> € X and anyu, us € U.

ENMPC is used to control an 8-dimensional nonlinear modﬁl . . . S .

to illustrate the computational efficacy of the method orhbig ssumppon 3. The pair (.m@’ue) IS an eq“"'b”””.‘ paur of

dimensions without a significant degradation in perforneancthe nominal system, _that .'ﬂwe’ ye) = 0 and the linearized

We offer conclusions in Sectioxll. The Appendix contains model at the equilibrium is stabilizable.

the pseudo-code for implementation of the proposed ENMPRemark 2. Without loss of generality, we assume that
(ze,ue) = (0,0).

Assumption 4. The nonlinear modg(l) has unique solutions
for any initial conditions and for any admissible piece-avis
continuous controllers(t) € U for all +.

sumption 1. The setU is convex, compact and contains the
origin in its interior. The seK is a product of closed intervals
and has nonempty interior.

II. NOTATION

We denoteN for the set of natural numbers arl* for
the n-tuples with real components. We denGtqR") for the  we now propose a construction methodology for the EN-
space of continuously differentiable functions Bft, L'(X) MPC controller using deterministic sampling.
for the space of Lebesgue integrable functions on the set
X and L?(X) for the space of square integrable function
on X equipped with inner product,-). Also, ¢2 denotes o
the square summable sequence space. We use boldface fgur control objective is to construct a fast, scalable sta-
distinguish vectors/matrices from scalars, thatas,c R” bilizing ENMPC controlleru(z) for nonlinear systems of
for somen ¢ N indicates thatr is a vector whilez is a the form () under state and input constraints. To this end
scalar. We denote a sequence of scalars with the notatign W€ sample the spack and solve a terminal region based
for i € N and a finite set ofV samples is denoteftr;} Y finite horizon optimal control problen3f] at each sampled
where eachr; € R. The cardinality of a sefs is den(ziel:d node. The nodes/samples are extracted from a low-disccgpan
by card(K) and the Lebesgue measure of the set is denotegAuence co_nstructed on a multilevel sparse-grid. We &se th
Vol(K). For a closed sek, we denote the boundary &, standard notion of low-discrepancy sequences.
its complement ad(“ and the open set consisting of interioDefinition 1 (Low-Discrepancy Sequence)Thediscrepancy
points of K asint K. The notatiorO(-) is the standard ‘big-O’ of g sequencéz; }V., C X is defined as
notation used in complexity analysis of algorithms. For two '
sets A, B in a metric spacd X, d), we denote the distance D AN 2 _

) ’ . N({z;}i21) = sup , 2
d(A, B) = infyca yepd(z,y) and the diameter of the set ({2s)i=0) cr| N Vol(X)
is denotedp(A) = sup{d(z,y) : @,y € A}. The open ball \here ] is the set ofr,-dimensional intervals of the form
of radiuse centered atc € X is denoted byB.(z). For a .
square, symmetric matri? = P ', we denote the quadratic ] b)) ={eeX:a <z, <b:
form Hm”% — 2T Px. H[ ibi) ={ J = i}

B. Deterministic Sampling for ENMPC Construction

#Xy  Vol(X)

j=1



where[ ]}, [a;,b;) C X and
#Xn Ecard{j € {1,...,N}:z; € X}.
For a low-discrepancy sequence,
Jim Dy ({z;}5,) = 0.

We now discuss the construction of the ENMPC usi¥ig
samples. Suppose thi¢h sampled node is denoted as. We
make an assumption which ensures that the sampleare
distributed sufficiently evenly oveX.

By Definition 3, F C X. We denote)F as the boundary of
F and make the following assumption.

Assumption 6. There exists a functiog € C*(X) such that
the feasible domain restricted to withi can be represented
as the zero superlevel-set ¢f that is,

int FNint X = {& € int X: {(x) > 0}.

We now present a support vector machine classification
(SVM) method that can be employed to estimate the feasible
region boundary functiog using the low-discrepancy samples

Assumption 5. The sequencgz;}52, is a low-discrepancy {x;} ;.

sequence ofX, in the sense of Definitioh.

Remark 3. Assumption5 includes several common sampling V- FEASIBLE REGION BOUNDARY ESTIMATION USING

schemes, including: (i) when the:cj}j»\f:l consists of grid

SUPPORTVECTORMACHINES

nodes in a multi-level sparse grid in state space (using-equiIn this section, we first present the principle of SVM classi-

spaced points to generate the grid) and (i) wHery},

fication and then apply this method to estimate the boundary

is quasi-random, such as the nodes in the Sobol or Haltfumction¢ described in Assumptiof. Detailed discussions of
sequences. Implementation of low-discrepancy sequeneeskernel based classification methods (specifically, SVM) lman

widely available online foMATLAB andC/ C++.

Upon fixing a sampling sequence adf, we solve the
following constrained finite horizon optimal control preit
at each sample in the sequenfce; } 1\

Ty
min (|w<Tf>|2p+ / |w<t>|é+|u<t>|§dt> (3a)

subject to:

z = f(x,u), (3b)
xz(0) = x;, (3¢)
x(Ty) € Xr, (3d)
x(t) € X, (3e)
u(t) e UVt e [0,Ty]. (3f)

Let the corresponding minimizer be denotet{x;). Here
P = P'" » (is the terminal penalty matrixQ = Q" > 0,
R = R" - 0 are weighting matrices for the stage cdbkt, is

found in [29], [39.

The SVM bhi-classifier is a supervised learning scheme
which efficiently solves a two-class pattern recognitionkpr
lem. Suppose that the vecter; € X is the jth sample to be
classified and its label is denoted by, wherey; € {—1,+1}
andj = 1,2,...,N. The goal of the SVM is to construct a
decision functiony(x) : X — R that can accurately classify
an arbitrary state: € X as feasible (labeled ‘+1’) or infeasible
(labeled ‘-1"). This is equivalent to reconstructing thagile
region boundary functioq.

A. Linearly Separable Data

For linearly separable data, the separating hyperplane fun
tion is of the formy(x) = w "x+b, wherew, b are parameters
that determine the orientation of the separating hypegldn
a statex belongs to the class+1’, then ¢)(x) > +1 and if
it belongs to =1’ then¢(x) < —1. In [35], the classification
problem is formulated as the following constrained opteriz

the prediction horizon, anBr is an open terminal set within tion problem,

which a feasible (albeit, perhaps suboptimal) stabiliztage-
feedback controller exists, see for exampi][

LT

min —w w

An important property of this terminal set is that it is

control invariant with respect to a pre-computed auxiliary

state-feedback controllerr(x). That is, if x(ty) € Xr, then
the solutions of the dynamical systert) (with the auxiliary
controlleruy satisfy z(t) € Xy andur(x(t)) € U for all
t > to. We now define our notion of feasibility.

Definition 2 (Feasible State).A statex, = x(tg) € X is

subject to
yiw'x; +b)>1, Vj=1,2,--- N.
In order to avoid over-fitting of the data, we utilize a regula

ization term into the cost function. The modified optimipati
problem then takes the form

feasible if there exists an admissible control history,ttlsa . 1 + al
; min | —w w—l—LZs- (4a)
u(t) € U for all t > ¢, that drives the systeifl) from (o) 2 s
to z(7Ty) € Xr while ensuring state constraintst) € X for _ =t
all ¢t € [to, T¥]. subject to
-

That is, thejth samplex; is feasible if a feasible solution yilw @ +b) =1 —s;, (4b)
to (3) exists with initial conditionz(0) = ;. 5520 (4c)
Definition 3 (Feasible Region).The set of all feasible statesfor all i, = 1,...,N. where L. > 0 is a regularization

within the state space polytopgis called the feasible region, parameter, and the;’s are slack variables introduced to relax

denotedF.

separability constraints. The minimizer of) (is denotedw*



and theseparating margin is p* = 1/||w*||2. This margin strict inner and outer approximations of the feasible mgio
uw* > 0 is sometimes called the ‘1-norm soft margin’ andrurthermore, we provide convergence guarantees for the ap-
denotes the separation between the two classes of data bgirximation error.

classified. The SVM cannot classify the data with guaranteedOur algorithm for constructing~ and F* is as follows.

accuracy within this margin. We begin by solving &) to obtain3},. Next, we collect the
samples which are labeled feasible (‘+1"), and infeasiblg)(
B. Nonlinearly Separable Data respectively. To this end, we define the sets

If the data is not linearly separable in the feature space, a X]J\; = {x} € {mj}j.Vzl .z, is labeled ‘feasible,
common approach is to map the data to a higher-dimensional
space where the data is linearly separable. This is sometirA@d
called the ‘nonlinear SVM’, see for examplay].

LetT' : X — H be a map from the feature spadeto
the higher-dimensional Hilbert spad® The coefficients of The main idea of the proposed algorithm is to choose super-
the separating hyperplane ifi are obtained by solving the (sub-) level sets ofy(x,3%) and ensure they contain no
following primal problem feasible (infeasible) samples. The inner approximation

Xy = {zi € {z;}}L, : @ is labeled ‘infeasiblg.

v F* 2 {x e R™ : (@, Bx) > ¥}
.. . 1 ) 3
minimize | ~|wlEF+L> s; (5a) o
2 i=1 is obtained by solving
subject to et = arg m>1g1 . (9a)
. . >1—g. €
villw. D@ )i +0) 2 1 =55, (5D) subject to:  ¢(zy, By) <&, VapeXy.  (9b)
s; = 0. (5¢)

Similarly, the outer approximation has the form
This can be reformulated as the following dual problem: y PR

N EE F- 2z e B (e, By) << 7).
By =arg mgaxzﬂ’“ ) > D BuBimyi Kk, ;) (68) \herec— is obtained by solving

k=1 k=1 j=1

subject to: e = argmax & (10a)
N .

subject to: xr, BN) >e, Va, € XY, 10b

Zﬂkyk =0, (Gb) ] w( k /GN) k N ( )
k=1 Remark 5. It is important to note that with small number

0<pL<L, Vk=1,2,--- N, (6¢c) of samplesN, our inner approximatioff— is based only on
the feasibility information obtained by the sampl{eﬁj}évzl.
Hence,F~ will not generally be an inner approximation of
$he actual feasible region. We prove in the sequel, however,
that asN increases, our inner approximatin converges to

a strict inner approximation of the actual feasible region

wherek(-, -) is the so-called SVMkernel function andL > 0

the SVM decision function is

Remark 6. A possible method for increasing the accuracy of
classification near the feasible region boundary is to sampl
and the estimatefeasibility region boundary or estimated more densely around the optimal SVM classification boundary
separating manifold is given by Y(z, BYy) = 0. One algorithm which can be used to do this

~ » is discussed in38], where the authors use adaptive sampling.
SE{xeR"™ :¢(x,By) =0}. (8)

Remark 4. The kernel function avoids expensive compup. Convergence of SVM-based Estimator

tation of the inner productI'(zx),I'(z;))m, as discussed . . i
in [29], [35]. If the kernel satisfies Mercer’'s condition, then Now we discuss convergence properties for the SVM em

K (2. @) = (T(ax),T(x))a. This leads to an efficient SOlu_ploylr_1_g a cIas; of kernel functions. We use the following
tion of (6) definition of universal kernels presented BOJ.

N
U@, By) = Y BiykK (@, ), (7)
k=1

Definition 4 (Universal Kernel). A continuous kernek is

C. Inner and Outer Approximations fF using SVM universal if the space of all functions induced kyis dense

. . . . in the space of all continuous functions definedXan
In this subsection, we are concerned with constructingtstri P

inner (F~) and outer ™) approximations of the feasibility —Note that a function)x(x,3) : X — H is induced by a
region. This idea has been discussed previously38). Bi- kernel K implies that there is an elemeiiz) € H such
classifier based inner and outer approximations are proposieat ¢ = (I'(x),I'(:))g. From Definition4, we deduce that
in [37]; however, no guarantees are provided for error convdor every continuous function) and e > 0, there exists a
gence. Herein, we propose a novel algorithm for constrgctifunction ¢, induced by such that|y — Y| < e. AS



discussed in39], the induced function)x can be written in of the setsA in the covering used in the proof of Theordém
the form (7). Letr € (0,1) and chooséV such that

Remark 7. A commonly used universal kernel function that < Vol(A) d N> [2/L(p*)?] Vol(X)
fulfills Mercer’s condition is the Gaussian Radial Basis &un N = TVol(X) an = 1—r Vol(A)
tion (GRBF) with kernel variance? [39] of the form

Then, the conditiortAx > [2/L(u*)?] = m is satisfied.

_ [, — || :
K(xk, z) = exp T o2 )¢ (11) Next, we show that Theorefhcan be applied to ensure that
strict inner approximations of the feasible region are ivigte
The following important property of universal kernels jusby sufficiently samplingX using low-discrepancy sequences.

tifies the application of the SVM to the feasibility boundaryé: I 1L h ion in Th
estimation problem. orollary 1. Let ¢ > 0. The construction in Theorerf

produces a classifier that classifies all points {® € X :
Proposition 1. Every universal kernel separates all compact(x) > ¢} as feasible, and all infeasible points as infeasible.

subsets oK. . S .
The proof for a strict outer approximation is identical and

Proof. See B9. O uses sub-level sets instead of super-level sets.

It immediately follows from Propositiod that the GRBF Remark 9. As seen in the proof of Corollary, there is some
kernel can separate any pairwise disjoint compact subsetd§gion between the feasible and infeasible region thataann
X. Specifically, there exists som@ and > 0 such that the be classified using the SVM. This is due to the maygirthat
decision function)c induced byK separates the inner andis inherentin the SVM. AsV increasesy” decreases.

outer approximations, that is From the results presented in this section, we conclude

W(x,B) > +v Vo € F, that thg SVM cla§sifier equip_ped With universal Kernel_s can

approximate continuous feasible region boundaries with ar
bitrarily high accuracy. We also propose an algorithm for
ogtaining a strict inner/outer approximation Bfand provide
performance guarantees for the same.

Y(x,B8) < —v Ve eF .

Proposition1 guarantees that the universal kernel induces
separating function), but does not provide a computational
method for determining). Herein, we provide guarantees

regarding the separating functigndefined in 8) by solving V. ExPLICIT MODEL PREDICTIVE CONTROLLER DESIGN
the convex programg) with feasibility information obtained

. o . In general, the approximation of an arbitrary discontiraiou
from low-discrepancy samples. Specifically, we verify th%nction is a challenging problem. From(, we know that
increasing the number of sampléé for the SVM with a ging p ' '

. . . . . the NMPCu* may not be continuous everywhere BnThus,
universal kernel results in an increasingly accurate egém

of the feasible region, and reduces the conservativenebgof - b_egin b;_/ res_tricting the class of NMPC control surfaces
) L . . considered in this paper.
inner and outer approximations. To this end, we modify thé In particular, let
arguments presented iB9] to the case when the training data '
{x;}1, is extracted from a low-discrepancy sequence. D,={zeF:u* ¢C' atz}.
Recall that¢(x) is the true boundary function described in
Assumption6 and ¢(x, 3y) is the separating function with Then, we defindV as the set ok, < IF such that the NMPC-
coefficient vector3,,. controlled trajectories with initial conditiomy do not intersect
D.. We refer to)V as thefeasible subregion
The algorithm employed for constructing the ENMRCx)
epends on whethe# is a regular domain (boxes/hypercubes)
or an arbitrary domain. I#V is regular, we can directly use
sparse-grid interpolation. W is an arbitrarily-shaped domain,
we use a regression surface to construct the ENMPC. To
Ftc{zeX:((x)>0}andF~ C {zeX:((z) <0}, proceed, we make assumptions on the NMPC control surface
and the feasible subregion.

Theorem 1. Suppose Assumptiods5 and 6 hold. LetK be
a universal kernel oiX and ¢ (x, 3}) be the SVM decision d
function described in7) with 33 obtained by solving®6).
Then for every regularization parametet > 0 in the
optimization problen(5) and compact subsets

there exists a sufficiently large humber of sampMs such

that if N > No, then Assumption 7. The setD,, is closed, and the NMPC control

u* is C' on some neighborhood of the origin. That is, there

(z,By) >0 forzeF+ exists some > 0 such thatu* € C! for all = € B.(0).
’ 12
P(x,By) <0 forxe F. (12) This assumption implies that any two points)ti can be
] driven to the terminal region using the NMPC without inter-
Proof. See Appendix. 0 sectingD,,, which implies that the stV is path-connected.

Remark 8. We provide a lower bound on the number ofAssumption 8. The feasible subregiol is open and dense
samplesN which results in correct classification of the eacin F.



For control surfaces that at8 except for jump discontinu- of the nodes in the sparse grids. It is worth noting that to

ities, a sparse-grid based algorithm to identify a neighbod computei(q, n), one only needs to know function values at
of D, is discussed in detail iff], [42]. Once a neighborhood the sparse gri(ﬂjmli‘gq X ®-. @ X, whereX® denotes
of D, is estimated, we can determiig by labeling a sample the set of points used by,;.
x; as -1’ if the NMPC controlled trajectories intersect thi
neighborhood ofD,,, or are infeasible; and, '+1’ if it can
be_ controlled to the tgrr_‘mnal region wlthout_lntersectlhgst i (g, m) — ]| < Cn (Ilu;“-Hoo 4 I\Vuj-lloo) (In N)3"~2,
neighborhood ofD,, within the predictive horizon. Based on N

thgse labels, an inner apprOX|_mat|om_0Jf can be constructed whereN £ N(q,n) is the number of points in the sparse grid
using the SVM as discussed in Sectidh

employed for constructing; (z).

o .

Rema_rk_lO. If the NMPC |sC_ on all ofIF_, then_ th_e_fea5|ble Proof: See B3.

domain isWW = F. However, in case of discontinuities on the

NMPC surface, we have to constridt as discussed here. Remark 11. Theorem 2 implies that the error in the approx-
imating function decreases roughly in the order of the isger

A. Sparse-grid interpolation-based ENMPC on regular doQ];the r;cumberof sampled points (up t%alogarlthmlc factkb_r).

mains u} € C¥, then the convergence@(1/N") up to a logarithmic

factor.
In the case where the feasible region is regular, we use

sparse-grid interpolation schemes to approximate the EGIMRemark 12. Although (13) is written in terms of Lagrange
control surface. We present our implementation of the gpar®olynomials to emphasize the role of function evaluations a

STheorem 2. If Assumption7 holds, then

grid interpolation algorithm. the nodest?, it has been demonstrated i that Legendre
Without loss of generality, we consid& = [—1,1]"* as polynomials_proviqie an alternative ba_\si_s with an .improve'rne

in [43]. We wish to approximate the NMPC control lawf (z) N computational times for sparse-grid interpolation.

onw. Next, we discuss the case when the feasible region is not a
Let the jth component ofu*(x) be de_noteduj-(cc) * box or hypercube.

W — R, wherej = 1,...,n,. We consider a sequence

of approximations{V;} of u}(zx), wherei belongs to some _ _ _
index setZ. The accuracy of the approximation improves witB. Regression-based ENMPC on domains of arbitrary shapes

increasingi. TheseV; are defined by the type of sparse- anp arbitrary region can be modeled as a regular grid with
grid selected and parameterized iy number of nodes. For migsing information at a subset of the nodes. This case gen-
simplicity, suppose: = n,, = 1. Theith interpolated function erally arises whe # X and so no optimal NMPC control

in the sequenc¢);} has a basis expansion, actions are computed for nodesXm We¢. To overcome the
mi o difficulty of constructing an interpolant with missing fufen
Vi(uj,x) = Zu§($2)52($)a (13) values, which is a serious obstacle for standard sparse-gri
k=1 interpolation, we sample (more densely, if required) wittie

J(%) is the optimal NMPC control action domain)V using a low-discrepancy sequence. Even then there

obtained by solving3) at the kth node of the sparse grid,"® subtleties to consider since low-discrepancy seqsence

2t € [~1,1] and £i () is a Lagrange polynomial such tha'® defined in terms of product intervals and convergence
Ez(xi_) :’ékj the Igirac delta function results in higher dimensions are fairly delicate. Neveebs
J I )

Whenn > 1, tensor products ofl@) in higher dimensions in this subsection, we demonstrate that if we select a seiffici
number of low-discrepancy samplesiy, a linear regression

wherei € N, u*

yields, based ENMPCu(x) will converge to the optimal NMPC
Vi(uj, ) = (Vi, @--- @V, )(u], z), (14) w*(x) on W, provided Assumptiong and8 hold.
Miy My Let T* denote a tensored polynomial associated with a
= Z Z wi(ay a2 ) (L) @@ L) (), predefined sparse-grid on a regular domigiven by
ki1=1 kn=1 . . .
mai, ‘ o Ti(z) £ (€ © - @) (), (15)
23w, o) Th(w)

where¢ (-) denotes the Chebyshev polynomial basis element

fn=t associated with indices, k € N. We construct a sequence
wheres = (iy,...,in) andk = (ki,..., k,) are multi-index of basis functions by assigning each péirk) of T* to a
vectors. Linear combinations of these formulas produce tRgsitive integen- € N. This is done over all possible multi-
Smolyak formulas43, [44). Let U° = 0 and indices (i, k) and we denote eachi* asT,. We express the

regression based ENMPC as a linear combination of tiése

basis functions. Hence, far € RM, we have

for i, € N, |¢| = >_}_, i. Let the sparse-grid approximated M

function be;(¢,n) = p<jij<g(A" ® -+ © A)(uj, @), () =D eT;(x). (16)
j=1

Ak (u;‘, x) =V, (u;‘, ) — Virl(’u;a x)

whereq > n is a parameter that determines the configuration



Next, we define the matrices C. Feasibility and stability guarantees

Ti(xy) ... Tar(xr) u*(x1) In this subsection, we use the notatiany s for the

Iy . . . * A . ENMPC controller (irrespective of construction using tte
Gy = : - : anduy = : . . : .
' ' . polation/regression) computed witN samples and\/ basis

Ti(xy) ... Tu(zy) u'(zN)]  functions. Recallu* denotes the optimal NMPC. We pro-

for all M,N € N. vide feasibility and stability guarantees of the closeoplo

Then, an estimate for the coefficients afy », with N system {). In order to guarantee input feasibility, we use a pro-
samples and\/ basis functions is computed by solving thgection of wx, as onto the closed, convex s&t of admissible
convex problem: control actions. Thenearest-point projection operator onto

¢" = argmin |Gy e — uy |, (17a) U 'S denoted byProjy (i) = argminuey [l ar = ull-
Cc

Theorem 4. Suppose Assumptioris8 hold and letW, be
compact with
for someé € (0,00). Hence, the ENMPC action can be

computed as:

subject to: |¢||eo < € (17b)

XTCintWOCWOCW.

v Then for sufficiently largeM and Ny € N, and N > N,
. X the closed-loop trajectories of the pla(it) with controlu =

= “Tsi(x). R . -
(@) ; ¢Ti(x) Projy(#@}y 5) and initial conditionz, € W, are feasible for
! all t >ty and are asymptotically stable to the origin.

For the _foIIowmg convergence result, we restrict thgs to Proof. See Appendix. 0
some slightly smaller compact set.

Remark 14. We present our result for compact subsets in the
interior of F in order to ensure that there is a non-zero distance
¢ betweenV, and the infeasible region. By ensuring that the
deviation between the optimal NMPC controlled trajecterie
and the ENMPC controlled trajectories are witkinwe can

provide feasibility guarantees for the ENMPC driven system

Theorem 3. Suppose AssumptioBs8 hold. LetW, and W,
be compact sets satisfying, C int W; ¢ W; € W. Then
there exists a scala¢ > 0 such that for every > 0, there
exist My, Ny € N such that the solution t¢17) using only
samples inV; satisfies

Hﬂ?v,M — ULy <€
forall M > My and N > Nj. D. Implementation considerations

Proof. See Appendix. O For implementation on digital systems, suppose the ENMPC

is applied in a piecewise constant manner with a sampling tim
The difficulty in getting uniform convergence of the ENyf 5 ~ ¢, that is,

MPC @ () to the NMPCu*(x) in W using a polynomial s .
basis is due to the arbitrary shape Wf. We first restrict @ (z(t)) = 4y p(z(md)), fort e [md,(m+1)5), (18)

u*(x) to a compact subset ofV, and extend the function ... € N anduy is an ENMPC constructed usiny

o b?f Sm?Oth ona hy??:rﬁull;e,r\]/vmch |_mpl|ﬁs the ex',;t_encesoimples. It remains to be shown that if we use the piecewise
a unitormly convergent LNELYSnev Series. MOWEVET, TIESEr o nstant ENMPC controllei’, then there exists a sufficiently

IS nOF unique since the extension is nqt unique. Moreover, hall sampling timé such that this feasibility result holds for
practice, we can take samples only within a compact subﬁq

of the feasible subregion, which means that we have no wa;% closed-loop trajectories ofX

of recovering any such Chebyshev series from samples of @erollary 2. Suppose the conditions of Theordnmold and
optimal NMPC u*(z). Instead, we minimize the maximum is fixed. Then there exists some layg € N and small
error on sampled points using an priori upper bound on ¢ > 0 such that the closed-loop trajectomy/(t) controlled by
maximum coefficient in a Chebyshev expansion. The existerit@ ENMPCProjy (i) ,,) is feasible for all > t,, &' € (0, J]

of a uniformly convergent Chebyshev series guarantees thad all N > Nj.

this can be done with one single upper bound, independ :

of the number of basis elements and the number of sampT:e{F of. See Appendix. =
points. Using properties of the low-discrepancy sequefuze, Corollary 2 implies that with a sufficiently small sampling
a fixed finite set of basis polynomials we are able to increasme, we can implement our piecewise constant ENMPC
N to obtain a uniform error on the compact subseV¥fthat without losing feasibility guarantees. A pseudo-code tgishs
is at most that of the corresponding truncation of the unilgr implementation is provided in the Appendix.

convergent Chebyshev series. Increasing the number of basi

elements gives us the uniform approximation we seek. VI. EXAMPLES

Remark 13. From an implementation perspective, the Cheby- In this section, we test our proposed control scheme
shev polynomials may be replaced with other orthogonalpolgn two nonlinear systems. All computations are per-
nomial basis functions such as Hermite, Jacobi or Legendogmed on MATLAB R2014b. All convex problems are
polynomials. solved using theYALM P toolbox [46]. Off-line solutions



of the FHOCP are computed using th@DLI KE tool- without a significant rise in the computation time required f
box [47]. SVM classification is performed using MAT- constructing the SVM. We test the accuracy of the method
LAB’s in-built svntrai n and svntl assi fy functions and demonstrate the estimated inner and outer approxinsatio
and thelLi bSVM toolbox [48 for larger datasets. Sparse-of the feasible region withV = 1792 nodes in Figurel. We
grid construction and interpolation are performed usingerform sparse-grid based regression wikh= 1792 nodes
theSparse-Gid I nterpol ati on Tool box [49]. The as described in SectioW with the stored values of control
parameters required to compufé are the grid-type, the values at the grid nodes. The constructed ENMPC surface is
maximum depth and a user-defined upper and lower boursi®wn in Figurel.

on the number of nodes. We employ the Newton-Cotes gridWe now simulate the closed-loop system from 80 different
to ensure that the sequence of sparse-grid nodes is a ldutial points selected randomly within the inner approaiion
discrepancy sequence as reported5f].[ The Newton-Cotes of the feasible region. The results of the simulations are
grid comprises of nested, equidistant nodes which dematestmprovided in Figurel. We observe that the control scheme

slow growth with increasing state-space dimensioi].| is successful and drives all 80 initial conditions to thegori
successfully. It remains to be seen how much optimalityss lo
A. Example 1: 2-D Model using the ENMPC in comparison with an optimal NMPC with

We use a dynamical system model that has been explo'rd nticalQ, R, X, T. In order to compare the performance

) . : e Of these two controllers, we select 50 random, unique Initia
E;gggusrlgggs%a[ifglyl][gil'zg;e[ii]s?enrg :2 Zerzgggécda%(;n of the conditions which do not intersect with pre-selected nodes (

that thewu(x) at each point is an approximation, not a pre-
[:1'01] _ {0 1} [xl} [0.5 + 0.5:61] (19) Calculated optimal value) and simulate the controlled aire
To 1 0] |22 0.5 — 29 system with an on-line NMPC and our ENMPC. The NMPC
The state-space polytope is given by takes 13.6 i 0.5 (mean + _standard deviation) seconds_to
solve @) using the population-based global search algorithm
X={z eR*: o/ <1}, GODLI KE, whereas the sparse-regression based ENMPC re-
quired11 £+ 2 us to compute a control action. The trade-off is
a reduction in optimality of the control solution. The scgdy
U={uelR:|u <2}. error stage cost over all 50 trajectories from the origincage

. . . , . . and 4.97 for the ENMPC and NMPC, respectively. Thus, for
To estimate the feasible regidh we first require a terminal L ; T -
a large reduction in on-line computation time, we sacrifice a

regionXr. Several methods exist for deriving the terminal rer_easonabIdO(V of our obtimal cost
gion, for example34], [55. Our feasible stabilizing controller ¢ P '
gain within X7 is given by K = [2 2], and the terminal
region is parametrized by, B. Example 2: 8-D Model
This example illustrates the efficacy of the controller on
T + [1.3333  0.6667 . ; . . : .
xz Px = x < 0.0762. a higher-dimensional system with multiple control inputs.
0.6667 1.3333 . . . .
o _ We aim to stabilize the following randomly generated eight-
We use a predictive horizon ofy = 2, and solve the dimensional (8-D) uncertain nonlinear system with two coint
nonlinear constrained optimization probleB) (vith @ = I» inputs,
andR = 0.1. In order to pose the optimization probleB) @s & = Aoz + f(x) + Bou, (23)
a finite-dimensional problem, we use a piecewise continuous ] ) ]
(spline interpolated) NMPC with optimization variablesrsa Where Ao, f, By are defined in Z0). The constrained state

pled everys = 0.1 s. For feasible region approximation, wesPace isX = {x € R* : z)o < 1} andU = {u € R*:
ulle < 2}. We useN = 3088 samples and construct the

TABLE | inner and outer approximations of the feasible region with a
COMPUTATIONAL RESULTS OFFEASIBILITY BOUNDARY EsTiMaTorOoN  GRBF kernel SVM witho = 0.9. We construct two ENMPC
EXAMPLE 1 AND 2. THE SCALAR Ty IS THE PREDICTIVE HORIZON IN control surfaces, (sincen = 2). The construction of the

and the space of admissible control actions is

SECOND, N IS THE TOTAL NUMBER OF SAMPLES USERAND ‘T IME’ . [ . _ _
DENOTES THE TIME REQUIRED TO CONSTRUCT THSVM. ENMPC with a_predlc'uve hO”Z?“ OTf =2,Q=1Is and
R = 0.11, requires 2 hours off-line. Of the total 3088 nodes,

Ty (s) MaxDepth N  Time (s) 2857 were classified as feasible. The SVM classificationdime
4 5 80 0.141 for varying samples is reported in Ta_ldle
4 6 176 0.201 The performance of the ENMPC is illustrated on the closed-
4 7 384 0.354 loop system in Figure2 for 50 randomly selected initial
i g f73922 8@2‘; conditions insideF'~. We note that the ENMPC success-

fully drives the system to the origin. Next, we compare the
computational time and performance of the ENMPC with the
use a GRBF kernel SVM1{) with o = 0.8. A comparison of NMPC (applied to the nominal system) with identical design
average classification accuracy and average classifictutien parameterd’, J, Q, and R. The ENMPC control action was
with increasing number of nodes for 1000 runs is provided tomputed in an average 628 + 0.07 ms, whereas a similar
Tablel. We observe the rapid decrease in classification errcomputation take$7.2 + 4.1 s if computed withGODLI KE
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Fig. 1. A. SVM-generatedF employing N = 1792. The actual feasibility region boundatyff is shown with the black lines determined using a uniform
grid with N = (100)? = 10* points. The inner approximation using the SVM classifierépidted with green lines, and the outer approximation isatiep
with red. The ENMPC surface constructed using regressidluirated within the feasible regioB. Controlled trajectories for the nonlinear system of
Example 1. The red * indicate the 80 randomly selectediahistates, and dark-blue lines are controlled trajectode the state-space.
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and 4.1 + 0.7 s using local methods such as MATLAB's

f m ncon. Thus, we achieve high computational speeds with
a 10% degradation in optimal cost using the ENMPC in thi;n

8-D model over 50 simulation runs.

TABLE Il
COMPUTATIONAL RESULTS OFFEASIBILITY BOUNDARY ESTIMATOR ON
EXAMPLE 2.
Ty (s) Max Depth N Time (s)
2 3 704 0.457
2 4 3088 5.699
2 5 11776 22.478

VII. CONCLUSIONS

In this paper, we develop a support vector machine-informed
ethodology to construct explicit model predictive cotitns

for the stabilization of nonlinear systems with feasililit
and stability guarantees. The low storage and computdtiona
costs make this ENMPC design methodology attractive for
implementation in low-memory devices to stabilize nordine
systems with fast dynamics. Additionally, from an implemen
tation perspective, our proposed method offers a separatio
between the computation of the NMPC control actions and the
construction of the ENMPC. For example, the NMPC control
actions could be computed using non-quadratic cost funstio
or time varying constraints. Our method for constructing th
ENMPC using regression requires only the control values at
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Fig. 2. (Top Trajectories of the controlled 8-D system for 50 randomly
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history. Note that the control actions are constrained iwitthe specified
bounds.

the sampled nodes, irrespective of how the control actie@rew
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where || is the floor function,u* is the separating margin
corresponding t@};, and L is the regularization parameter in
the SVM optimization problem5). We construct open covers
Py of F™ andP; of F~ such that every set € P UP,
has diametep(A) = p*/2 and is a hypercube aligned with
the co-ordinate axes.

We claim that for N sufficiently large, there are at least
m samples out ofV in each setd € P U P, . To see this,
note that by definition of the discrepancy of a low-discregyan
sequence,

Vol(X)

_ W(X)’ = DN({ij};y:I)'

Sup —#XN
xes| N

Hence, for anyA € Pf U P, , we get
#AN VOl(A)
N

and hence,

VOI(A) _ #AN

Vol(X)

NS Dy ({z}11)-

Solving for #AN we get

Vol(4)
#4n 2 (S

- Dl
Since{acj}j-\]:1 is a low discrepancy sequend@y — 0, and
hence# Ay — oo asN — oo. Therefore, we can choos€,
large enough to satisf$t Ay > m for all N > Ny and all
AePFUP;.

It remains to show that the SVM decision function
¥(x, B) classifies

J A4and (J 4

AePy AePy

in closed sets,"Transactions of the American Mathematical SocietycorreCtly' This can be argued exaCtly as in the proof3ﬁ, [

vol. 36, no. 1, pp. 63-89, 1934.

Theorem 18]. O
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Algorithm 1 ENMPC Construction Chebyshev expansion that converges uniformlyXon

Require: State and input boundX, U Uniform convergence implies thdjtiu s — w*{|Lo ;) — 0

Require: Model, number of controllersf, n,, as M — oo, whered,,, has the same basis expansion as

Require: Equilibrium pair: ., u. described in 16).

Require: User-defined range of samples allotted to constructLet w(x) denote the multivariable Chebyshev weight func-
ENMPC: Ngrax, ypnin tion that makes the Chebyshev polynomials orthonormal.

Require: Number of polynomial basis element3d/ as de- Orthogonality and the Cauchy-Schwarz inequality imply
scribed in (6)

Require: Model predictive control parameter, R, T, le;| = ‘/ (x) dx|,
1: Compute number of sparse grid nod@s<— Sparse-grid
depth, max points, min points < HUHJLZ(X,w T2 (x )
Learning the feasible region boundary,oF < [l ()
2: Compute terminal regioX Defining ¢y £ |JullL2(xw), We conclude|jca|s < & is
3 {x;}¥, « Extract N nodes from a low-discrepancyindependent ofd/. Note that foré > &, and M fixed, the
sequence set
4: for i=1:N do Em(e) ={tnm : e[~ < ¢}

a

Solve the terminal region based NMPC proble8) (
with (0) = z* for eachz; € {z;} ¥,
if Problem 8) has a feasible solutiotihen
Store as feasible data sample« +1

is a compact set of polynomials, hence is equicontinuous on
the hypercub&. With ¢, chosen above, let > 0 and¢ > ¢,.
Note that for suche, the vectorc is a feasible solution to
the minimization problem1(7). Hence, for anyj =1,..., N,

else with z; € Wi, we have
Store as infeasible data sample+ —1 T L
1o endif e () = w(zg)|| <l — ulue o) £ ene (24)
11 Store optimal* () for ENMPC surface construction . .
12 end for Sincee)s — 0 as M — oo, there exists aVly € N such

that if M > M,, thene;; < /3. Note that for anyy € W,

13: Use SVM to compute decision functi ,3%) asin . ) .
b o, By) 0 and anyk € N such thatx; € W, the triangle inequality

14: OF + {zx : Y(x,By) =0}

15: Strict inner approximationf+ « Solve Q) yields

16: Strict outer approximationf~ < Solve (10) iy ar(y) —w* ()l < oy (y) — dn s (xk)|  (25)
Constructing ENMPC control surface, u(x) + || (k) — v ()|

17: for j=1mn, do + |lu*(zr) — u*(y)]

18: Check number of data poinf§ available withinF

19:  if N < NP or N > N then

20: Return to step 3 and sample densely from withi
current estimate off until N e [N, N3*x] from a
low-discrepancy sequence

By equicontinuity of=,, (¢)U{u}, there exists somé& > 0
uch that for ally,,y, € X with ||y, — y,|| < dp we have
W (y1) — u(ys)| < e/3 for any @ € Zpz U {u}. Without
loss of generality, we reduc® so thatd, < d(Wp, WY).
Now, we take a finite cover o), by balls of the form

21: end if .

29- N N Bs, (y) for y € Wh. The_ fact that we select a Iow-dlscrepqncy

g if F is a regular domaitthen sequence to sampld), implies that for anyy € Wo, there is

24: Constructjth control w/ (z) from {z;})Y, using 2 POINtZx € By, (). ChooseN, to be the maximum index of
sparse-grid interpolation (see Sectigi) the corresponding points;, in the finitely many balls covering

25:  else Wo. . . .

26: Constructjth control w/(z) from {z;}, using Using the inequality Z4), and noting that for eacly € W,

nihere is a pointc;, with & < No and||y — x| < do, each term
of (25) is less thare/3. Since this is true for any € W,
we are done. O

regression with Chebyshev/Legendre/Hermite polyno
als (see SectioW-B)
27 end if

28: end for
PROOF OFTHEOREM4

We divide our proof into two parts. First, we show that
PROOE OFTHEOREM 3 for sufficiently close approximation of the NMP€* by the
ENMPC the image of the compact 348, is contained in the
In order to provide guarantees on the approximation paerminal regionX, within the predictive horizof’;. Second,
formance using multivariate Chebyshev bases, without los® demonstrate that the image of the terminal region under
of generality, we consideK = [-1,1]"=. By the Whitney the ENMPC is invariant after tim& for sufficiently close
Extension Theorem (se&f)]), there existsu € C(X) such approximation of the NMPC control law.
that v = w«* on W, whereu* is the optimal NMPC. We now proceed with the first part. Consider the closed-
Invoking [57, Theorem 5.10], we get that has a multivariate loop systemz = f(x,u), wherew is the optimal NMPC.
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The ENMPC (constructed wittv samples) controlled closedset W, C W such thatd(W;, Ws) > e. If our ENMPC

loop system ist = f(&, ), whered = ay ;. generated state trajectody(t) satisfies||x(t) — (¢)|| < e,
We want to show that for every> 0, there exists an’ > 0 then&(t) € Ws. This is satisfied by choosiny large enough
such that|u — || < ¢’ implies that to ensure|ju — u|| < ¢ on W, as discussed in26). As

PP YA 26 Wy C W C F, the state trajectory of the closed-loop system
lz(®) — 2@l <&, (26) with initial condition x(t,) using ENMPC control is feasible
for all ¢ € [to,7y] with identical initial conditions forall ¢ > ¢,.

x(to) = &(to) € Wo. Now, we prove the second part. By definition of the feasible
We know set, the trajectory(t) entersXy within T'y. Thus, fort > T,
t the image ofWW, under NMPC control is a compact set, say
z(t)—z(t)= | f(z(s),u(x(s))) — f(z(s),u(x(s)))ds. Wr, contained in the open s&fr. This implies that there
to is a positive distance betweeén; and the complement of
Let Az = x(t) — x(t). This implies Xr, that isd(Wyr,X$5) > er. Hence, by the same arguments

(t)
t as above, we can choogé, € N large enough so that the
|Az| < I f(x(s),u(x(s))) — f(x(s),u(x(s)))| ds. image of W, under ENMPC control is withirer of Wr,
to 27) hence contained insid¥r, hence contained inside), by
assumption. By selectingyy = max(N7, N2), we ensure that
Sinceu € C! on W, it is locally Lipschitz onWW. We refer (t) € W, for all t > Ty. Combining this with the feasibility
to the Lipschitz constant a8, with respect tax. Using the for ¢t € [0,7] we conclude the proof of feasibility.

Lipschitz continuity property off andu For proving stability, it follows from the uniform conver-
o gence of the ENMPC to the optimal NMPC that &s— oo,

If (@, u(@)) - f(@, a(@))| @y — w on W. This implies that the nominal stability

<[ f(z,u(z)) — f(@ u(@))| + | f(Z,u(z)) - f(@ a(@))| guarantees of the terminal region based NMPC proposed

< L% Az + L£f[lu(x) — a(z)| in [34] extends to the ENMPC constructed in this paper.

< £|Az|| + L4l u(@) — w(@)] + £ u(@) — a(@)] To prove that we satisfy input constraints, we note that

the projection to a convex set is non-expansive on Hilbert
(28) spaces $9, Proposition 4.8]. Therefore, selectidg, M large
For a fixed scalat’, the last inequality follows from Theo- €nough to ensurgay ,, —u|| < &’ implies|[Projy (@, a) —
rem 3 for sufficiently largeN; € N for the regression basedu| < ¢’. Thus, the ENMPC asymptotically stabilizes the
ENMPC and from Theorerfi for the sparse-grid interpolatedPlant (1) without violating state or input constraints. This

< £%)|Ax| + £48, ]| Az + £1e’

ENMPC, respectively. concludes the proof. O
Thus, we conclude
£z, u(z)) - f(@,a(@)] < poc’ + pllAz]|  (29) PROOF OFCOROLLARY 1

Let v = ¢/2. We obtainF+* = {z € X : {(z) > ¢} C
{xeX:({(x)>v},andF~ ={z eX:((x) <0} C {x €
X : ¢(x) < v}. Note thatF~ is the set of infeasible points.
Applying Theoreml, we obtain a classifier of the formi?)
which separateg'™ and F'~. This concludes the proof. [

for positive scalargy = £ andp; = £5 + £5£,,.
Using 27) and @9), we can write

|Ax(t)] < / (poe’ + prll Az(s)])) ds

— o't —to) +pr | |Aw(s)] ds.
to

Employing the integral form of Gronwall's Lemm&§], we We defineAxz = = — 2. We will show that for every

PROOF OFCOROLLARY 2

have there is a sufficiently small such that|u(z) — @°(z)| is
t t arbitrarily small. To this end, as ir2{), we have
IAz(t)]| < poe’(to — to) +po€’/ (exp (/ p1 dr)) ds o . o
.o s lu(z) — @’ (@)]| < |u(z) - a(@)] + |a(@) - @’ (@)]
u NS ~Ad /A
= poe’ exp(Plt)/ exp(—p1s) ds. < e’ + Luf| Az + [[a(@) — @’ ()|
to = Lfe’ + LullAz| + [|a(@(t) — a(@(t — &)l

Since this integral is bounded above foe [to, 7], we can ; 5 5
chooses’ small enough to get the desired inequali®g)( or §omeA € [0, 0]. _ ) _ )

Let X(Wo, [to,£]) map any statex(ty) € Wo to (i) S_lnceu is constructgd using (dlf_ferent.|able) polynor_mal
obtained by solving the closed-loop systet) with « being basis eIemen_ts,_ we defin®; as its Lipschitz constant with
the optimal NMPC controller. Since the mapis continuous, "€SPeCt taz within X. Then,

N X .

the setV; = X (W, [0,_Tf]) U Xy is compact and c_ontqmedHu(m) @ (@) < vy 2, || Azl + Lol () — & (t— ).
in W C F. By construction obVy, if x(tg) € Wj this implies
x(t) € W, with the optimal NMPC action for alt > ¢y. By $ince f is continuous and bounded oX x U, and
compactness o¥V;, there exists some > 0 and compact & = f(&,4), the function|&(t) — z(t — §')|| satisfies a



Lipschitz condition uniformly int. Call the Lipschitz constant

£. Therefore,

Ju(z) — 4’ (@)[| < €4’ + Lu]|Az| + LaL:d".  (30)
The rest of the proof is similar to that of the proof of Theo-
rem4. We can see this by substitutingQ) into inequality ¢8),
which yields, | f(z, u(z)) — f(&,4°(®))| < poe’ + pr| Az|
for some positive scalargy = £5 + Ly

L£:£:0'/e" and p; =

£% + £4£,. Hence, the result of Theored immediately

applies to the piecewise constant ENMRE. O
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