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Polar unidirectional magnetotransport in p-type tellurene from quantum geometry
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Unidirectional magnetoresistance, or electric magnetochiral anisotropy (eMChA), is a nonlinear magneto-
transport effect emerging in noncentrosymmetric conductors. This phenomenon manifests as a resistance R
change proportional to the first power of both the electric current I and applied magnetic field B. The eMChA
contribution AR(B)/R(0) takes distinct forms: (i) a chiral term, 2xI - B, and (ii) a polar term, 2yI- (P x B),
where P denotes the electric polarization and x and y represent the respective eMChA coefficients. In Fontana
et al. [Phys. Rev. Lett. 135, 106602 (2025)], we provided empirical evidence that the eMChA in the conduction
band of tellurene is polar (x = 0, y # 0) and showed that it emerges from the quantum metric dipole associated
with its Weyl node and from the lone pair polarization P. Here, we extend this study to the valence band
of tellurene, where the eMChA is commonly assumed to be chiral (x # 0, y = 0). We show that a finite
polar coefficient y # 0 also emerges naturally through a downfolding procedure, in which remote Weyl-node-
containing bands induce momentum-space gradients of the quantum metric in the low-energy levels, activating
finite metric dipoles. Combining semiclassical Boltzmann transport with a k - p description of tellurene, our
numerical calculations agree quantitatively with doping (1) dependent second-harmonic measurements of the
longitudinal voltage VHZ"’(;/.) in perpendicular field. The combined chiral and polar characters (x # 0, y # 0) of
the eMChA in tellurene also explains the shift in the angular (¢) dependence of VHZ“’(d)) for in plane fields.
Our results demonstrate that the polar eMChA can arise in topologically trivial bands through multiband
effects and establish tellurene as a platform for quantum-geometric rectification in both electron and hole

regimes.

DOI: 10.1103/8nxq-m63t

I. INTRODUCTION

Nonreciprocal transport phenomena occur when the flow
of carriers depends on the direction of the applied current,
leading to asymmetric conduction [1]. In conventional devices
such as p-n junctions, this nonreciprocity is an extrinsic ef-
fect arising from built-in electric fields at interfaces, which
enables rectification and diode operation [2]; see Fig. 1(left).
In contrast, crystalline solids lacking inversion symmetry
can exhibit intrinsic nonreciprocal transport [3]. This sym-
metry breaking underpins a diverse range of phenomena,
including natural optical activity in chiral materials [4], direc-
tional magnon transport in magnetic insulators [5], nonlinear
phononic responses [6], nonlinear Hall effect [7], and electri-
cal magnetochiral anisotropy (eMChA) [8].

As a prominent manifestation of this asymmetry, eMChA
is a form of unidirectional magnetoresistance observed in
noncentrosymmetric systems and has been experimentally
reported in polar semiconductors [9], multiferroics [10], a
variety of topological materials [11-13], and chiral tellurium
[14-16]. A defining feature of eMChA is that current rec-
tification can be tuned by external control parameters such
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as magnetic field, gate voltage, and polarization, offering
a promising route toward electrically controllable nanoscale
rectification devices [17].

In noncentrosymmetric conductors, the leading unidi-
rectional magnetoresistance (UMR) generally contains two
distinct symmetry-allowed invariants [18]. In polar media,
the existence of a polar axis, or a macroscopic polariza-
tion P, allows a contribution to the resistance of the form
ARp I (P x B). This term is odd under inversion, as P is
an inversion-odd vector, and odd under time reversal, since
the magnetic field B is time-reversal odd. Here, I represents
the carrier current. In chiral (enantiomorphic) media, inver-
sion symmetry is broken even in the absence of a polar
axis. Chirality is instead encoded in a pseudoscalar quan-
tity, x = %1, which distinguishes the two enantiomers and
permits a magnetochiral contribution to the resistance of
the form AR, o< x I- B, often referred to as the chiral (or
magnetochiral) anisotropy. The two-dimensional (2D) form
of tellurium (Te), known as tellurene, is of particular in-
terest as it can realize both mechanisms: it is intrinsically
chiral due to its helical crystal, and in thin films or flakes
it additionally develops a sizable lone-pair polarization P

©2026 American Physical Society
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FIG. 1. Extrinsic vs intrinsic rectification. (a) In a conventional
p—n junction diode, rectification originates from the built-in elec-
tric field Epyin created at the interface between p-type and n-type
regions. (b) In tellurene, instead, the intrinsic lone pair polariza-
tion electric field &£, || X arising at the surfaces of the material
plays the role of the built-in field. When an external magnetic
field B || ¥ is applied, carriers experience a nonreciprocal response
along the direction £y x B || Z, contributing to the longitudinal
eMChA.

that is approximately in-plane and perpendicular to the helix
axis [19].

One of the microscopic origins of polar eMChA can be
traced back to Rikken’s transport analog of magnetoelectric
optical anisotropy [14,15,20]. Rikken initially proposed that
when a current I ~ (k) flows perpendicularly to crossed elec-
tric £y and magnetic B fields, the magnetoresistance acquires
a nonreciprocal correction of the form AR(B)/R(0) =2y 1-
(€0 x B) and originates from the additional drift velocity
v || €9 x B acquired by the charge carriers in the laboratory
frame. In the context of noncentrosymmetric nanomaterials
like tellurene, the field £, is not merely an external param-
eter, but can represent an internal polar field arising from a
net polarization P, broken inversion symmetry at interfaces,
or band offsets in semiconductor heterostructures [14]. This
framework highlights the potential for designing intrinsic,
gate-tunable rectification at the nanoscale. More recently, a
more fundamental interpretation has emerged through the lens
of the quantum geometry of Bloch bands [19,21]. Within
this framework, the quantum metric dipole (QMD) governs
the geodesic flow of carriers [22-25] and, in combination
with the intrinsic lone pair polarization P [26,27], this dipole
generates a nonlinear current response proportional toI - (P x
B) [18]; see Fig. 1(right). In what follows, the role of the
intrinsic polarization P will be represented by its associ-
ated internal electric field £y = P/(epx.), where €y and yx,
are the vacuum permittivity and the electric susceptibility,
respectively.

In a previous work [19], we demonstrated that this mech-
anism quantitatively accounts for the polar eMChA in the
conduction bands of 2D tellurium, where Weyl nodes lo-
cated close to the band minimum give rise to strong quantum
geometric effects. The mechanism was fully characterized
through magnetic-field angular rotation scans and gate-
voltage dependence [19]. In the present study, we extend
this analysis to the valence-band sector of tellurene, which is
characterized by a well-defined z-component of orbital mo-
ments [28-33] that leads to a pronounced chiral-type eMChA
[16,34]. On the other hand, the rich 4 x 4 structure of the
valence band in tellurene, with important hybridization matrix

elements between the trivial 2 x 2 and the Weyl 2 x 2 blocks
[28,35], endow hole states with a distinct quantum geometric
structure. This raises a fundamental question: to what extent
can the polar eMChA emerge within a topologically trivial
valence-band manifold, and what conditions govern its mag-
nitude?

Although theoretical predictions of topological responses
in solids are abundant, their experimental realization remains
comparatively scarce [36]. This discrepancy often stems from
the fact that the relevant topological features frequently do
not coincide with the Fermi energy, leading to the common
assumption that their associated responses are quenched in
the metallic or doped regimes [37]. In topological insula-
tors, for example, tuning the Fermi level into the bulk gap
is a prerequisite to observe protected surface states [38,39].
Here we demonstrate that this prevailing expectation does
not generally hold: even when Weyl points lie deep within
the band structure, their quantum geometric signatures remain
operative and can give rise to measurable nonlinear transport
responses [40,41]. Remarkably, we find that these nontrivial
contributions persist even in regions of reciprocal space where
the Berry curvature vanishes. The QMD can thus generate
sizable effects in the absence of singular band crossings,
revealing that the geometric origin of eMChA extends well
beyond conventional topological criteria.

A very recent and thorough experimental study of eMChA
in trigonal p-type Te [16] has highlighted, with remark-
able clarity, the decisive role played by crystal symmetry,
anisotropic transport, and resistivity scaling in disentangling
the microscopic origin of nonlinear magnetotransport in Te.
By systematically measuring both longitudinal and transverse
second-harmonic responses along different crystallographic
directions, and by analyzing their scaling with resistivity,
that work provided compelling evidence that, in the explored
regime, the dominant contribution to eMChA is extrinsic
and governed by symmetry-allowed scattering processes [16].
Their analysis establishes an essential benchmark, that in the
absence of an internal built-in electric field, the nonlinear
response in Te behaves as expected for a symmetry-allowed
but scattering-dominated mechanism.

The present work is fully complementary to this picture.
Here we show that tellurium flakes or films possess an ad-
ditional, previously overlooked ingredient, which is a net
macroscopic polarization electric field £y arising from lone
pairs at their surfaces [26]. In the presence of £y # 0, the
same symmetry considerations discussed in [16] allow for an
intrinsic contribution governed not by scattering, but by the
quantum geometry of the Bloch bands. In this regime, the
nonlinear current is therefore controlled by the band quan-
tum metric and its dipole moment rather than by extrinsic
resistivity scaling. Thus, our results reveal a distinct and un-
expected intrinsic channel for eMChA that becomes operative
precisely because of the lone-pair polarization, completing
the microscopic picture of nonlinear magnetotransport in
tellurene.

We present a systematic theoretical, both analytical and
numerical, study of eMChA in the valence bands of 2D
Te. We demonstrate that the quantum geometric mechanism
driving this effect remains robust across carrier types and
energy scales, even when the relevant singular points are
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energetically far from the Fermi level. Our approach employs
both a full multiband description and an effective low-energy
Hamiltonian for the valence sector, combined with semiclas-
sical Boltzmann transport theory to evaluate the nonlinear
magnetoconductivity [42—44]. By explicitly comparing trun-
cated and full band models, we identify the essential roles of
spin—orbit coupling, band hybridization, and macroscopic po-
larization in enabling a finite eMChA response. Furthermore,
we analyze the scaling behavior of this nonlinear response
with respect to the chemical potential, contrasting it with
that obtained in the conduction-band regime [19]. Altogether,
our results provide a unified description of quantum geomet-
ric eMChA in 2D Te across both electron- and hole-doping
regimes, establishing tellurene as a model platform for quan-
tum geometric rectification in multiband noncentrosymmetric
systems [45].

This paper is organized as follows. Sections II and ITA
introduce the low-energy k- p description of the valence
bands in tellurene and their relevant symmetry properties. In
Sec. II B, we introduce the lone pair polarization and dis-
cuss its role in enabling the polar type eMChA. In Sec. IIC,
we review the quantum geometry of Bloch bands, followed
by the semiclassical Boltzmann framework for nonlinear
magnetotransport in Sec. IID, where the QMD is formally
introduced. Section III details the physics of quantum geo-
metric rectification. In Secs. III A and III B, we analyze the
valence-band electronic structure, demonstrating how multi-
band hybridization and Lowdin downfolding activate the
QMD. Section IIIC provides analytic expressions for the
magnetochiral conductivity and its scaling with chemical po-
tential. Finally, Secs. IV and V present a comparative analysis
of our numerical results and experimental second-harmonic
transport measurements, followed by concluding remarks
in Sec. VL.

II. MODEL AND METHODS
A. The valence bands of tellurium

Tellurium crystallizes in a chiral trigonal structure com-
posed of covalently bonded helical chains that run along the
crystallographic z (or ¢) axis, as illustrated in Fig. 2(a). The
projection of these helices onto the basal x-y (or a-b) plane
defines a natural anisotropy between in-plane and chain di-
rections, which is directly reflected in several transport and
structural anisotropies [46]. The valence band structure of
Te can be systematically described within the framework of
k - p perturbation theory [35,47]. At the high-symmetry H
point of the Brillouin zone shown in Fig. 2(b), i.e., ky =
(47 /3a, 0, /c) witha = 4.44 A and ¢ = 5.91 A, the unper-
turbed Hamiltonian Hy = 5’71 + U(r), defines the spectrum,
E,(Ky), and wave functions, v, k, (r), where U(r) is the
periodic lattice potential and n is the band index. To de-
rive a description away from the H point, the solutions
of the full Schrodinger equation are expanded in powers
of both the k-p coupling and the spin-orbit interaction
(SOI) [43,44].

Introducing Bloch states v, k(r) = e®Tu, i, 1k(r), the
problem is reduced to an effective eigenvalue equation for
the Bloch functions u,x,+k(r), with energy eigenvalues
E'(ky + k) = E,(ky + k) — i°k?/2m. The corresponding
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FIG. 2. Structure of tellurene. (a) Crystal structure of «-Te, high-
lighting the helical arrangement of Te atoms and the crystallographic
axes. The red hexagon indicates the projection of the unit cell onto
the basal plane. (b) First Brillouin zone with high-symmetry points
and reciprocal lattice directions, showing the orientation of the k., k,,
and k, axes used throughout this work. (c) Representative band struc-
ture along the k, direction, illustrating the conduction and valence
sectors relevant for nonlinear transport. (d) Calculated polarization
components (P, P, P;) as a function of an applied electric field,
evidencing the dominant response of the lone-pair polarization along
the x direction for a tellurene thin film or flake. (e) Real-space
visualization of the lone-pair electronic density in a two-layer tel-
lurene film, showing how the intrinsic dipoles align and generate a
polarization P.

Hamiltonian can be decomposed as usual H = Ho + Hi +
H, + Hs [35], with

h
Hl - _kp’
m
My = W(U x VU(r)) - p,
2
M3 = W(U x VU(r)) -k, ey

respectively, representing the k-p term (H;), the k-
independent SOI (H,), and k-dependent SOI (H3). All their
matrix elements are evaluated with respect to the unperturbed
states at the H point. In the absence of SOI, the valence
band state is doubly degenerate. The inclusion of SOI lifts
this degeneracy, splitting the manifold into nondegenerate,
irreducible valence bands, conventionally labeled as Hy, Hs,
Hs, and H¢, and shown as the four negative eigenvalues in
Fig. 2(c).
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The explicit 4 x 4 block Hamiltonian in k-space can be

written as
Has T
Haxa = . 2
e (7'Jr Hs«) @

There are two 2 x 2 blocks well separated in energy. The first
block, Hys, corresponds to the bands Hy and Hs, which are the
low-energy valence bands close to the Fermi level,
e45(K) — Sik; — Az —2A; + uss(k)
Has = . , 3
—2A, + M45(k) e45(K) + S1k; — Ay
with [48]
e4s(k) = (A — )k} + BKZ,
uss(k) = —tk] + 2uk? — 2iwik,, )

where ki = ky £ iky, ki = VK2 + kyz.

The second block, Hee, describes the bands Hg, H, rep-
resenting the high-energy valence bands located far from the
Fermi level,

(866’ (k) + S2k, + A,
Heo = ”
ak_ + viy (K)

aky + vee (K) >’ )
goe (K) — Sak, + A,
with [48]
eos(K) = (A + r)ki + BkZ,
vee (K) = —tk? + 2isk k. (6)

The low- and high-energy subspaces are coupled by SOI,
represented by a 2 x 2 hybridization matrix

- ( (—iR +wik_ +y(K)  i(b* — iwa)k_ + n(k)>
— =i — iwky + 0¥ (k) GR — w)ky + y*(k))’

@)
where [48]
nk) = —vk_k,,
y(k) = <—iL -M_ s>ki + (G —iwk_k,.  (8)

The constant parameters in all the above Hamiltonian terms
come from the matrix elements of the perturbed Hamiltonian
[35,47,48]. In particular, the parameters A and A,, arising
at first order in the k-independent SOI, rule the band splitting
(see Fig. 3) and are the largest scales in the system. The capital
parameters, i.e., A, B, G, L, M, R, S|, and S, arise at first and
second order in the Kk - p term, while lowercase letters come ei-
ther from SOI, i.e., a and b, or from the combination between
SOl withk - p,i.e., r,s,t, u, wy, and w, [35]. Using the values
extracted from Shubnikov-de Haas oscillations [45], Lifshitz
transitions under pressure [49], and magneto-optical transition
measurements [50], reported for completeness in Table I, the
resulting valence band structure of Te is shown in Fig. 3. For
the sake of simplicity, we shall ignore the effects of trigonal
warping that were considered in detail elsewhere [51].

B. Polarization electric field

The arrangement of lone-pair electronic density in trigonal
tellurium [46] generates an intrinsic polarization in tellurene
films or flakes [7,26] and plays a central role in the transport

— H Hy —— H}

Ti/Au 2D p-type Te Ti/Au

—1.01 £
S0, /Si
o
1.2 0.6 0.0 0.6 1.2
k. x107

FIG. 3. Valence band structure and device geometry. Valence
band structure of Te along the line k, = k, = 0, calculated using the
Hamiltonian in Eq. (2) with the parameters listed in Table I. The
energy scales A; and A, represent the gaps between the H, s and
Hg ¢ band blocks, as indicated by the purple and gray vertical ar-
rows, respectively. Inset: Pictorial representation of the four-terminal
device used for nonreciprocal transport measurements within the x-z
plane.

phenomena discussed in this work. The important ingredient
for the eMChA introduced in [19] is the polarization elec-
tric field £ arising exactly from the macroscopic lone-pair
polarization in the 2D Te film, P. The very nature of the
lone pairs in Te forces this polarization to be nearly confined
to the plane of the film, perpendicular to both the direction
of the helices (z) and the growth direction (y) [26], so that
P || x. DFT calculations for a two-layer Te film, performed

TABLE 1. Band parameters in the Hamiltonian (2), extracted
from [47]. The separation in the three blocks is referred to the
Hamiltonian blocks H4s, Hee, and 7, from the top to the bottom
of the table.

Designation Value

A—r —2.67 x 107 eV cm?
B —3.94 x 107 eV cm?
S 2.57 x 107% eV cm
A 31.5 x 1073 eV
A+r —6.7 x 1075 eV cm?
S, 5.8 x 10~ eV cm

a ~107% eV cm

A, —270 x 1073 eV

R 7 x 1078 eV cm
L-—M 3 x 107" eV cm?
v,G,u,b ~1072' eV cm®
t,s, Wi, Wy ~0
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using the QUANTUM ESPRESSO [52] and SIESTA [53] packages,
verify that this requirement is indeed satisfied. The results are
presented in Figs. 2(d)-2(e). We find that the polarization is
mostly oriented along the x axis, P || X, with a magnitude of
roughly 18 uC/cm? at zero applied electric field, for a-Te
(+) and o’-Te (=) [26], and that it is robust under variations
of an external field applied along the x axis, as shown in
Fig. 2(d). Being a polar vector, P is odd under inversion, Z, so
Py_7. =7 Py_1, = —Py_7e, fully consistent with our DFT
calculations.

In Ref. [19] we showed that, in the conduction band of
tellurene, the large lone-pair polarization P || X governs the
angular dependence of the unidirectional magnetoresistance,
AR_.(B)/R(0) =2 y* 1. (P x B), when B is confined to the
y-z and y-x planes. Here y* is a chirality-dependent eMChA
coefficient that encodes the topological charge () of the
Weyl node in the conduction band. We also observed a small
lone-pair polarization component perpendicular to the film,
P | F¥, consistent with the angular variation measured for B
confined to the x-z plane [19], while the component along the
coil direction is always zero, as shown in Fig. 2(e).

C. Quantum geometry

Within quantum mechanics, the geometry of Bloch states
is encoded in the quantum geometric tensor (QGT) [54-56].
The QGT quantifies the distance in reciprocal space between
neighboring Bloch states |ny) and |ng4x) of the nth band and
is defined as

Q"(k) = (Vink|(1 — [ni) (kDI Vi),

where Vi denotes the gradient in momentum space. The
QGT naturally decomposes into a real, symmetric part g"(k),
known as the quantum metric, and an imaginary, antisymmet-
ric part given by the Berry curvature " (k), namely,

Q"(k) =g"(k) — % " (k). ®

While the Berry curvature £2"(k) acts as an effective
momentum-space magnetic field, governing linear-response
phenomena such as the anomalous Hall effect [57] and
topological magnetoelectric responses [33], the quantum
metric g"(k) characterizes the stiffness of the eigenstates
under momentum variations. Although the quantum met-
ric does contribute to linear transport at leading order and
has recently been demonstrated to produce a giant negative
magnetoresistance in tellurene [58], it has emerged as the
fundamental quantity controlling nonlinear responses [21].
These include the nonlinear Hall effect, nonreciprocal magne-
toresistance, and second-harmonic generation [23,24]. More
broadly, the quantum metric imposes geometric constraints on
Bloch electrons, forcing semiclassical wave packets to follow
momentum-space geodesics [25], thereby modifying carrier
dynamics beyond the usual Berry-curvature corrections [59].

For an effective two-band Hamiltonian of the form

Hk) = d(k) - o, (10)

with energies e+ = £|d|, quantum geometric quantities ac-
quire particularly transparent closed-form expressions [21].

Defining 9; = 9y,, the Berry curvature of the lower band reads

o _ L
v 2|d|3
which highlights its interpretation as the flux of a momentum-
space monopole associated with band degeneracies [57]. In
contrast, the quantum metric is given by
= [0 - G000
4/d| |d|
Unlike the Berry curvature, which requires noncoplanar vari-
ations of the d vector to remain nonzero, the quantum metric
depends only on the magnitude and local gradients of d.
Consequently, the metric can remain finite even in regions
of the Brillouin zone where the Berry curvature vanishes.
This distinction is central to the present work, as it enables
nontrivial geometric responses in bands that are otherwise
topologically trivial.

To describe nonlinear transport phenomena sensitive to
interband virtual processes, it is convenient to introduce an
energy-weighted version of the quantum geometric tensor
[24]. This is obtained by scaling each virtual transition in
Eq. (9) by the corresponding interband energy denominator
ep — €n [24]. We denote the real part of the rescaled ten-
sor as g"(k), which, for two-level systems, reduces to g;; =
gi7/(2ld)).

The momentum-space curvature of this rescaled metric is
captured by the Christoffel symbols [25]

Tl = 3 (0% + 0,8, — 0e8l)- 13)
where the explicit k dependence is omitted for brevity. These
symbols encode the dipolar structure of the quantum metric
across the Brillouin zone. Just as the Berry curvature gradient
(the Berry curvature dipole) drives nonlinear Hall currents,
these Christoffel symbols govern the nonlinear corrections to
semiclassical dynamics that give rise to unidirectional trans-
port [19]. In the following, we demonstrate that the emergence
of finite Christoffel symbols serves as a sharp criterion for the
emergence of eMChA in the valence-band sector of tellurene.

d-(0,d x 9;d), 11

] (12)

D. Semiclassical transport and quantum metric

To evaluate the nonreciprocal response of hole carriers in
2D Te, we employ the semiclassical Boltzmann transport the-
ory [42,43], augmented by quantum geometric effects. This
approach establishes a direct connection between the micro-
scopic band topology and the macroscopic eMChA. In this
framework, the current density is given by (V is the volume of
the unit cell)

. _i .
i=-3 grnfn(kx (14)

where 1, represents the semiclassical velocity including ge-
ometric terms and f,(Kk) is the nonequilibrium distribution
function of the n band. For a stationary and spatially ho-
mogeneous system (9 f,/or = df,/dt = 0) and within the
relaxation time approximation, the distribution function
satisfies the Boltzmann equation [42]

fn - f r?

K, - Vify = B— (15)
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Here, 0 denotes the equilibrium Fermi-Dirac distribution,
and 7 is the relaxation time, assumed to be momentum in-
dependent (see discussion in Ref. [19]).

A wave packet constructed from Bloch states belonging
to band n and subjected to an electromagnetic field evolves
according to the semiclassical equations of motion [60,61]

l..n = V,k + l.(n X s~ln(k) + l.(n ' hrn(ag) ' kns (16)

fik, = —e(E + ¥, x B), (17)

where v,k = (1/ Fz)Vkefi) is the group velocity, elﬁ) =&k —
my - B, and my is the orbital magnetic moment. The second
term in Eq. (16) recovers the conventional anomalous velocity
[57], written in terms of the Berry curvature Q,(k), including
the correction arising from the positional shift [61]. The third
term embodies the geodesic contribution generated by the
QMD [25], which is essential for nonreciprocal transport.
In the present work, we retain only the leading geometric
contribution to the velocity equation. Magnetic-field-induced
corrections to the geodesic term, discussed in Appendix A,
originate from the magnetic dressing of interband connections
and involve additional interband matrix elements. In the pa-
rameter regime considered in this work for p-type tellurene,
these contributions are expected to be subleading, as they are
suppressed by additional powers of the pertinent band gaps
[33,61]. The remaining self-consistency corrections generated
by the Lorentz force either appear at higher order in the exter-
nal fields or involve products of geometric tensors beyond the
leading geometric order retained here.

In the dc limit wt < 1 and under a uniform static magnetic
field B, the nonequilibrium distribution function f, acquires a
correction due to the Lorentz force, which is given by

Vi@, E) [ == ). (18)
de,

By substituting the modified velocity r, from Eq. (16) into the
expression for the current density and isolating the contribu-
tion arising from the QMD, which depends on I'"(dg), we find
a nonreciprocal current at order £ 2B [62]:

. I, X
8fu = et[(rn-E) + et( ;

. 26572 u "
8j="5—> Vil(E-T"(dg)- £o) x B]
/' ok
n afl’?

This expression has the structure (vk)omp-(Eo x B), where
&y is a macroscopic polarization emerging from the in-
trinsic inversion-odd potential of the crystal structure. This
expression is consistent with symmetry-based expectations
for magnetochiral transport [14].

By expressing the nonreciprocal current in the tensorial
form 8 j; = Gjjie E;ExB,, we identify the eMChA conductiv-
ity Gjjie tensor as [19]

2572 afo
Gijke = e Z Vi i €ave Tnen (08)E0.m } daV <— )
nk

h dey
(20

The magnitude of this response is determined entirely by
the interplay between the band velocity and the Christoffel
symbols of the energy-weighted quantum metric. Crucially,
the integrand’s symmetry dictates the vanishing or emer-
gence of the effect: since v; and I'j, are both odd under
inversion (k — —Kk), their product is even, allowing for a
nonvanishing integral. Consequently, G;jx¢ is nonzero only in
noncentrosymmetric systems where a macroscopic polariza-
tion & or a specific chiral arrangement is present, such as in
2D tellurene [19].

The tensor G;jre governs the chirality-dependent contri-
bution to the nonreciprocal resistance. In the presence of a
macroscopic polarization P, the longitudinal resistance ac-
quires the form (see Appendix B 2)

R(L,P,B) = Ro[l + BB* + yemcna I (P x B)],  (21)

where Ry is the zero-field resistance and 8 is the conventional
quadratic magnetoresistance coefficient [58]. The term Yenmcha
quantifies the magnetochiral anisotropy, essentially measuring
the strength of the nonreciprocity driven by the QMD. As
detailed in Appendix B 2, this coefficient is directly accessible
via second harmonic voltage measurements, where the ratio
of the second to the first harmonic signals follows V2*/V®
YeMChA -

Within the semiclassical framework and for the experi-
mental geometry considered here (see inset of Fig. 3), the
magnetochiral coefficient yemcna is related to the tensor G jie
as (see Appendix B 1)

YeMChA X Gwy, (22)

Z

with the linear conductivity

et de, \ > 9 FO
_ n 23
7T iy an (ak) den (23)

Thus, Eq. (21) provides a direct experimental manifestation of
the quantum geometric tensor. By measuring the nonrecipro-
cal resistance, one can probe the underlying momentum-space
geometry of the Bloch bands as encapsulated in the tensor
response of Eq. (20).

III. GEOMETRIC RECTIFICATION:
k-DEPENDENT STARK EFFECT

The physical origin of the nonreciprocal current encoded
in the tensor G;j, admits a transparent interpretation as
a momentum-dependent Stark renormalization of the band
dispersion. In the presence of an electric field E, the
electric-dipole coupling can be eliminated by a similarity
transformation [24], leading to a quadratic correction to the
band energy which can be expressed in terms of a band-
weighted quantum metric.

This result captures the leading contribution of a more
general dipolar wave-packet response, in which both external
electric fields and intrinsic inversion-odd polar fields (&) can
contribute to interband mixing and geometric contributions
[58]. This yields a quadratic correction to the band energy

Ea(k) = e (k) + € (KIE; 4 Eo,llE; + &1 (24)
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FIG. 4. Geometric origin of the nonreciprocal response. (a) Fermi surfaces of the two valence bands in the (k,, k.) plane overlaid on a heat
map of the energy—normalized quantum metric g(k), which is even under k, — —k_, calculated using Eq. (40). (b), (c) The same Fermi surfaces
overlaid on a heat map of the I',,, and T',,, Christoffel symbols, respectively, which is odd in &, and encodes the momentum gradient of the
metric. While the metric-induced Stark energy shift is symmetric in momentum space, its derivative produces asymmetric velocity corrections;
in the presence of a magnetic field, this asymmetry leads to nonreciprocal transport.

where g};(k) is the energy-weighted quantum metric intro-
duced in Sec. I D. Equation (24) reveals that the Stark effect
in a crystalline solid is not merely a feature of the band
dispersion, but also governed by the quantum geometry of
Bloch states [24].

Since the quantum metric is an even function of momen-
tum, g};(k) = &};(—K), the corresponding quadratic energy
shift preserves inversion symmetry in momentum space. This
property is illustrated in Fig. 4 (left panel), where the two
Fermi surfaces of the valence bands are overlaid on a heat
map of the quantum metric in the (k,, k;) plane. The metric
texture is symmetric under k, — —k,, confirming that the
Stark-induced renormalization, while shifting the local energy
levels, does not by itself break the reciprocity of carrier flow.

The situation changes qualitatively when considering the
semiclassical velocity. Since the band velocity is defined as
the momentum derivative of the dressed dispersion, v, =
(1/h)VE,, the quadratic Stark correction in Eq. (24) pro-
duces an additional velocity component

8Una(K) o € [E; + Eo,1[Ej + £0,10,8;(K).  (25)

which is governed by the momentum gradients of the quantum
metric [24,25]. These gradients are naturally encoded in the
Christoffel symbols I‘;‘jz(ag) defined in Eq. (13), which enter
the semiclassical equations of motion through the geodesic
term k - I - k in Eq. (16).

Importantly, while the quantum metric itself is even in
k, its derivatives are odd, such that the Christoffel symbols
satisfy I'7;, (k) = —T'}%, (—K). This antisymmetry is explicitly
shown in Figs. 4(b) and 4(c) for a representative Christoftel
component. As a result, states at opposite regions of the Fermi
surface, k and —K, acquire velocity corrections of equal mag-
nitude but opposite sign.

In the presence of a magnetic field, and within the as-
sumptions adopted in this work, the Lorentz force induces a
circulating motion in momentum space, causing wave pack-
ets to sample different regions of the asymmetric Christoffel
texture depending on the direction of the current. This mech-
anism converts the even-in-k Stark energy shift into an
odd-in-current velocity response, ultimately producing the
rectified contribution to the current captured by the eMChA

tensor Gijre in Eq. (20). The nonreciprocal transport thus
emerges from the interplay of the k-dependent Stark effect, the
quantum geometry of Bloch states, and the Lorentz-induced
mixing of momentum-space trajectories.

A. Absence of metric dipoles in the truncated Hy — H;
valence-band block

It is instructive to contrast the conduction-band mechanism
discussed in Ref. [19] with that of the uppermost valence-
band sector. To this end, we first examine the truncated
2 x 2 block spanned by the Hy and Hs states, as defined in
Sec. IT A. Although this restricted subspace is endowed with
a finite quantum metric, we show below that the correspond-
ing QMDs—encoded in the Christoffel symbols relevant for
eMChA—vanish identically. This demonstrates that the non-
reciprocal response cannot arise within this reduced model
and instead requires the full multiband structure of the valence
band, including the Weyl sector formed by the Hg and Hg
bands.

The effective Hamiltonian for the Hy,—Hs5 subspace, Eq. (3),
can be written in terms of Pauli matrices as

Has(K) = do(K) T + dys(K) - o, (26)
where
do(K) = (A — r)k] + Bk2 — A,
dys(k) = (—2A, —tk] +2ukZ, 2wik,, —=Sik.). (27

For a two-level Hamiltonian of this form, the quantum metric
of either band is determined by Eq. (12). Evaluating this
expression for the H4s block, we find a finite longitudinal
component

S 4A3

(45) _
g k)= ————,
4[4A7 + S7K2]

(28)
where we have set t = u = 0 = w; (see Table I) to focus
on the leading-order geometric contributions. This quantity is
manifestly even in k;, as required by time-reversal symmetry,
and confirms that the truncated valence-band block possesses
a non-vanishing quantum metric.
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In the parameter regime relevant for the Hy,—Hs sector, the
pseudospin vector dss(k) depends solely on k,. This occurs
because the coefficients governing the k; dependence of the
off-diagonal terms are negligible (see Table I). As a conse-
quence, the quantum metric g;; has no dependence on k,, and
we find

082 =0, 08 =0. (29)

It follows immediately that the corresponding Christoffel
symbols vanish,
ra (k) =0,

xzZx

r') k) =o. (30)

This demonstrates that the uppermost valence-band sector,
when treated as an isolated two-band system, is insufficient
to generate any polar magnetochiral anisotropy. We stress that
the result expressed by Egs. (29) and (30) is a property of the
leading k - p truncation of the Hs—Hs block, and not an exact
space-group selection rule.

B. Lowdin downfolding of the Hg, Hy sector
and emergence of finite Christoffel symbols

To elucidate the geometric origin of the nonreciprocal re-
sponse, we examine the full 4 x 4 valence-band Hamiltonian
near the H point, which is written according to Sec. IT A
through Egs. (2), (3), (5), and (7). Next, we employ a Lowdin
downfolding procedure to derive an effective two-band model
for the low-energy subspace [63]. This analytical limit pro-
vides a transparent view of how the perturbative coupling to
the remote Hy and Hg sectors dresses the low-energy states,
thereby generating the nontrivial quantum metric and the as-
sociated Christoffel symbols required for rectification. The
detailed derivation of the effective Hamiltonian is provided
in Appendix C.

Given that | A;| constitutes the dominant energy scale in the
system (see Table I), and noting that the H¢e block resides
far from the Fermi level, we may treat this remote sector as
dispersionless:

Hees (K) = Ar Inys. 3D

Focusing at energies where |E| < |A;|, the Lowdin proce-
dure gives

HT(K) =~ Has(k) + T (k) (E — Hee) ' T (k)

1
~ Has (k) — ~ T&)T(k), (32)

where to leading-order (E — Ay)~! ~ — A, To highlight the
momentum dependence introduced by the remote bands, we
simplify 7 (k) by retaining only the dominant terms listed in
Table I, namely, the linear-k. spin—orbit mixing proportional
to R and the leading k4 k, mixing proportional to v. This yields

—iRk_ n(k)
n*(k)  iRky
which is consistent with the full expressions in Egs. (7) and
(8) in the limit wy, wy, b, s,t — 0. Substituting Egs. (33)

into the Lowdin expansion and discarding subleading terms
in the oy, o, channels that are suppressed by A;, we

T(k) ~ ( ), nk) = —vk_k;, (33)

obtain
TT = (R + |vI*k1&2) Laxo

N 0 2iRv k% k. 34
—2iRv* k2 k, 0 '

The first term, being proportional to the identity, merely
renormalizes dy(k) and thus leaves the quantum geometry
unaffected. In contrast, the second (traceless) term generates
a new pseudospin component into the effective Hamiltonian
HST. This off-diagonal contribution is essential, as it rep-
resents the geometric dressing of the low-energy manifold,
providing the necessary k-space noncoplanarity to generate
nonzero Christoffel symbols.

Writing the Lowdin downfolded effective Hamiltonian as
Higf = d(‘;‘ff Ipxo +d" . o, and restricting ourselves to the
ky — k; plane (we shall set henceforth k, = 0), we obtain in
the simplified Hy — Hs block (setting ¢t = w; = 0 for the bare
block as in Table I)

A (k) ~ —2A, + 2uk?, (35)
2R
dT(k) ~ —A—v K’k, (for real v), (36)
7 2
dzeff (k) >~ =S k., (37

up to an overall scalar shift in d¢". The crucial result is
Eq. (36): downfolding the Hg, Hy sector generates a term
o<k)%kz, which is odd in k, and even in k., that was absent in the
isolated 45 block. This term creates k,-dependent quantum
geometry and activates finite Christoffel symbols.

To evaluate the Christoffel symbols analytically, we con-
sider the effective Pauli vector formed by Egs. (35)—(37) in the
limit # = 0. Substituting these components into the two-level
quantum metric formula in Eq. (12), we obtain the metric
tensor in the (k,, k;) plane as

a? kK2 (STkZ + m?)

gxx(kxv k) = N (38)
T+ RS+ a2k)
a2k, m?
gelhe k) = ik . @)
T2 (4 R2(S2 + akY))
2 SZ 2k4
el by = ST k) (40)

4 (m? + K2(S? + a2k4))*

where we have defined the effective mass m = 2A; and o =
2Rv/A,. As anticipated from symmetry considerations, the
metric components g; remain even under k, — —k,, whereas
their derivatives (and hence Christoffel symbols) are generi-
cally odd functions of k.

The Christoffel symbols are computed following Eq. (13).
For the eMChA geometry of interest, the relevant components
reduce to

Tioe = 2 %Bors Tooe = 08 — 3 0 8eee (A1)
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By evaluating these derivatives, we obtain the closed-form analytic expressions

o?k2k, (2m* + m*STk? — 3m*o*kik? — ST(ST + o?kDK?)

szx (sz kz) =

4(m? + K2(S2 + a2k4))7?
Sa? k3 k2 m*(S? + okY)

, (42)

Fzzx(kxv kz) = -

Both symbols are nonvanishing for generic (k,, k,) coordi-
nates within the Brillouin zone. Figure 4 shows a heat map of
the metric in Eq. (40) together with the symbols in Eqs. (42)
and (43). Crucially, the latter are odd under k, — —k;, as
evidenced by the explicit factor of k, in 'y, and the resulting
parity of the derivatives in I';,,. This odd parity is the defining
feature of the QMD. This result contrasts sharply with the
isolated Hy — Hs manifold, where the metric g, lacks the &,
dependence, leading to 'y, = ',y = 0.

In summary, Egs. (28) and (30) demonstrate that a finite
quantum metric alone is insufficient to generate polar eM-
ChA response. Although the isolated Hs—Hs valence-band
block exhibits a finite, even-in-k metric, its momentum-space
dipoles vanish identically, thereby precluding the QMD rec-
tifying contribution to the current. This result also clarifies
the apparent contrast between the electron- and hole-doped
regimes of tellurene. At the level of the full crystal symme-
try, both eMChA invariants are allowed: the helical structure
permits a chiral term I- B, while the lone-pair polarization
permits a polar term I - (P x B) [16,19]. Which contribution
appears at leading order, however, is determined by the band-
projected microscopic mechanism. In the conduction band
of Ref. [19], the intrinsic QMD response is activated by the
internal polarization field and therefore produces an intrinsic
polar response. Moreover, the absence of a leading chiral term
in that minimal theory is not due to a cancellation between
Weyl nodes but to the polar structure of the QMD tensor itself.
By contrast, the isolated upper valence block naturally sup-
ports the chiral response associated with the axial orbital/spin
texture of hole states, but does not generate a polar QMD
contribution because the relevant Christoffel symbols vanish
identically within the leading k - p truncation of that block.
The polar valence response obtained here is therefore a multi-
band effect: It emerges only after including the remote Hg and
Hg Weyl sector, whose spin—orbit-induced hybridization gen-
erates the missing metric dipole through Lowdin downfolding
and thereby activates the geodesic mechanism discussed in
Sec. IID.

C. Chemical-potential scaling of the nonlinear
transport tensor in the valence sector

Following the conduction-band analysis of Ref. [19], we
evaluate the nonlinear magnetochiral transport coefficient,
Giji, within the constant-relaxation-time approximation. In
this framework, G;jy; is expressed as a Fermi-surface integral
involving the band velocity and the geometric dipole, the latter
being encoded in the Christoffel symbols. For the valence sec-
tor, we restrict the band index in Eq. (20) to the two uppermost
bands (Hs and Hs) and replace the thermal broadening term

8(m? + k2(S2 + a2k))""?

(43)

(

—dfy/0e" with §(e,(K) — ). Here, u represents the chemi-
cal potential measured from the valence-band maximum.

Near the top of the valence sector, the Hy and Hs bands
disperse downward. We approximate these as two parabolic
branches, neglecting the camelback shape, which only con-
tributes to subleading orders to the scaling of G;j;. The
dispersions are

h2k2 h2k2
ea(k) > ——+= — —=, (44)
2my g 2mgy
Pk RPk?
es(k) ~ —4A, — L . 45)

2ml’5 2mZ’5

We set the energy zero at the maximum of the upper valence
band (e4(0) = 0), so u < 0, with || increasing as the system
is doped deeper into the valence sector. The offset 4A reflects
the £ = O splitting of the H; — Hs block. Within this approx-
imation, the band velocity scales as v}'(k) ~ /ik;/m;, and is
therefore odd in k, whereas its derivatives reduce to constants
8,‘1)? = (S,’jh/mj.

As shown in Sec. III B, the Lowdin downfolding of the
higher-energy (Hs, H;) block onto the (H,, Hs) sector intro-
duces an effective pseudospin component to leading order,
as in Eq. (36). This component generates nonzero Christoftel
symbols, given in Egs. (42) and (43). Neglecting higher-order
terms in momentum, the Christoffel symbols scale as

Kk,

k) ~
/ (A2 4 S22 + a2k* K2)

and are therefore odd in k.. Consequently, the integrand defin-
ing G;ji; in Eq. (20) is even in k, yielding a finite contribution
to the Fermi-surface average.

Given that the energy zero is set at the valence-band max-
imum, the chemical potential in the valence regime satisfies
u < 0. It is therefore convenient to introduce the (positive)
energy depth

e=|pl=-pn>0. (47)

Within the parabolic approximation, the Fermi momentum
scales as kz o &, 50 kp ~ J/€.

Evaluating the Christoffel symbol in Eq. (46) at the Fermi
momentum and neglecting the o terms in the denominator
yields

3 £3/2

F —
(A1 +8762)" (Al +sie)

L(kp) o (48)

772>

where we have defined s; = S%. Since the velocity scales as
v(kp) ~ kr ~ /e, while its momentum derivatives are con-
stant, the nonlinear conductivity tensor acquires the crossover
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form
3/2
(e +ea)

Here, the positive crossover energy scale is set by the band-
gap term,

G(g) x (49)

Ep = —1, (50)

up to numerical factors of order unity. The Eq. (49) captures
two distinct limiting transport regimes:

G(e > en)~e ', 61y

G(e K &p) ~ &2, (52)

These limits demonstrate that the gap A; regularizes the non-
linear response close to the band edge (¢ < €,), suppressing
the would-be infrared divergence and enforcing a vanishing
response as ¢ — 0. On the other hand, as the system is doped
deeper into the valence sector (¢ >> ¢4), the influence of the
gap becomes progressively irrelevant, and the response recov-
ers the gapless power-law asymptote G ~ &~1/2,

For a 2D parabolic band, the density of states is con-
stant, hence the carrier density scales as n o« ¢ and the Drude
conductivity o (g)  ¢. Therefore, the ratio of the nonlinear
coefficient to the linear conductivity scales as

2
992a53ﬂ<—ll—>. (53)

o(g) e+ eén

In the experimentally relevant regime (¢ > ¢4), Eq. (53) re-
duces to the power law G/o ~ £~3/2. Conversely, near the
valence-band edge (¢ < €p), the ratio crosses over to the
regularized behavior G/o ~ ¢!/2. This scaling behavior of Eq.
(53) is plotted in Fig. 5 as a function of the chemical potential
for a representative value of the cross-over energy e, = 1072,

This analysis establishes that the polar nonlinear magne-
tochiral response of the valence sector is governed by the
same quantum-geometric dipole mechanism as in the con-
duction band. However, the response here is enabled by the
interband mixing between the low-energy (trivial) and the
high-energy (Weyl-node containing) blocks and is character-
ized by a crossover scale dictated by the intrinsic valence-band
splitting A ;.

D. Order-of-magnitude estimate of the
valence-band eMChA coefficient

We provide a back-of-the-envelope estimate for the mag-
nitude of the valence-band eMChA coefficient, following
the approach used for the conduction-band estimate in the
Supplemental Material of Ref. [19]. The key experimental
observable is the dimensionless ratio between the nonlinear
and linear current densities:

J.ﬂ _ GE B. (54)
JL o

For the valence-band effective Hamiltonian, the Christoffel
symbols scale as I' ~ 3% o o?, because g is quadratic in in-
terband mixing, and the relevant mixing satisfies dveff X .

10*

1034
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FIG. 5. Scaling behavior of the nonlinear magnetochiral re-
sponse in the valence band of tellurene. Log—log plot of the
theoretical scaling of the nonlinear magnetochiral conductivity G
normalized by o as a function of the energy depth ¢ = || measured
from the top of the valence band. Three distinct regimes are identi-
fied: (i) a gap-regularized regime near the band edge (¢ < €,) where
G(e) ~ &2, (ii) a crossover regime (¢ =~ £,) where G(g) ~ GI™,
and (iii) a gapless high-doping regime (¢ > £,) where G(¢) ~ &~'/2.

Consequently,
GB") x a?7? &y x (band-structure factors), (55)

which needs to be compared with the conduction-band
prefactor controlled by the SOI parameters that enter the
Weyl-sector Hamiltonian. This makes transparent why the
valence-band signal is naturally suppressed, since the down-
folded coupling is perturbative in the large scale A, through
o =2Rv/As.

To obtain a simple numerical estimate for the dimension-
less nonlinear ratio, we combine Egs. (54) and (53) in the
experimentally relevant regime (deep enough in the valence
band such that & > €5), and parametrize the nonuniversal
prefactor by a single amplitude A,

=~ A, o

EEB
jL 83/2 ’

N (&> en). (56)

with 7 ~ 10725, & ~10° V/m, E ~5x 10° V/m, B ~
ST, Oexp ~ 107° S, we obtain the compact estimate

JNL 6 <AU ) < o )2(10 meV)3/2
M o (2 —
JL Af)ef Oref &

E B .
X(mumvm)&?) >7)

where o = 2Rv/A; is evaluated from the valence-band
parameters (Table I), and where .Afff denotes an O(1) ref-
erence value encoding the remaining band-structure angular
factors and effective-mass combinations. Eq. (57) shows that
a valence-band nonlinear ratio at the level of 107°-107 is
fully natural for realistic parameters, i.e., about one order
of magnitude (or more) below the conduction-band estimate
of 10™* [19]. This result is consistent with the perturbative
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origin of d;ff o 1/A; and the absence of a low-energy Weyl
enhancement in the truncated (Hy, Hs) sector.

IV. NUMERICAL ANALYSIS

In this section, we numerically investigate the properties
of the valence bands and show how their topology affects the
transport properties through nonanalytical behaviors of both
the density of states and the eMChA tensor. In contrast to
the analytical results of Sec. III, which rely on the Lowdin
downfolding and further approximations, we exactly account
for all bands of the k - p model presented in Sec. II. This
approach allows us to move beyond simple scaling behaviors
toward a comprehensive quantitative theory.

Specifically, we show that the eMChA tensor diverges as
the chemical potential approaches the energy of the Weyl
nodes. While these values of the chemical potential are not
currently accessible experimentally for the valence bands
[40], this numerical evidence confirms that the scaling behav-
ior observed of the eMChA tensor for the conduction bands
in Ref. [19] is indeed a formal divergence. Furthermore, we
establish a connection between the nontrivial topology of the
Fermi surfaces at the top of the valence band and the presence
of discontinuities in both the density of states and the eMChA
tensor derivatives with respect to the chemical potential.

Given the experimental geometry shown in Fig. 3, the
contribution to the nonreciprocal resistance arises from the
G;;y component of the eMChA tensor defined in Eq. (20).
To compute this component, we numerically diagonalize the
valence-band Hamiltonian in Eq. (2) and use finite-difference
methods for derivatives across a k.-k; plane grid at k, = 0.
This momentum constraint is chosen to match the system ge-
ometry, that is, a film in the x-z plane with negligible extension
along the y axis. The summation in momentum space has been
performed by replacing the derivative of the equilibrium dis-
tribution, namely, the Dirac delta function, with an acceptance
region centered at a fixed chemical potential.

In Fig. 6, we plot the rescaled value of the G tensor in
arbitrary units as a function of the chemical potential mea-
sured in eV. We observe that this quantity naturally diverges
in proximity of the Weyl nodes, a behavior driven by the
divergence of the normalized quantum metric at these points.

In Fig. 7, we analyze both the G tensor and the density
of states near the top of the valence band, where only the
two uppermost bands contribute to these quantities. The plot
shows that the change in Fermi-surface topology results in a
discontinuity in the chemical-potential derivatives of both the
density of states and the G tensor. This analysis also reveals
that the influence of the Weyl nodes within the Hg, Hg sector
extends to these observables even when the chemical potential
is far from the Weyl energy. Indeed, the hybridization matrix
T is responsible for the camelback shape of the uppermost
bands not only along k,, but also along k,, as can be seen
on the right panel of Fig. 7. This quarticlike behavior is ab-
sent in the isolated H45 block and is strictly induced by the
coupling to the lower bands, consistent with the downfolding
mechanism discussed in Sec. III. Consequently, the nontrivial
topology of the lower valence bands drives the topological
transitions in the upper valence bands.

= @ |
& 5.0+ °
— X
T~ I
O 951 L %
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i_ E .’o
~= 0.05 | .°00000... ooo
b‘E ..... 1
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FIG. 6. Numerical analysis of the G-tensor. (a) Rescaled value
of the G-tensor component G, (in arbitrary units) as a function of
the chemical potential p. (b) Valence bands structure along the k,
direction at k, = 0. The dashed lines indicate the energy values of
the Weyl nodes in the lower Hg, Hy .

V. EXPERIMENTAL BENCHMARKING

We now benchmark our theoretical predictions against
previously reported second-harmonic transport measurements
performed on 2D «-tellurene devices, as presented in
Refs. [16,40]. The experimental setup and measurement pro-
tocols closely follow those reported in Ref. [40], and are
summarized here for completeness and clarity.

A. Device fabrication and measurement geometry

In Ref. [40], few-layer tellurene flakes were mechani-
cally exfoliated from bulk crystals and transferred onto a
Si/Si0, substrate, with the doped Si layer serving as a global
back gate. Standard electron-beam lithography was used to
define multiterminal Hall-bar-like geometries, followed by
metal deposition to form ohmic contacts. The crystallographic
orientation of each flake was determined prior to contact
fabrication, allowing the longitudinal transport direction to
be precisely aligned with the Z axis of the tellurene lattice.
To isolate the magnetochiral response and minimize spurious
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FIG. 7. Change in Fermi surface topology and associated discontinuities in the G-tensor and density of states. (a) The scaling of the density
of states v in arbitrary units and (b) the G tensor as a function of the chemical potential. A vertical dashed line is placed where the discontinuity
in the derivatives is found. (c) The change of topology in the Fermi surfaces for an energy value equal to the chemical potential where the
vertical dashed lines are plotted in (a) and (b). The different Fermi surfaces per plot for the H, (Hs) bands are shaded from lighter to darker
blue (red), which corresponds to an increase of the chemical potential. The kink marked by the vertical line at u = 0.37 eV, to which no right
panel has been drawn, is caused by the complete disappearance of the Hs Fermi surface.

Hall contributions, a transverse magnetic field B, was applied
perpendicular to both the current direction and the polar axis.
Special care was taken to ensure that the magnetic field align-
ment was maintained within 1° accuracy during field sweeps,
a level of precision essential for the clean detection of the
nonlinear transport coefficients.

B. Second-harmonic transport measurements

Electrical magnetochiral anisotropy was probed in
Ref. [40] using phase-sensitive lock-in techniques. An ac
current /” = Iy sin(wt) was injected along the longitudinal
(z) direction, and the resulting longitudinal voltage V,.(¢) was
recorded. The lock-in amplifier simultaneously measured the
first-harmonic V.2 and the second-harmonic Vzi‘“ signals. The
unidirectional magnetoresistance is described by the relation
given in Eq. (21). For B L P L I, the nonlinear voltage
components can be expressed by

V2(t) = y*RoBPI} sin(wt)
1
= EyiROBPlé[l + sin (Za)t — %)] (58)

where the lock-in detects the component Vé“’ =
(1 /Z)yiROBPlg due to its cosine dependence [40].
The ordinary magnetoresistance follows the relation
V2(t) = Ro(1 + BB*)Iysin(wt), and the component of the

first-harmonic voltage drop detected by the lock-in
amplifier is expressed as V2 = Ro(1 + BB [40]. In these
experiments, the symmetric part of the longitudinal mag-
netoresistance, R(B, I, P)= (R(B,1,P)+ R(B, —1,P))/2,
exhibited only a minor BB? dependence, even at high
magnetic fields up to 10 T. Consequently, deviations from
linearity in R(B, I, P) are negligible within our measurement
range and we can safely use R(B,I,P) ~Ry.

The resistance difference between positive and negative
current, AR = R(B, I, P) — R(B, —I, P), which encodes the
antisymmetric contribution to the unidirectional magnetore-
sistance, can be written as

4v2e AR .
—£ = — =2y*1- (P x B).
Ve Ry

e

(59)

In Ref. [40], phase-sensitive measurements were conducted at
a temperature of 350 mK, with magnetic field sweeps up to
£10 T. An ac current of 10 uA was applied at a frequency
of 13.3333 Hz. Phase-sensitive detection using a lock-in am-
plifier allowed extraction of the UMR signal. The phases of
both the input current and the detection signal are fixed at 0°.
The first-harmonic in-phase (X) component tracked the linear
response, while the second-harmonic quadrature (§) compo-
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FIG. 8. Angular variation of the second harmonic voltage. (a), (b) Longitudinal second-harmonic voltage VHZ‘” (in uV) as a function of the
in-plane angle ¢, measured relative to the Z axis [see schematic in (d) for geometry]. Dotted circles represent experimental data acquired at
T =50 K and B = 9 T, extracted from Ref. [16]. The solid orange and red lines are least-squares fits to the form sz”’(qb) =A, cos¢ +Apsing
for I || Z, and V2*(¢) = A, sin¢ + Ap cos ¢ for I || R, respectively. The black dashed lines isolate the chiral contribution x. (a) For current
I = 1A applied along the Z axis, the chiral-type eMChA dominates, resulting in a minimal polar shift. (b) For current along the %X axis, the
chiral and polar contributions are comparable, as evidenced by the significant angular shift. (c) Typical Fermi surface of the Hy valence band
exhibiting a characteristic radial spin texture. The chiral eMChA dominates for I || Z, where the magnetic texture is largest due to the current
induced spin polarization of holes [29-32,34], while the polar eMChA dominates for I || X due to a small lone-pair polarization component P,
[19]. (d) Schematic of a two-terminal device and experimental geometry. The current I is applied either along the X or Z directions, while the
magnetic field B rotates in the X-Z plane at an angle ¢ relative to the Z axis. This configuration allows for the selective isolation of the chiral

(I-B) and polar (I - (P x B)) components of the nonreciprocal response.

nent, 90° out of phase with the input, was used to quantify
the UMR.

C. Angular dependence—in plane field

The relative contributions from the two types of mecha-
nisms underlying the UMR are reflected in angular scans with
the magnetic field rotated in the x-z plane. For a magnetic field
B = B(sin¢ X + cos ¢ 2), one finds for I || Z:

I-B =1IBcos¢, I-(PxB)=—-IP,Bsing. (60)

Thus, a dominant cos ¢ harmonic signals the chiral I- B con-
tribution, whereas a sin¢ component is the characteristic
polar signature I- (P x B). For fields confined to the x-z
plane, this polar response requires a small but finite P,, cor-
responding to a weak out-of-plane polar component. For I ||
the roles are reversed and one finds

I-B =1/1Bsing, I-(PxB)=1IP Bcosg. 61)

In the left panel of Fig. 8, we show the angular dependence
of the longitudinal second-harmonic voltage VZ%"’ as a function
of the in-plane magnetic-field angle ¢ measured with respect
to the current I || Z, with the data extracted from the Supple-
mental Material of Ref. [16]. The dominant cosine component
(shown as the black dashed curve), with A, &~ 2.7 uV, reveals
the leading chiral contribution proportional to I-B that results
from the large spin polarization of holes [28,33] shown in
Fig. 8(inset) and produced by the driving current [29-32,34],
while the statistically significant sine admixture, with Ap ~
0.5V, signals a secondary polar contribution proportional to
I.(P x B) allowed by the nonzero P || § component [19]. The
polar contribution accounts for almost |Ap /A, | =~ 20% of the
total signal at T = 50K, being therefore non-negligible; it is

expected to become even more significant at lower tempera-
tures. In the right panel of Fig. 8, we show the same angular
dependence of V2 using data extracted from Ref. [16], now
with the current I || X. The fitted values A, ~ 135uV and
Ap ~ —120uV (the sign is consistent with P, < 0 as reported
in [19] for o — Te) produce aratio |Ap/A, | ~ 90%, and shows
that, in this case, the polar and chiral contributions are compa-
rable in magnitude, which follows naturally from the fact that,
for I || X, the spin polarization of holes is much smaller than
forI'|| z [33].

D. Gate dependence—perpendicular field

To single out the polar contribution to the UMR, the
optimal strategy is to set B L I, eliminating the chiral con-
tribution, since in this case B -I = 0. Accordingly, we fix
B || yand I || Z and analyze the gate voltage dependence of the
longitudinal second-harmonic signal measured by the lock-in
amplifier.

A direct comparison between the numerical evaluation of
G/o and the analytical scaling requires a consistent mapping
between the chemical potential © and the experimentally con-
trolled gate voltage V. In a two—dimensional system such
as tellurene, the density of states, v, is approximately con-
stant within a parabolic band approximation, so the carrier
density varies linearly with the Fermi energy measured from
the band edge, n = v|u|. On the other hand, electrostatic
gating changes the carrier density according to the formula
n = C,(V —Vy)/e, where C, is the gate capacitance per unit
area and V; is the charge—neutrality voltage. Combining both
relations leads to a linear relation between chemical potential
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FIG. 9. Electrical magnetochiral anisotropy in the valence bands
of 2D tellurium. The blue squares track the backgate voltage de-
pendence of AR../(R.By), the orange points show the numerical
calculation of yemcha according to Eq. (22), for the eMChA tensor
component G, and the conductivity o, given in Egs. (20) and
(23), up to an overall arbitrary rescaling. The dotted line shows the
theoretical scaling in Eq. (53), where the proportionality constant and
the cross-over energy are determined through fitting the experimental
data.

and gate voltage:

GV = vl
ev '

el (62)
In the numerical calculations, this correspondence is im-
plemented implicitly by converting the gate-induced carrier
density into a Fermi level through the full band dispersion.
In contrast, the analytical treatment employs the same propor-
tionality explicitly within the parabolic-band approximation.
Although the two procedures differ in detail, both rely on
the same physical principle: in two dimensions, the constant
density of states enforces a linear correspondence between
V and p, allowing the numerical and analytical curves of
G(w)/o () to be directly compared on the same voltage axis.

E. Comparison between theory and experiments

Figure 9 presents the experimentally extracted normalized
magnetochiral response, plotted as AR../(R..B,), as a func-
tion of back-gate voltage. These data are recast in terms of the
coefficient yemcna and compared with the theoretical predic-
tion obtained from the QMD formalism developed in Secs. 111
and IV. We find good agreement between the measured gate
dependence of yemcna (1) and the rescaled theoretical expres-
sion derived from Egs. (20), (22), and (23), up to an overall
prefactor that depends on the device geometry and the scatter-
ing time, as discussed in Sec. III D.

In particular, the nonmonotonic behavior observed as a
function of gate voltage reflects the crossover between distinct
valence-band regimes identified theoretically. The suppres-
sion of the response near the top of the valence band is
consistent with the gap-induced regularization discussed in
Sec. 1V, while the enhanced response at larger hole densi-
ties arises from the combined influence of QMDs and the

concomitant reduction of the longitudinal conductivity. Small
deviations from the smooth theoretical trend can be attributed
to Landau quantization and Shubnikov—de Haas oscillations
at finite magnetic field [64] that modulate both the density of
states and the scattering time but do not alter the underlying
geometric mechanism.

Overall, these experimental results provide strong evidence
that the unidirectional magnetoresistance in the valence bands
of tellurene originates from a quantum-geometric mechanism
enabled by multiband hybridization. The strong qualitative
agreement with our analytical predictions, combined with
the quantitative agreement with our numerical calculations,
provides compelling support for the theoretical framework
developed in this work.

VI. CONCLUSIONS

In this work, we have investigated the eMChA in the
valence-band sector of two-dimensional tellurene, establish-
ing a quantum-geometric mechanism for polar unidirectional
magnetotransport in a regime where such an effect would not
be expected on the basis of band topology alone. While our
previous work demonstrated that eMChA in the conduction
band of tellurene is governed by QMDs associated with Weyl
nodes, the present study reveals a qualitatively different and
more subtle origin of nonreciprocal transport for hole carriers.

We have shown that the two uppermost valence bands (Hy
and Hs), which are topologically trivial and do not host Weyl
nodes, possess a finite quantum metric but exhibit identically
vanishing QMDs when considered in isolation. Consequently,
these bands alone cannot generate eMChA. The emergence of
a finite eMChA in the valence band therefore relies on multi-
band effects. Specifically, Lowdin downfolding of deeper
valence bands, separated by a large energy scale A,, gen-
erates additional contributions to the effective low-energy
Hamiltonian. Crucially, the corresponding hybridization ma-
trix elements are explicitly momentum dependent and scale
as k%. These terms enter in the numerator of the Christoffel
symbols that define the QMD, while the energy denominator
is governed by the large and nearly constant scale A,. As
a result, the nonlinear response acquires an extra factor of
k% ~ u relative to the Weyl-node dominated conduction-band
case.

Within a semiclassical Boltzmann framework, we derived
analytic expressions for the nonlinear magnetochiral conduc-
tivity in the valence regime and established its scaling with
chemical potential. It is instructive to contrast this behavior
with that of the conduction bands studied in Ref. [19]. In the
presence of Weyl nodes near the Fermi level, the QMD is
intrinsic to the low-energy bands, resulting in a characteristic
nonlinear response scaling of y (u) ~ /2. In contrast, the
H, — Hs valence-band block considered here is topologically
trivial and free of Weyl nodes. Accordingly, no intrinsic QMD
exists within this truncated description.

This mechanism naturally leads to a modified scaling be-
havior. Close to the top of the valence band, the response
is regularized by the intrinsic valence-band gap, suppressing
nonlinear conductivity. Deeper in the valence sector, where
u is large compared to the gap scale, momentum-dependent
hybridization effects dominate, and the normalized response
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follows a G/o ~ u~3/? power law. We provide extensive nu-
merical calculations that quantitatively validate this picture.
The transition from the p /% scaling observed in the con-
duction band to the ;1 =3/? scaling found here is therefore not
anomalous, but instead a direct consequence of the momen-
tum structure induced by multiband mixing.

Our results highlight the central role of band hybridization
and quantum geometry in nonlinear transport phenomena,
demonstrating that unidirectional magnetoresistance is not
restricted to topological bands. More broadly, they establish
tellurene as a model platform for exploring quantum-
geometric rectification across both electron and hole doping
regimes.

Finally, we return to the symmetry-based resistivity scal-
ing analysis recently reported in Ref. [16], which establishes
a remarkably clear framework to classify the microscopic
origin of eMChA in tellurium through the expansion of
the second-harmonic voltage in powers of the longitudinal
resistivity

VZ(u

I~
In Ref. [16], the term linear in & p was identified as an intrin-
sic contribution, distinct from terms governed by scattering
processes and extrinsic mechanisms. Our results uncover the
microscopic origin of precisely this linear-in-p contribution.
Within our semiclassical framework, the quantum-geometric
eMChA conductivity tensor Gjjx, scales as 72. Since the
experimentally accessed second-harmonic voltage is propor-
tional to oG, and since p ~ 1/t, it follows that G ~ p~2
and the quantum-geometric contribution to the eMChA en-
ters the resistivity expansion, Eq. (63), exactly as a term
proportional to p.

This observation establishes a direct link between the
phenomenological symmetry analysis of Ref. [16] and the
microscopic quantum-geometric mechanism developed in the
present work. In particular, it shows that the linear-in-p term
identified there as intrinsic is not merely symmetry-allowed,
but is in fact governed by the momentum-space geometry
of the Bloch states through the Christoffel symbols of the
energy-weighted quantum metric. The lone-pair polarization
of tellurene acts as an internal built-in electric field that acti-
vates this geometric channel, converting the even-in-k Stark
renormalization of the bands into an odd-in-current velocity
correction under Lorentz deflection.

Looking ahead, the sensitivity of eMChA to band struc-
ture, polarization, and external fields suggests promising
opportunities for engineering nonreciprocal responses via
electrostatic gating, strain, or heterostructure design. Ex-
tending this framework to time-dependent driving, stronger
magnetic fields, or other low-dimensional polar materials may
uncover even richer connections between multiband quantum
geometry and nonlinear electronic transport.
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APPENDIX A: MAGNETIC-FIELD CORRECTIONS
TO SEMICLASSICAL DYNAMICS

In this Appendix, we summarize how a static magnetic
field modifies the geometric contribution to the semiclassical
dynamics. We work in natural units, 7 = ¢ = 1, and denote by
e > 0 the elementary charge, such that the electron charge is
q. = —e and the dipole interaction is written as Hr = ¢E - r.
In our expansion, we keep terms up to O(E’B), i.e., second
order in the electric field and first order in the magnetic
field. The main effects of the magnetic field are two: First, it
dresses the Bloch wave functions entering the dipole matrix
elements; second, it modifies the band energy through the
orbital magnetic moment. These corrections enter eventually
the semiclassical equations of motion through the dressed
wave-packet energy.

1. Geometric quantities

‘We consider an isolated nondegenerate band n of the Bloch
Hamiltonian, with eigenstates H (k)|u,(K)) = &,(K)|u,(k)).
We define the Berry and interband connections as

A" = i), A™ = i), for m # n,

(AD)
where 0; = d/0k;. The projected covariant derivative acting
on band n is |D;u,) = |0;u,) + iAE”)|u,1) and can be expressed
using the interband connection and the completeness of the

Bloch states as

Ditty) = —i Y A" luy). (A2)

m#n

The QGT of the band n can be written in terms of the covariant
derivatives as Q?j(k) = (Djuy|Djuy).

2. Magnetic dressing of Bloch states

We include the static magnetic field through minimal cou-
pling, i.e., k — Kk + eAjp, and choose the symmetric gauge

Ap = 1B x r.

-2

(A3)

Defining k = k 4 eA(r), the induced momentum dressing
ki—ki = 81(,.(3) due to the magnetic field is

8Ki = EeiabBan. (A4)
Expanding the Bloch state to first order in the magnetic field
gives

ie
|itn) = lun) + = €iapBaDpDi|uy).

> (A5)
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Correspondingly, the band energy becomes shifted by the
orbital magnetic moment m,,, &g, = €, — m, - B [33,61].

3. Magnetic correction to the electric-dipole matrix element

The electric field is treated perturbatively through the
dipole Hamiltonian Hg(t) = eE(¢) - r. In the absence of the
magnetic field, the off-diagonal matrix elements of the po-
sition operator are the interband connections, (u,|r;|u,) =
A" for m # n. Due to the magnetic dressing of the unper-

J

mn 4 m n . m 4 U
BrA™ = —Buin| 3 (@A) A 11 3 AT A A

L#£m, p#L.n

2
L#£m,n

turbed basis, these matrix elements are modified as

(|1l = A™™ + 85 A + O(B), (A6)

where

s A = (AP |rilun) + (| ri| D). (A7)

For a generic multiband system, the magnetic corrections can
be written entirely in terms of Berry curvatures and interband
connections as

1 mn mn
g(mjiA; )+ @A) (A8)

For a simpler two-band model, as the one resulting from the downfolding procedure considered in the main text, the only required

off-diagonal element is

5p ALY = —EBae,ub[A(lo)S AD

In using Eq. (A9), all geometric quantities are evaluated for
the unperturbed Bloch Hamiltonian. Writing the off-diagonal
corrections to the Hamiltonian in the dressed basis as

, 0 E- (A% 4+ 5,4°)
T=E a4 541 0 ’
(A10)

the application of time-dependent perturbation theory up to
the second order in the electric field can be done without
worrying anymore about magnetic effects [24,25].

4. Second-order corrections to the band energy

Applying time-dependent perturbation theory to Eq. (A10),
and averaging over the fast oscillations of the electric field, we
get the time-independent result

2
~(2)

52 = Eyo+ — (AL1)

[gl] + 5Bg(S)]

where A = &3 — &30 = A +6m-B + O(B?), A =& — &,

and ém = my — m;. The magnetic correction to the quantum

metric entering Eq. (A11) is just the symmetric part
Sgg(s) Re[.AEOl)cSB.A.(le) + A§01)83.A,(.10)].

Combining the first-order magnetic shift with Eq. (A11), the
full dressed energy can be written as

(A12)

2
) 2e

—ep—my-B+ —— _EE g+ pg"
€p0 = €0 —Mo - +A+8m-B il + Bg]

+ O(E*B?). (A13)

For the tellurium Hamiltonian and geometry considered in
the main text, additional simplifications can be made in the
vicinity of the H point. Neglecting the spin splitting of
the 66’ block and the dispersion of band 4 compared with the
relevant interband gap, the orbital magnetic moment of the
low-energy valence band is approximately aligned with the
crystal axis [33]. For an external magnetic field perpendicular

1
— (22, A" + ijAf.O“)]. (A9)

6

(

to this direction, e.g., B || , the linear Zeeman-line correction
m, - B can be neglected. Furthermore, we approximate A as
constant over the momentum range relevant to the experiment.
Under these assumptions, the dressed energy reduces to

262 s
ESY = €0+ —EiEj i(8ij + 888). (A14)
Finally, it is convenient to define
2¢% -
n= Lije = Tije + 8T ¢, (A15)

and the geometric contribution to the group velocity then
follows from the gradient

Vi 5;3()) = Vi.e0 + uTij EE;. (A16)

For simplicity, in the self-consistent expansion below we
explicitly retain only the external field contribution E;E;.
Restoring the intrinsic polar field amounts to replacing
EE; — (Ei+ & ,)(E;+ &, j), as observed in Sec. III. The
mixed terms linear in £y generate an additional magnetic-
field-dependent velocity correction of the same order as the
one retained in Sec. IID. For the experimental geometry of
this work, this correction contributes to the same longitudinal
nonlinear response channel and is included in the nonuniversal
prefactor A, introduced in Eq. (56). Therefore, it does not
modify the scaling with the chemical potential or the conclu-
sions of our analysis.

5. Self-consistent semiclassical expansion

The semiclassical equations of motion in presence of an
external electromagnetic field are

k=—eE+ixB), f=kxQu+Viig. (Al7)
Here €y is the modified Berry curvature with the positional-
shift correction [61], and all the quantities are referred to the

wave-packet center of mass. We also do not write the time
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derivative of the first- and second-order positional shifts, as in
the dc limit w — O they vanish [25].
Solving the force equation for the electric field gives

1.
E=—k-rxB=
e
kikj 1 . : _ )
EiEj = — + _(kiéjmn + kjeimn)rmBn + O(B ) (A18)
e e

Substituting this last expression in Eq. (A16) and keeping
terms up to O(E?B), we get

~(2 W s
Vklgé,z) = Vi, &0+ e—zrijgk,’kj

+ =1 e (ki€ jmn + kj€imn)imBy + O(B?).  (A19)

R |R=

Moreover, since the Christoffel symbols are symmetric in
i, j, the last term can be written as (2ut)/e I'jjek;(¥ x B);,
dropping the contribution in 85I";;, that would generate terms
of O(B?).

The velocity equation therefore becomes

. - .. 2 .
Fo= Ve + (k x ) + (%(k TRy + {riﬂki@ x B);,
(A20)

where we used the shorthand notation (k T l:()g = i{l‘l;ijgi(j.
This equation is in the form 7, = Ay + Cy,, (K, B) 7,,, where

Ag=Vie+ (k x Q)[+§(k'f~k)g,

21 .
Com = 7Fijfki6jman (A21)
and can be inverted to obtain 7, self-consistently. Up to first
order in the magnetic field, the result is

. 2u
re =\ 8em + ?kirijﬁejman

x <Vkm£ +kx @), + LT k)m> + 0B,
e
(A22)

We observe that the first geometric correction to the lead-
ing geodesic term is its magnetic dressing, k - §gI" - k. This
term originates from the magnetic corrections to the inter-
band connection which, as shown by the explicit wave packet
expansion [61], contains additional contributions associated
with the orbital magnetic moment and is parametrically sup-
pressed by higher powers of the relevant band gap [33]. In
the experimental regime considered in the main text, which
probes the topmost region of the valence bands where there
is always a finite interband gap, we can neglect this sub-
leading contribution. The remaining terms generated by the
self-consistent inversion are explicitly proportional to both
B and I';j,. If we replace k; with the force equation, these
terms either contribute at higher order in the external fields or
involve products of geometric tensors, thereby probing higher-
order geometrical features beyond the leading approximation
retained here.

APPENDIX B: TENSOR ANALYSIS
AND THE eMChA PARAMETER

1. From the nonlinear current response to the SHG tensor y

We start from the constitutive expansion of the ac current
density

Jit) = 0,Ej(t) + 04 Ej(t)Bk + Gijie Ej()E(1)By, (B1)

where G;ji; is symmetric under j <> k, and we retain only
terms up to order E2B. Next, we assume a single-frequency
drive at w and a static magnetic field B,

Ei(t) =Re[Efe™™ + E}”¢™?*], B=const. (B2)

The quadratic term E;(¢)E(t) contains a 2w component that
includes

(B3)

where the factor 1/2 is the standard consequence of taking the
real part.

In a typical second-harmonic transport measurement with
an injected current of frequency w, the source fixes the current
at w but does not inject current at 2w. One therefore imposes
the open-circuit condition at the second harmonic

j*=o0.

Ej()E(t) D 3 EYEP e +c.c.,

(B4)

At order E?B, the Hall term al.(;,f)E By produces a response
only at the same frequency as E (being linear in E), and thus
does not generate a 2w component from a purely w-frequency

drive. Consequently, the 2w component of Eq. (B1) is
= O'ijE]zw + 3 Gij EYEY By = 0, (B5)

where the last equality follows from Eq. (B4).

a. First tensor inversion: p = o~ and E*° in terms of E®

As usual, we define the (linear) resistivity tensor as the
inverse of o,

PimOmj = 8ijy p=0 . (B6)

Left-multiplying Eq. (BS) by p,; gives
EX = —% pai Gije EYE}’ By

a

B7)

Equation (B7) is the cleanest place where the output-channel
inversion (o + p) appears explicitly.

b. Second inversion: E® in terms of j* and emergence of y;jx.

At the fundamental frequency, keeping only the linear re-
lation between j® and E® is sufficient to obtain E>® correctly
to order B2,

j¢ = 0EY + OBE®) = E¥ = pj, j& + OBj*). (BSY)

Any B-correction to E® would generate only O(B?j?) terms,
beyond the order of interest. Substituting Eqs. (B8) into
Eq. (B7) yields

E}” = =1 pui Gije (pjms) (Pini?) Be

= Yamnt ],an)],‘lu BZ, (B9)
so the second-harmonic generation tensor is
E 1
Va(m;z = =% Pai Gijke 0jmPrn- (B10)
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This corresponds to the full tensor inversion: one inversion
in the output index (p,;) and two inversions in the input in-
dices (o, and py,), converting the E“E“B nonlinearity into a
Jj“ j“B response for the generated field. This object also char-
acterizes the electric field E>® generated under open-circuit
conditions at the second harmonic. In an isotropic system,
yE) ~ G/o3.

2. Experimental eMChA coefficient and normalization
by the linear resistance

The experimentally relevant eMChA coefficient is defined
through the nonlinear resistance expansion

R(I, B, P) = Ro[1 + BB* + yemcna I - (P x B)],

and is extracted from the ratio between the second-harmonic
and first-harmonic voltages,
4ij AR 2 I-(PxB)
= — = - (P xB).
Ve Ro YeMChA

(B11)

(B12)

Since both voltages are measured along the same path, V¢
E® and V?® o E®, the geometric factors cancel in the ratio:
VZa) E2w
Vo T Fo-
From the field-based second-harmonic generation tensor de-
rived above,

(B13)

G
20 o, (E) ;2 E) ~
E yJB, vy o3

(B14)

while the fundamental electric field follows from linear re-
sponse,

E®=pj=2. (B15)
o
Combining Egs. (B13)-(B15) yields
V2(u G 3 ~ZB G
_(G/o)J'B _ jB. (B16)

yo jjo o?
Equation (B16) is an exact consequence of the open-circuit
condition at 2w and involves the current density j. To con-
nect with the experimentally defined coefficient yemcha, We
express the current density and the linear resistance in terms
of the total current /,

1 L
A T Ag
where A is the cross-sectional area and L the voltage probe
separation. Substituting Eqgs. (B17) into Eq. (B16) gives

V2o G I G IB
LTl (Z2)(ZE).
Ve o2 A o J\ Ao

Recognizing that 1/(Ac) & Ry/L, and absorbing the purely
geometric factor L into the definition of yemcna, Eq. (B12) is
recovered with the scaling

j= (B17)

(B18)

G

YeMChA ™~ —- (B19)
o

The origin of the scaling yemcha ~ G/o can be understood
by tracking how the three powers of the linear conductivity

appearing in the field-based SHG tensor, y&) ~ G/o3, are
redistributed through experimental normalization. One power
of o is removed when forming the ratio between second-
and first-harmonic fields, E2?/E®, since E® ~ j/o. A second
power is absorbed when converting the current density j into
the total current / and expressing 1/(Ac) in terms of the
linear resistance Ry = L/(Ac ), that appears outside brackets
in Eq. (B11). After these normalizations, only a single inverse
power of the conductivity remains, yielding the experimen-
tally relevant scaling yemcna ~ G/0.

APPENDIX C: EFFECTIVE LOWDIN HAMILTONIAN

To derive an effective 2 x 2 Hamiltonian from the full
valence band one (2), we start from the corresponding eigen-
value problem, which couples the low- and high-energy

subspaces:
Has T vy VY
(7 w)@)=G) e

Here the low-energy components are WV = (14, ¥s)T, corre-
sponding to Hy and Hs representations, while the high-energy
components are ® = (¢, ¢¢)7, associated with Hy and H;.
From the second row of the eigenvalue equation,

T+ Heeg ® = E, (C2)

the high-energy components can be expressed in terms of the
low-energy ones as

D= (E—Hee) ' T V. (C3)
Substituting this expression into the first row yields

HasW +TD =EV, [Has+TE —Hee) ' TV =EW.
(C4)

To retain a quantitatively good description around the Fermi
surface €y &~ 0.455 eV, we can perform a Taylor expansion of
the matrix inverse (£ — Hes) ™' = (€0l — Heg) ™' — (€0l —
E)(eoll — Heg )2 + O(E?) in powers of £ around this energy.
Substituting the expansion and rearranging terms, we find

[(Has + TQT W = SEW, (C5)
where
Q = (ol — Hee) ™" + €oleol — Hee )2,
S=1+T(eol —Heo) T (C6)

Within Lowdin’s perturbation theory [63], this defines an ef-
fective eigenvalue problem with Hamiltonian

Hp = 8_1[7‘[45 — TQTT] (e9))

In Fig. 10, we compare the band energies, the density of states
v, and the G, tensor near the Fermi surface for both the
full (2) and the Lowdin Hamiltonian (C7). We notice that,
although the band dispersion and the density of states are in
a strong quantitative agreement, the G_..,, which requires the
full eigensystem and its derivatives, differs significantly in the
W region considered for the comparison to the experiments in
Sec. V.
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(c)
0.010 -
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AN
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