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Supplementary Note 1: Additional data from other devices on quantum Hall effects

and Shubnikov-de Haas oscillations

To demonstrate the reproducibility of our experimental results, here we present the
complete set of data from another high-mobility device. Supplementary Fig. 1 shows the
longitudinal (Rxx) and Hall (Rxy) resistance measured at 1.7 K up to 31 Tesla. This device
also reaches the quantum Hall states at filling factor v=4. The SdH oscillation pattern
mapping in Supplementary Fig. 2 shows similarity to the device presented in our main
manuscript. Temperature-dependent SdH amplitudes were measured to extract the
cyclotron mass (see Supplementary Fig. 3) which is in accordance with our previous results.
Additionally, extraction of the oscillation phase offset from 8 more devices is presented in

Supplementary Note 4.
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Supplementary Fig. 1| Quantum Hall effect of another high mobility sample.
Longitudinal (Rxx, red) and transverse (Rxy, blue) resistance measured under magnetic field

upto31.4Tatl.7K.
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Supplementary Fig. 2| Rx mapping of another high mobility sample in Vg-B

parameter space.
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Supplementary Fig. 3| Temperature-dependent SdH oscillations and extraction of

cyclotron mass of another high mobility sample.

Supplementary Note 2: Converting Hall resistivity to Hall conductivity with

anisotropic Hall tensor

Although historically it is a common practice to extract the oscillation phase offset from
the longitudinal resistivity (pxx)*?, it is argued that the fundamental quantization occurs in
the conductivity instead of resistivity®*. Hence using pxx instead of oxx can be risky and
will sometimes lead to a phase shift®. Here we first convert the Hall resistivity into
conductivity using the anisotropic Hall tensor and then evaluate the phase offsets extracted

using both methods.



Due to its unique atomic structure, the conductivity of Te is highly anisotropic. Extra
caution needs to be taken when we apply the Hall tensor to convert from the resistivity

matrix to the conductivity matrix. The resistivity ration = pxx/pyy = 1.4 was previously

determined through transport measurements®’. The inverse of the resistivity matrix gives

(Uxx ny) pxx pxy - d b I h NPxx

= 1 , and subsequent We nhave o,, = —————,0yy, =
Oyx Oyy Pyx 7 Pxx quently T pat oy Y
Py
Pxx’? +7lpxy2 '

Next, we shall evaluate whether using resistivity to construct the Landau fan diagram and
extract phase offset is reliable in the case of Te. For some semimetals, because of their high
carrier density, the extreme condition o,, > oy, gives gy,  pyy, hence this will
completely flip the phase. However, in our semiconductor system, this extreme condition
does not hold. By plotting p,, and Ao, (subtracting a smooth background) over a wide
gate voltage range (Supplementary Fig. 4), we immediately notice that the minima in both
curves coincide, suggesting that the phase shift using p,., in this case is negligible and will
not undermine our conclusion. As a matter of fact, we notice that using Ao, in the LL fan
diagram gives us a slight edge in reliably extracting the phase factor (Supplementary Fig.
5). Hence in the main manuscript, the phase offset is extracted using a,., for correctness,
and the rest of the phase offsets included in Supplementary Note 4 are extracted from p,.,,

for simplicity.
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Supplementary Fig. 4| pxx and Aoy, comparison at various carrier density. pyy and

Aoy, (subtracting a smooth background) at carrier density (a) 2.8x10*2cm, (b) 5.8x10%?

cm?, and (c) 8.7x10'2 cm. The minima in py, and Aoy, coincide in all three situations.
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Supplementary Fig. 5| Oscillation phase factor extracted from (a) Aoy, and (D) py-

Supplementary Note 3: Shubnikov-de Haas oscillations in tilted magnetic field

To extract the effective g-factor, SAH oscillations are measured under tilted magnetic fields

to disentangle the cyclotron en

heB

m*

ergy E; =

= and the Zeeman energy E; = g g Brotai-

By rotating the sample to certain angles, one should expect to see the coincidence effect —

the exchange of SdH maxima and minima under the condition E, = E,. Here we measured



our sample in tilted magnetic field, however coincidence effect was not observed until
78.29see Fig. S6), from which we can estimate the upper bound of the effective g-factor
to be 2.68. The real g* may be even smaller given the fact that no clear trace of developing
coincidence effect is observed until such a high angle. This suggests that the Zeeman
energy in Te is much smaller than the cyclotron energy, ruling out a possible source of

phase shift seen in the case of WSe® or n-type black phosphorous®.
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Supplementary Fig. 6] SdH oscillations in a tilted magnetic field. The curves are
separated by 80 Q offset for clarity. No evidence of coincidence effect is observed,

suggesting a small effective g-factor.

Supplementary Note 4: More data on extracting Berry phase




The way we extract Berry phase relies on accurately reading Rxx minima at each filling
factor. Here we only use the SdH oscillation periods where the degeneracy is not lifted,
and all the minima are extracted from the predominant set of oscillations. However, even
the splitting is not resolvable at low magnetic fields, and there is a chance that the energy
splitting within the Landau levels can deviate Rxx minima and cause misinterpretations
when extracting the Berry phase. To eliminate this uncertainty, we extracted Landau fan
diagram intercepts for another 8 devices as shown in Fig. S7, and all of them unanimously
show a & phase shift. This is solid proof that the phenomenon reported in the main paper is

reproducible, and our method of extracting Berry phase is reliable.
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Supplementary Fig. 7| Extracting Berry phase using SdH oscillation phase offset from

8 more devices.



Supplementary Note 5: Weak anti-localization in n-type Te films

Weak anti-localization (WAL) is a phenomenon in the low B field regime that causes the
resistance of a material to show a dip centered at zero. In normal materials there should be
a peak in resistance at zero field, since the magnetic field destroys the localization effect
and reduces the resistivity of the material, which is referred to as the weak localization
effect. However, in systems with strong spin-orbit coupling, the trajectory of the electrons
travelling around the disorder clockwise and counterclockwise will contribute a negative
sign to the wavefunction and the constructive interference will reduce the resistivity. WAL
in p-type Te films has been reported in previous work'%, Here we show some preliminary
WAL data in n-type Te films in Fig. S8 to verify strong SOC in the Te system. More
comprehensive analysis of n-type Te WAL effects is beyond the scope of this work and

will be reported independently*?.
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Supplementary Fig. 8| The weak anti-localization effect in n-type Te films.
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