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IntroductionThe Connection Machine systems provide high{performance computation on large, data{intensive prob-lems and have found successful application in a diverserange of 
oating{point intensive applications. The Con-nection Machine Scienti�c Software Library (CMSSL)(Thinking Machines Corporation, 1993) is a software li-brary designed for e�cient use of distributed memoryarchitectures, in particular the Connection Machine sys-tems CM{2/200 and CM{5/5E. The CMSSL includesmany algorithms commonly used in scienti�c computa-tion, such as routines for dense and sparse matrix ma-nipulation, linear systems solvers, eigensystem analy-sis, Fast Fourier Transforms and Di�erential Equationsolvers. The fundament of many of these algorithms is aset of relatively simple linear algebra operations knownas the Basic Linear Algebra Subroutines (BLAS) (Law-son et al., 1979a, 1979b). In order to achieve high overallperformance, it is necessary to optimize these fundamen-tal operations.Highly optimized BLAS implementations are avail-able on most high{performance computers. Initially,these routines comprised of operations on matricesof rank{1 (vectors). These routines, termed Level{1BLAS, found widespread acceptance amongst develop-ers and were incorporated into a wide array of soft-ware applications. The rise of pipelined computer ar-chitectures, particularly vector computers with a limitedbandwidth to memory (one operand per cycle), revealeda need for codes which could retain a vector of data inthe register set. The Level{2 BLAS were introduced(Dongarra et al., 1988a, 1988b) to operate on matricesof rank{2. More recently, the widespread introduction ofarchitectures with hierarchical memory structures, par-ticularly data caches, led to the design of the Level{3BLAS (Dongarra et al., 1990a, 1990b). These codesoperate on pairs of matrices, and are able to exploit ablocked memory access scheme. Blocked memory ac-cess schemes are becoming increasingly important alsoin noncached memory accesses due to the organization ofmemory chips (Comerford and Watson, 1992, Farmwaldand Morning, 1992).Distributed memory architectures introduce anadded level of complexity into numerical operations suchas the BLAS. Matrices may be distributed across indi-vidual processor memories in many ways. Furthermore,the matrix operands local to each processor may be laid



2 SUPERCOMPUTER APPLICATIONSout in a wide variety of ways. In order to achieve highperformance at both the local and global levels, theCMSSL adopts a hierarchical BLAS strategy. At theglobal level, for any given operation, one of a varietyof algorithms is selected (Mathur and Johnsson, 1994).For example, matrix{matrix multiplication may be per-formed using one of several systolic algorithms. Otheralgorithms, e.g., based on a broadcast of one or moreoperands can also be chosen. The selection is based onthe shapes and sizes of the operands, their distributionacross the memory units, often referred to as layout, theoverall availability of memory on the machine, and es-timates of the performance for the various alternatives.The global software layer for the BLAS on the CM{5/5Eis referred to as the Distributed BLAS (DBLAS) (Johns-son and Mathur, 1992). The ScaLAPACK library (Choiet al., 1992) was introduced as a library for performingDBLAS computations based on speci�c data layouts andgeneric level{3 BLAS routines.The DBLAS controls how data is moved between pro-cessing nodes and which operations are to be performedon each node at each step of operation. Irrespective ofwhich algorithm is selected by the DBLAS, it is stillnecessary to perform operations on the segments of ma-trices local to each node. In order to optimize theseoperations, a second level of BLAS, the Local BLAS(LBLAS) was designed and implemented. The LBLASfor the Connection Machine System CM{2/200 were de-scribed by Johnsson and Ortiz in (Johnsson and Ortiz,1992). This paper describes the implementation andperformance of the LBLAS on the CM{5/5E.The CMSSL is designed to support languages witharray syntax. Various standards for such languages havebeen proposed, such as Fortran 90 (Metcalf and Reid,1991) and High Performance Fortran (High PerformanceFortran Forum, 1993). Currently the CMSSL supportstwo such languages, namely CM Fortran (CMF) whichheavily in
uenced the design of HPF, and C*, whichis being used as a strawman language for the design ofa standard for a parallel C language. The languagesdetermine the data structures and their representationsand the distribution of the operands upon which libraryroutines are operating. The implementation of the lan-guages determines what information is available to li-brary routines, and heavily in
uences the design of in-terfaces to the library. Library interfaces not only mustbe consistent with the de�nition of the language, butshould also be consistent with the spirit of the language

(libraries are in e�ect extensions to a language), andprovide su�cient information for a high degree of op-timization. High resource utilization is one importantjusti�cation for software libraries. In the CMSSL, arrayoperands are passed in{place, and all parallel computa-tion occurs in a data parallel or \SPMD" fashion.The LBLAS has found application far beyond thescope of the DBLAS. Many applications have been writ-ten which exploit the locally optimized LBLAS. LBLAScalls within CMSSL are used in a number of algorithms,such as linear system solvers and banded system solvers.Though the LBLAS is accessible for \embarassingly"parallel computations through DBLAS interfaces, suchcalls incur an unnecessary overhead when it is known tothe calling program that the distribution of the operandsis such that the computations in fact are \embarass-ingly" parallel. The two tier approach to the BLAS ondistributed memory architectures is justi�ed both froman implementationpoint of view and from a user point ofview. The latter is supported, at the moment, throughpublic DBLAS interfaces and LBLAS interfaces internalto the CMSSL.Section 1 of this paper outlines the type of operationsthat have been implemented in the LBLAS, and howthese di�er from traditional BLAS operations. In or-der to explain the performance and optimizations of theLBLAS, Section 2 brie
y outlines the architecture of theCM{5/5E, placing particular emphasis on the featuresof the CM{5/5E nodes that a�ect LBLAS performance.Section 3 describes the architecture of the LBLAS. Im-plementation issues and measured performance of theLevel{1 LBLAS are described in Section 4, while theLevel{2 LBLAS are presented in Section 5. A brief dis-cussion of Level{3 LBLAS is given in Section 6. Manyof the decisions of loop partitioning and loop orderingfor high performance can not be made until run{time.The mechanism for run{time selection of LBLAS kernelsis discussed in Section 7. The paper concludes with asummary and discussion of results.1 The scope of the LBLAS1.1 FunctionalityThe functionality currently implemented in the LBLASis summarized in Table 1.The functionality of the LBLAS di�ers from the cor-
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 (a)  (b)Figure 1: Implementation of a multiple{instance inner{product call using (a) looping over instance{axis and (b) onemultiple{instance call.Table 1: Functionality of the LBLAS on the CM{5/5E.Function OperationsSCAL Scalar{vector multiplyAXPY Vector plus scalar{vector multiplyDOT Inner product of two vectorsSIP Self inner product of one vectorNRM2 Squared L2 norm of a vectorNRM2SQ L2 norm of a vectorGER Outer product of two vectorsGEMV Matrix{vector multiplyGEVM Vector{matrix multiplyGEMM Matrix{matrix multiplyresponding standard BLAS in a few ways. One generaldi�erence is the lack of scaling variables. The reasonfor this di�erence is that the DBLAS, which the LBLASsupports, was designed without scaling variables for ef-�ciency. In the DBLAS, scaling variables take the formof arrays with rank of one less than arrays represent-ing vectors in the standard BLAS. On the ConnectionMachine systems, the Run{Time System distributes ar-rays evenly over the nodes, with the default subgridshape having axes lengths of approximately equal ex-tents. With this data distribution scheme, a large com-munication overhead may be incurred when scaling pa-rameters are introduced in the DBLAS, since the arrayof scaling parameters is, in general, not aligned with anyother operand. Explicitly aligning the array of scalingparameters with another operand array through the use

of compiler directives may increase the storage require-ments substantially. Therefore, scaling is left to the userin the current DBLAS and LBLAS implementations.1.2 Multiple{Instance OperationsOne distinguishing characteristic of the CMSSL is thatit supports a multiple{instance interface. The need toperform the same operation on multiple independentoperands arise in a wide variety of scienti�c problems,and in divide{and{conquer algorithms. An example isthe solution of Navier{Stokes equations in 
uid dynam-ics, which requires a matrix{vector multiplication ateach grid point (Olsson and Johnsson, 1990). In thetraditional implementation a number of loops would se-rially invoke a call to a matrix{vector product BLAS.In the multiple{instance formulation, the operations ateach grid point are treated as a single call to larger prob-lem. Figure 1 illustrates an inner{product operation ona problem which has an array with a single instance{axisof extent max instances. In Figure 1 (a) a number ofcalls to the inner{product routine are required. In Fig-ure 1 (b) a single function call is required. The bene�tof this formulation is that within the library routine anadditional degree of freedom is available for optimiza-tion. Moreover, this degree of freedom represents em-barassingly parallel computations. We refer to the axis(axes) de�ning the elements of a single operand as theproblem{axis (axes) for that operand, and the other axesas instance{axes. The problem{axis (axes) are alwayspresent, while instance{axes may be absent for a single{



4 SUPERCOMPUTER APPLICATIONSinstance computation. It is entirely possible, in factvery likely because of the data distribution rules usedby CMF and the Connection Machine Run{Time Sys-tem (Thinking Machines Corporation, 1994), that theaxis with stride one in an array is an instance{axis. Asit is often desirable to vectorize operations along the axiswith stride one, the LBLAS are highly optimized for vec-torization along any available axis. Also, the multiple{instance feature generally lowers the overhead associatedwith looping and temporary storage. Most routines inthe CMSSL use the same interfaces for single{instanceand multiple{instance computations.Since any operand for the BLAS has either one ortwo problem{axes, an operand may have one, two, orthree contiguous sets of instance{axes. In the DBLAS,these three sets are identi�ed, and within each set theinstance{axes are folded into a single axis, wheneverthere is more than one axes in the set. The problem{axes together with the folded instance{axis that is pre-dicted to o�er the best opportunities for performanceoptimization are passed to the LBLAS. The LBLASare designed to handle the problem{axis (axes) and oneinstance{axis. The ordering and partitioning of theother instance{axes, if any, is made in the DBLAS call-ing the LBLAS. These tasks remain with the user if theLBLAS is called directly.1.3 De�nitions and notationThe functionality of the currently implemented LBLAScan be cast as a generalized matrix multiplication:CopC  �Copc � AopABopB ; � 2 0; 1where C, A and B are arrays with up to two problem{axes and one instance{axis each. opA and opC are of thetype N or T for normal or transpose, respectively. opBis of type N, T, C, or H, where H is Hermitian (com-plex conjugate transpose) and C is complex conjugate.The combination of these that is implemented dependson which out of six mode parameters that is speci�ed.The mode parameter de�nes how the operands are com-bined. The six modes are presented in Table 2, (whereB implies the complex conjugate of B).The LBLAS directly implement Level{1 and Level{2functions, while Level{3 functions are implemented interms of Level{1 and Level{2 LBLAS (as discussed inSection 6). The Level{3 GEMM operation has been

Table 2: LBLAS modes.Mode Description Operation-2 Conjugate Sub C = C � AB-1 Subfrom C = C � AB0 Noadd C = AB1 Addto C = C + AB2 Conjugate Add C = C + AB3 Conjugate Noadd C = ABimplemented using the M3 method (Hingham, 1992) toachieve maximum performance on complex data.The LBLAS support the four common 
oating{pointdata types, namely single (32{bit real), double (64{bitreal), single complex (64{bit complex) and double com-plex (128{bit complex). The LBLAS contain speci�c op-timizations for 32{bit and 64{bit operations. However,there is currently no speci�c optimization for complexdata types. Complex LBLAS calls are handled as a se-quence of calls to kernels which operate on real data.The shapes of the local arrays for any LBLAS oper-ation can be described in terms of four parameters, p,q, r and m (see Figure 2). p is the number of rows ineach instance in A and C. q is the number of columnsin each instance in A and rows in each instance in B. ris the number of columns in B and C. m is the numberof instances in each of the arrays. The arrays de�nedby the instance{axes must be conforming, and the in-stances ordered in the same way for all operands.Table 3 shows the problem{axes ranks of theoperands C, A and B. Each of these operands has aninstance{axis in addition to the ranks shown in the ta-ble. The permissible values of p, q and r are also shown.�, � and � indicate arbitrary values. Finally, Table 3also shows the number of 
oating{point operations permemory reference for the supported LBLAS functions.2 Architecture of the CM{5/5ETo understand the design and optimizations for theLBLAS described in this paper, some familiarity withthe CM{5/5E architecture (Thinking Machines Corpo-ration, 1991) is required. The CM{5/5E system wasdesigned for up to 16,384 processing nodes, each withits own memory (see Figure 3). A collection of nodes,
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Figure 2: The shapes of the operands C, A and B and the meaning of the parameters p, q, r and m.Table 3: LBLAS operations and matrix ranks (including instance{axis) of the operation CopC  �Copc �AopABopB ; � 2 0; 1.Operation Description Rank Rank Rank p q r Flops/of C of A of B mem refLevel{1SCAL Scale 2 1 2 1 1 � 12AXPY Scale and add 2 1 2 1 1 � 23DOT Inner{product 1 2 2 1 � 1 1SIP Self inner{product 1 2 2 1 � 1 2NRM2 L2 Norm 1 2 - 1 � 1 2NRM2SQ L2 Norm with sqrt 1 2 - 1 � 1 2Level{2GER Outer{product 3 2 2 � 1 � 1GEMV Matrix{vector multiply 2 3 2 � � 1 2GEVM Vector{Matrix multiply 2 2 3 1 � � 2GEMM Matrix{matrix multiply 3 3 3 � � 1 2
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I/OFigure 3: Overview of the CM{5/5E system.known as a partition, is supervised by a Control Pro-cessor (CP), although the nodes may operate indepen-dently in MIMD mode. Each node is connected to twolow latency, high bandwidth interconnection networks;the Data Network and the Control Network. The DataNetwork is generally used for point{to{point interpro-cessor communication, and the Control Network for op-erations such as synchronization and broadcasting. Athird network, the Diagnostics Network, which is notavailable to the user, is used for ensuring the status ofthe system. As the LBLAS performance is dependentonly on nodal performance and not on that of the net-works, these will not be further discussed in this paper.Figure 4 illustrates the architecture of a single node ofa CM{5/5E. The node can be con�gured with four Vec-tor Units (VUs) or no vector units. CMSSL exists forboth con�gurations, but only the version for the CM{5/5E with VUs is highly optimized. The non{VU ver-sion of the LBLAS is not discussed in this paper. Thefour VU's are memory mapped into the node processoraddress space. It serves as a controller and coordinatorfor the VUs. Each VU consists of interfacing and con-trol units as well as a Register File. The Register Filecan be viewed as sixty four 64{bit words, or as one hun-dred and twenty eight 32{bit words. The Register Filein each VU is recon�gurable into sets of vector registers.For example, in 64{bits the Register File can be viewedas a single vector register of depth 64, two vector regis-ters of depth 32 each, four register of depth 16 each, etc.The VU instruction set supports a four{stage pipeline.The maximum vector length is 16.

One signi�cant restriction in the VU instruction setis the lack of support for indirect addressing of registers.This results in a need to explicitly code loop bounds intothe kernels. Kernels with similar structures but whichdi�er in loop extents or register allocations need to beindividually coded and optimized. This results in a largenumber of distinct kernels.The clock frequency of the node processor of theCM{5E is 40 MHz, and the VUs operate at half thisfrequency, which matches the clock rate of the mem-ory. Each VU contains an ALU that can perform amultiply{add or a multiply{subtract operation on 64{bit 
oating{point or integer operands per clock cycle.Thus, the peak performance of each VU is 40 M
ops/sand the performance of each node is 160 M
ops/s. TheVUs also support operations on 32{bit operands, but atthe same performance level as for 64{bit operands.Each VU is designed to address up to 128 Mbytes.The memory size per node is tied to the density of thememory chips used. With 4 Mbit memory chips eachVU has 8 Mbytes of memory, while the use of 16 Mbitmemory technology yields a VU memory of 32 Mbytes.Each VU has a single 64{bit wide data path to mem-ory, giving peak memory bandwidth per node of 640Mbytes/sec.In order to maintain a small package, memory chipsare organized as a matrix with row and column addressesbeing multiplexed onto the same pins. Row accesses arebu�ered allowing for single cycle accesses to columns,while row accesses require several cycles. The VU mem-ory is dynamic RAM, with a DRAM page size of either
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MemFigure 4: Overview of the CM{5/5E Node with Vector Units.8 or 16 Kbytes. If the VU accesses two successive mem-ory locations which are not on the same DRAM page,a DRAM page fault occurs. If a DRAM page fault oc-curs, the pipeline is stalled for 5 VU cycles, and hence itis desirable to implement looping structures within theLBLAS which minimize DRAM page faults.Another performance hazard arising from the nodearchitecture occurs because the VU and its associatedmemory is mapped into the memory space of the nodeprocessor. The node processor has a direct mappedTranslation Lookahead Bu�er, TLB, which generatesthe physical memory locations of the data. With cur-rent generations of the CMOST (Connection MachineOperating System), each of 64 TLB pages addresses 4Kbytes of data. If the data being addressed is on a pagenot in the TLB then the pipeline is stalled for approxi-mately 25 VU cycles. To compound this problem, TLBthrashing can occur. Consider a code which accessesl successive rows of data, in a loop. If the memorystride between rows is greater than 4 Kbytes, then aTLB miss occurs with each row access on the �rst itera-tion through the loop. If l is greater than the number ofavailable TLB pages then the TLB is not able to hold allof the required pages concurrently. In this case, a TLBmiss may occur as often as every vector instruction, oreven every memory access. This severely degrades per-

formance, and a looping structure that minimizes therisk for TLB thrashing is highly desirableOperations on 32{bit data requires special attentionfor optimum performance on the CM{5/5E. The mem-ory units are 64{bit wide. 32{bit data is stored in halfwords. But, each load always brings in a 64{bit word,and every store is a 64{bit store. 32{bit stores are car-ried out as a read{modify{write operation. A read{modify{write instruction requires 3.5 cycles. Thus, iftwo 32{bit results can be stored in the same 64{bit word,then the store can be made in one cycle, or half a cycleper 32{bit word, a speedup by a factor of seven com-pared to storing the 32{bit words individually. Usingboth 32{bit operands in a 64{bit word loaded into theRegister File reduces the e�ective rate of a 32{bit loadto half a cycle.3 The LBLAS architecture3.1 Execution controlThe control of the execution of the LBLAS is dividedamong the Control Processor, the node processor, andthe Vector Units. The LBLAS support two data paral-lel languages; CMF, and C*. The LBLAS also support



8 SUPERCOMPUTER APPLICATIONSthree programming models: CMF or C* with a globaladdress space, CMF or C* with a nodal address spaceusing message passing for internode communication, andCMF or C* in global/local mode. The global/localmode corresponds to the extrinsic procedures option inHigh Performance Fortran (High Performance FortranForum, 1993).The LBLAS code resides in the memory system of theCP. Array data resides in the memory of the VUs, whilescalar data resides in the memory of the CP. This ruleimplies that, for instance, the result of a single inner{product resides in CP memory while the input arraysresides in VU memory. But, the result of a multiple{instance inner{product is an array, which resides in VUmemory. Note however, that the result array is of rankone less than the input operands and thus, in general,will have a distribution di�erent from that of the inputoperands.Upon a call to a routine in the LBLAS, the CP in-vokes the execution of the code blocks on the node pro-cessors it manages. All node processors execute thesame code block in a \SPMD" fashion. Synchronizationof node processors takes place upon completion of theexecution of each code block. The node processors si-multaneously perform a number of tasks, such as the de-termination of array addresses, strides, and loop bounds.The node processors also determine which particular setof kernels shall be executed, and the order of execution.As the `best' kernel to use in any situation depends onthe shape of the operands and their allocation in mem-ory, which can only be determined at run{time, thisdecision of which collection of kernels to use can only bemade at run{time. Selection of a suite of non{optimalkernels for given operands can result in a performancedegradation by more than an order of magnitude; fac-tors of three to �ve are by no means rare. The run{timeselection mechanism must be accurate and fast, so asnot to constitute an undue overhead on the total run-ning time. The decision is made on the basis of thelengths and strides of the problem{ and instance{axes(see Section 7).The node processor receives information from the CPthat includes addresses, strides, and loop bounds. Muchof this information is cached at the node processor,which then performs kernel selection and loop control.The VUs execute the arithmetic instructions containedin the loop body, under control of the node processors.Data is loaded from VU memory into VU registers, op-

erated upon, and then results are stored back to VUmemory.3.2 SchedulingThe scheduling of operations take three levels of memoryhierarchy into account: registers, DRAM pages and theTLB. In addition, for 32{bit operands the computationsare organized to take advantage of both operands in a64{bit word during load operations whenever possible,and in particular, schedules are sought that produce insuccession both operands for a 64{bit word store. Eachlevel of the memory hierarchy corresponds to a loop{nest. Thus, three loop{nests are needed to cover thethree levels of the memory hierarchy. The number ofiterations in a given loop corresponds to a partitioningof the corresponding loop in the next outer loop{nest.The loop{nests correspond to partitioning of the indexspace, as illustrated in Figure 5. The extents of the axesin loops in the innermost loop{nest de�ne subdomains ofthe index space often called register tiles or simply tiles.In the LBLAS, a tile is two{ or three{dimensional. Theoptimization consists of:� determining the size and shape of a tile,� determining the order in which tile axes are treatedwithin a tile,� determining the order in which tiles are treated.As a rule, maximizing the size of a tile is a good idea.However, there are exceptions when more than one tileis required to cover the index space. In general, tiles ofseveral sizes and shapes are required to cover the indexdomain. Tiles are constrained to have a size at mostequal to the size of the Register File. Moreover, in orderto reduce looping overhead, using tile axes extents thatare powers{of{two is bene�cial.All LBLAS codes have a choice of axis for the in-nermost loop; the axis of vectorization. The LBLASinterface supports two potential problem{axes, and aninstance{axis for each operand. Kernels have been writ-ten which are optimized to vectorize over any of theseaxes. In the case of the Level{1 BLAS, the choice is be-tween vectorization over the single problem{axis, or theinstance{axis. The Level{2 BLAS have several choicesas to the ordering of the loops over the problem{axes, aswell as the instance{axis. The ideal loop order for the
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Figure 5: Tiling of the index space for optimum locality of reference.tile with respect to performance can be derived from itsshape and knowledge of the loop overheads and pipelinelosses. Much of the loop overhead is determined by thenode processor's ability to implement the required loopcontrol and loop index updates concurrently with theVUs handling of the loop body. Thus, it is, for instance,better to partition a loop of length nine into a loop oflength �ve and one of length four, than one of lengtheight and one of length one. The optimal order in whichtiles are treated is determined based on load and storeoperations associated with each tile, DRAM page faults,and TLB misses.In the design and implementation of the LBLAS, inaddition to striving for high peak performance, consid-erable attention was devoted to achieving low overheads,i.e., minimizing the problem size required for half of peakperformance, n 12 (Hockney and Jesshope, 1981).In addition to loop partitioning and selecting looporders for high performance, loop unrolling is also usedto enhance performance. The following sections discussfunctionality, design, implementation and performanceof individual LBLAS functions.
4 Level{1 LBLAS4.1 FunctionalitySix Level{1 LBLAS functions have been implemented onthe CM{5/5E. These are SCAL, AXPY, DOT, SIP,NRM2, and NRM2SQ. The �rst three functions di�erfrom the corresponding standard BLAS by the lack of ascaling variable and the inclusion of a multiple{instancecapability. The same di�erences exist for NRM2SQcompared to the standard BLAS L2{norm. NRM2is identical to NRM2SQ, except it does not include asquare root computation. SIP computes a self inner{product. The functionality of NRM2 and SIP is re-quired to support standard BLAS functionality in theDBLAS. Because the LBLAS support six modes, thede�nition of the NRM2, namelyC  C+AAHfC 2 <ghas been extended to <fCg  <fCg+ AAopA .SIP performs the inner{product of a vector with it-self, i.e., C  C +AAopAfC 2 Cg. This function di�ersfrom NRM2 for complex data in that the NRM2 func-tion computes only the real value of the result, whileSIP computes both the real and imaginary componentsof the result. We have found this to be a useful opti-mization when a self inner{product of complex data is



10 SUPERCOMPUTER APPLICATIONS
 

In
st

an
ce

 a
xi

s
Problem axis

2 43

5

1
2

Class-I Class-IIFigure 6: Looping orders of Class{I and Class{� Level{1 LBLAS.desired. For a DBLAS NRM2 operation, each instanceof C may be distributed across many nodes. The squareroot operation on the result cannot be performed byeach of the participating VUs, i.e, each LBLAS routine.The partial results of each instance of C must �rst bereduced into a single result, then the square root of theresult is taken. NRM2SQ does compute the square rootin parallel on all VUs in addition to the functionalityof NRM2. This case is useful when the user performsa multiple{instance NRM2, where individual instancesare completely local to each VU.4.2 OptimizationsAll Level{1 LBLAS routines have been separately opti-mized for 32{bit (halfword) and 64{bit (word) data. Theprimary di�erences between the two cases arise from thesize of the Register File, and from the memory being or-ganized as 64{bit words accessed via a 64{bit data path.Level{1 LBLAS routines limited by the memory band-width for input operands (loads) can achieve close totwice the 64{bit performance in 32{bit precision. Forexample, the peak e�ciency for an inner{product onreal data in 64{bit precision is 50%, while in 32{bit pre-cision the peak e�ciency is 100%. For operations witha relatively large number of output operands, optimiza-tion for 32{bit operands may yield a sevenfold speedup.

In order to realize this speedup, care has to be taken toensure that the stored data is aligned with word bound-aries.The loop orderings of the Level{1 LBLAS kernels aredivided into two classes. Referring to Figure 6, Class{I kernels are vectorized with the instance{axis inner-most. After loading a segment of the instance{axis intomemory, the algorithm steps along the problem{axis.Class{� kernels are vectorized with the problem{axisinnermost. One entire instance is computed prior to thefollowing instance being addressed.Before describing the optimization in detail, we sum-marize the peak performance and half{performance vec-tor lengths achieved for the Level{1 LBLAS on theCM{5E in Tables 4 and 5. The peak performanceswere achieved using either Class{I or Class{II kernels,whichever gave better performance with its optimal lay-out. Thus, the layout for Class{I kernels has unit stridealong the instance{axes.Referring to Table 4, the asymptotic e�ciency real-ized by the LBLAS kernels for 64{bit data is seen tobe in the range of 85 to 98%. For 32{bit data the ef-�ciency can sometimes be more than doubled by usingboth operands in a 64{bit load and computing in succes-sion both operands for a 64{bit store (see sections 4.2.1and 4.2.2).It is clear from Table 5 that n 12 for 64{bit data de-



Local BLAS for the CM{5/5E 11Table 4: CM{5E peak measured node performance on Level{1 LBLAS, R1.Function Peak Number of instancesMFlops/s 1 2 3 4 5 7 10 16 32DSCAL 40 34.0 34.0 34.0 34.0 34.0 34.0 34.0 33.9 34.0DAXPY 53.3 47.5 47.5 47.5 47.5 47.5 47.5 47.5 47.4 47.4DDOT 80 72.6 72.8 73.0 73.4 73.1 73.3 73.1 73.8 74.1DNRM2 160 154.5 154.7 155.2 155.0 154.7 154.7 153.9 155.4 154.1SSCAL 53.3 47.5 47.5 47.5 47.5 47.5 47.5 47.3 47.2 47.0SAXPY 80 73.0 73.0 73.0 73.0 73.0 72.8 72.8 72.6 72.3SDOT 160 139.0 139.8 140.2 140.3 140.5 139.7 138.6 147.4 145.3SNRM2 160 155.2 155.4 155.4 155.4 155.4 155.0 155.0 155.7 155.2Table 5: Level{1 LBLAS CM{5E half{performance vector length n 12 .Function M
op/s Number of instances1 2 3 4 5 7 10 16 32DSCAL 20.0 7 6 5 3 2 2 4 2 2DAXPY 26.7 6 4 4 2 2 1 2 1 1DDOT 40 24 15 10 6 5 3 3 2 2DNRM2 80 42 36 22 11 9 7 7 5 4SSCAL 26.6 32 32 32 32 32 32 16 3 2SAXPY 40.0 33 33 32 33 33 33 33 16 2SDOT 80 148 102 89 88 88 80 64 12 12SNRM2 80 59 52 40 16 16 8 6 6 6creases rapidly as a function of the number of instances.The performance of the node processor is su�cientlyhigh compared to the VUs that the looping overhead isvery low in executing the kernels, resulting in high e�-ciency. The n 12 is either 1 or 2, even for relatively fewinstances per VU.The 32{bit data shows a somewhat di�erent pattern.The peak performance for 32{bit data is realized whenthe stores to memory are performed in 64{bit precision(see Section 2). In order to realize the added perfor-mance from this feature, a minimum vector length onthe order of the tile size is required (see Table 6). Then 12 remains relatively constant, at the tile length, un-less there is a su�cient number of instances to �ll a tilealong the instance{axis, at which point n 12 drops signif-icantly. The n 12 of the kernels utilizing 32{bit stores isapproximately equal to that of the corresponding 64{bitkernels.The set of tile shapes, vector lengths, and loop un-
rollings used by the Level{1 LBLAS kernels are sum-marized in Table 6. As a rule, Class{I kernels are fullyunrolled, while Class{� kernels are not necessarily fullyunrolled. For fully unrolled kernels the unrolling depthis determined by the vector length being used (maxi-mum 16), and the number of available registers. Thetile shapes are speci�ed with the problem{axis length�rst, and the instance{axis length second.For all reported timings, the layout of the operandsis optimal for the kernel being considered. Thus, for in-stance, for a Class{I kernel the stride along the instance{axis is assumed to be one, and the stride along theproblem{axis is equal to the length of the instance{axis, i.e., M . For Class{� kernels, the stride along theproblem{axis is one, and the stride along the instance{axis equal to the length of the problem{axis.In the plots of kernel performance that follow, thereare generally periodic ripples in the performance curves.The ripples are generally a function of the tile shape and



12 SUPERCOMPUTER APPLICATIONSTable 6: The set of tile shapes, vector lengths and loop unrollings used for the Level{1 LBLAS.Function Loop Tile Vector UnrollingOrdering shapes Length DepthfP, Mg fP, MgDSCAL Class{I f8, 8g 8 f8, 1gClass{� f32, 1g 16 f2, 1gDAXPY Class{I f8, 8g 8 f8, 1gClass{� f32, 1g 16 f2, 1gDDOT Class{I f8, 8g 8 f1, 8gClass{I f16, 4g 16 f1, 4gClass{� f64, 1g 16 f4, 1gDNRM2 Class{I f8, 8g 8 f8, 1gClass{� f16, 1g 16 f1, 1gSSCAL Class{I f4, 16g 16 f1, 4gClass{� f64, 1g 16 f4, 1gSAXPY Class{I f4, 16g 16 f4, 1gClass{� f64, 1g 16 f4, 1gSDOT Class{I f8, 16g 16 f16, 1gClass{� f128, 1g 16 f8, 1gSNRM2 Class{I f1, 16g 16 f1, 1gClass{� f16, 1g 16 f1, 1gunrolling. There is a distinct performance gain availablefrom decomposing the problem exactly into an integernumber of tiles. If this is not possible, then a penaltyfor under utilizing the tile is accrued. On small prob-lems, under utilizing tiles can signi�cantly a�ect per-formance. To minimized this e�ect, certain kernels alterthe tile shape for small problems. For example, considera problem with an axis length of 9, where the tile ex-tent along that axis is 8. The kernel will decompose theproblem into two tiles of size 5 and 4 respectively, ratherthan tiles of 8 and 1. Due to pipeline startup costs, theminimum instruction execution time is 4 cycles, evenfor vectors shorter than length 4. Hence, decomposinginto tiles of extent 5 and 4 will take 5 + 4 = 9 cycles,while a decomposition into extents of 8 and 1 will take8 + 4 = 12 cycles. By changing the tile shape, 3 cycles,or 25% of the execution time can be saved.4.2.1 SCAL and AXPYThe SCAL operation computes CT  ABT , where Cand B are two{dimensional arrays (one of which is aninstance{axis) and A is a one{dimensional array. Thefunction is performed by loading B into the register �le
and using a chained vector multiplication. As the CM{5/5E cannot simultaneously support chained stores andloads, the result is stored with a separate vector instruc-tion. Similarly, the AXPY operation performs the func-tion CT  CT +ABT .Figure 7 shows the e�ciency as a function of the num-ber of instances for the DSCAL{I and DAXPY{I andDSCAL{II and DAXPY{� kernels. The extent of theproblem{axis for the timing of the Class{I kernels is 128,while the extent of the instance{axis for the Class{I ker-nels is eight. Since DSCAL performs one multiplicationper two memory references, the maximum e�ciency is25%. DSCAL{� achieves a peak e�ciency of approx-imately 22% and DSCAL{I a peak of approximately23%. DAXPY performs a multiply{add operation forevery three memory references, at best. The maximumattainable e�ciency is 33%. Both the DAXPY{I andDAXPY{� kernels achieve a peak e�ciency of approx-imately 31%.The maximum vector length used in the Class{I ker-nels is eight, which is visible as a ripple in the corre-sponding plot in Figure 7. For the Class{� kernels themaximum vector length of 16 is used together with an
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DAXPY IIFigure 7: E�ciency of the DSCAL and DAXPY kernels.unrolling depth of two, resulting in performance peaksseparated by 32 elements.Due to the loop ordering of the DAXPY{I kernel, it issusceptible to TLB thrashing. This is visible in Figure7 as a sharp dropo� in performance at 256 instances.An extra loop is placed around the kernel in order toalleviate this problem, as can be seen by the curve forDAXPY{I with TLB protection.The SCAL and AXPY functions are the ones mosthighly dependent on memory bandwidth of any of thecurrently implemented LBLAS. The factor of sevenspeedup available by implementing two 32{bit stores asa single 64{bit store tends to dominate the performanceof the 32{bit kernels. Both Class{I and Class{� kernelshave been written which exploit this fact. The combi-nation of axis of vectorization and unit{stride results ina large number of kernels. A total of 27 32{bit kernelshave been implemented.The SSCAL kernels have characteristics very similarto the SAXPY kernels. We only discuss the latter here.The SAXPY{I and � kernels have been optimized forunit stride access on either B or C, but not both. Thenon{optimized kernels for a general (non unit) stride onboth B and C achieve a peak e�ciency of approximately16%. The theoretical peak in this case is 18%, becausethe inner loop of the kernel requires two 32{bit loads(1 cycle each) and one 32{bit store (3.5 cycles) to per-form two 
oating{point operations. A small speedupcan be achieved when B has unit stride, since loadingan element of B e�ectively only requires 12 a cycle. A

far greater speedup can be achieved when C has unitstride. A load and a store of an element of C each take12 a cycle, yielding a theoretical maximum e�ciency of50%. A further optimization is possible when both Band C have unit strides. However, this optimization hasnot been implemented.The high frequency ripple observed in Figure 8 for theSAXPY{I unit stride kernels is an even/odd stride phe-nomenon. When the instance stride is one or even andthe instances are 64{bit word aligned, then they can betreated as a single block. If the instances are misaligned,then the �rst element is handled separately, and the restof the instances are treated as a single block. In contrast,for an odd stride other than one, alternating instanceswill have alternating alignments (see Figure 9) and webreak the problem into three distinct blocks. The �rstblock is the instances that are 64{bit word aligned (halfof the instances), which are computed by a single ker-nel call with a double stride on the problem axis. Next,the �rst (misaligned) elements of the odd instances arehandled with a call to a general{stride, SAXPY{� ker-nel (invoked with one instance). Finally the rest of theelements of the odd instances are computed by a call tothe unit{stride SAXPY{I kernel, with a problem{axislength of one less than the `true' problem{axis length.In the odd stride cases, the overhead associated withthe extra kernel calls, as well as the reduced e�ciencyof operating on a size 127 rather than 128 problem isapparent in Figure 8. In the case of the C unit{stridekernel this is apparent as an approximately 4% reduc-
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(a) (b)Figure 9: Word alignment of 32{bit data with (a) even and (b) odd (other than one) strides.tion in e�ciency.For the SAXPY{� kernels in Figure 8, ripple occursin the performance curves with a frequency of 8, 16 and32 elements. (This ripple is also present in the SAXPY{I curves, but it is masked by the high{frequency ripple.)The source of the ripple is the high cost of non 64{bitload/stores. Only even, fairly large, blocks of stores canbe implemented as 64{bit operations. Eight (32{bit)stores is the minimumnumber that can be implementedin this way. Blocks of 32 32{bit stores are most e�-cient (for physical implementation reasons). For the Cunit{stride kernel, the cost of 32{bit stores is partic-ularly high, which appears as a ripple with signi�cant
amplitude.Figure 10 shows the performance of the SAXPY ker-nels for small problem sizes. The general{stride andB unit{stride SAXPY{I kernels have an n 12 of approxi-mately 2. As 64{bit stores cannot be exploited with lessthan 8 instances, the n 12 of the C unit{stride SAXPY{Ikernel is 8. The SAXPY{� kernels have similar char-acteristics, with the general and B unit{stride kernelshaving an n 12 of approximately 3, and the C unit{stridekernel an n 12 of approximately 32.4.2.2 DOTThe inner{product C  C +ABT reduces the prod-
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Figure 10: Performance of the SAXPY{I and SAXPY{� kernels on small problems.
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DDOT IIFigure 11: Performance of the DDOT{I and DDOT{� kernels.uct of two vectors to a single element. In the multiple{instance case, the product of a collection of pairs of vec-tors reduces to an array of rank one lower than that ofthe input vectors. Figure 11 shows the performance ofthe DDOT{I kernel for a problem{axis length of 128.This kernel performs approximately two memory ac-cesses per multiply{add operation, so the e�ciency canat best be 50%.Figure 11 shows the performance of the DDOT{�kernel for eight instances. The kernel uses a maximumvector length of eight with an unrolling depth of eight.The combination of vector length and loop unrolling re-sults in performance peaks for problem{axis lengths be-
ing multiples of 64. The performance decreases slowlybetween multiples of 64 elements due to the increasingsigni�cance of lower performing kernels handling the ex-cess elements. The ripple between each 64th elementhas a frequency of eight. It is due to the e�ciency inoperating on axes of lengths being integer multiples ofthe vector length 8. The peak e�ciency in the exampleshown is approximately 46.5%.Figure 11 shows that the Class{I kernels are very e�-cient already for very few instances and a problem{axislength of 128. If the operands have both short problem{axis and instance{axis, then Class{I kernels are gener-ally more e�cient than Class{� kernels, when there are
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SDOT II(General Stride)Figure 12: Performance of the SDOT{I and SDOT{� kernels.four or more instances. For larger problems the layoutof the arrays with respect to DRAM page boundariesdetermines which kernel is more e�cient.Figure 12 shows the e�ciencies of the SDOT{I and� kernels. If the vectors of halfword data are laid out inmemory with unit stride, then it is possible to use half-word loads and stores. With all operands accessed withunit stride, the measured peak e�ciency for the SDOT{I kernels reaches 92% before it drops due to DRAM pagefaults and TLB entry misses. With an odd axis strideother than one, successive halfwords along an axis al-ternate between the �rst and second halves of di�erentfull words in memory. The current set of kernels makeno attempt to exploit halfword loads and stores for oddstrides other than one.When there are few instances, the SDOT{I kernel(both vectors unit stride) is particularly sensitive to vec-tor lengths that do not �t exactly into the registers.The extra elements are loaded with halfword operations,which is relatively very expensive. This results in thesharp peaks observed in Figure 12.The performance of the general stride case is similarto that of the DDOT{I kernel and the case with onevector having unit stride falls between the two.Though only a single element is stored for each inner{product, the relatively high expense for a halfword storemakes it important to also address the issue with half-word stores for inner{products on short problem{axis.The need to perform many small inner{products arisesin explicit codes for the solution of partial di�erential

equations on a regular grid. For instance, the com-mon �ve{point centered di�erence stencil in two dimen-sions result in inner{products of length �ve in each gridpoint. The e�ect of taking advantage of halfword storesfor small inner{products can be signi�cant, however wehave not currently implemented this optimization.In order to support all the modes and precisions,64{bit alignments, and strides of the three operands,the CMSSL currently includes 51 distinct DOT ker-nels. Each kernel tiling is implemented in add, sub andnoadd forms. Thus, the 51 kernels consist of 17 di�erentvectorization schemes. Of these three are 64{bit kernelsand 14 are 32{bit kernels. The 32{bit kernels are opti-mized to take advantage of unit strides along either theproblem{ or instance{axis. This large number of distinctkernels is necessary because of the possible combinationsof 64{bit misalignments associated with performing 64{bit memory operations and 32{bit arithmetic.The e�ciency of the SDOT kernels for small prob-lems is illustrated in Figure 13. The kernels optimizedfor unit stride requires a vector length of at least 16 inorder to exploit the bene�ts of 64{bit loads, and hencehas an n 12 at approximately 16. Local performance max-ima occur at vector lengths that are multiples of 16. TheClass{� kernels show a far less steep performance curve(due to the overhead associated with reduction along theaxis of vectorization). The general stride kernels havean n 12 of approximately 20, and the unit stride kernelhas n 12 of approximately 60.
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Figure 13: Performance of the SDOT kernels on small problems.4.2.3 NRM2, NRM2SQ and SIPThe NRM2, NRM2SQ and SIP LBLAS functions alluse the same kernels. The only di�erence being thatNRM2SQ performs a square root operation. For thepurposes of reporting the overall performance, this isconsidered negligible.The NRM2 routine performs the operation C  C+AAT and has only one input and one output operand.One memory reference per 
oating{point multiply{addsu�ces, giving a theoretical e�ciency of close to 100%.Figure 14 shows the performance of the DNRM2 andSNRM2 kernels. The kernel is not generally memorybandwidth limited, so no optimization for word loads,and stores of halfword data has been implemented. Thecost of memory operations can become signi�cant if theproblem consists of a large number of relatively smallinstances. At present, no optimizations have been im-plemented to exploit this situation.The measured peak e�ciency of both the DNRM2and SNRM2 kernels is approximately 97%. The per-formance drops o� with very large problem sizes, dueto DRAM page faults and TLB entry misses, withoutblocking beyond the register tiles.Figure 14 shows the performances of the NRM2{Ikernels with a problem{axis of length 128, and the per-formance of the NRM2{� kernels for eight instances.With the DNRM2{I kernel the e�ect of TLB thrashingbecomes apparent when the addresses of all of the in-stances do not �t into the 64 TLB entries. In order to�ll the 64 TLB entries, each of which map to 4 Kbytes of

memory, approximately 4�1024�64128�8 = 256 instances arerequired. In the case of SNRM2{I, the e�ect is �rst ap-parent in the region of 512 instances. In order to avoidTLB thrashing, an extra outer loop has been added tothe kernel, such that the inner loop operates only on in-stances for which the addresses �t into the TLB at onetime. The DNRM2{I kernel, for which the performanceis shown, also includes this added loop.Also apparent from Figure 14 is the e�ect of DRAMpage faults and TLB misses on the SNRM2{I ker-nel. The performance degradation without blocking issmaller than for the DNRM2 kernel due to the smallerdata size. For a given stride, page faults are relativelyless frequent. The DNRM2{� and SNRM2{� kernelsboth achieve approximately 99% e�ciency for very largeproblem sizes.Another signi�cant concern in developing the kernelswas low overhead and as smooth a performance behavioras possible as a function of the extents of the problem{and instance{axes. For short axes, the e�ects of theminimum vector{length{four based instruction set forthe VUs, and the node processor overhead for loop con-trol, are signi�cant concerns. Figure 15 illustrates theperformance of the kernels for small problems. Figure 15clearly shows the smoothness of the performance curvesin the very short axis region. It is apparent that then 12 for the Class{I kernels is approximately 3, and thatof the Class{� kernels approximately 40. The lowere�ciency of the Class{� kernels arises because of theoverhead incurred in the reduction along the direction
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SNORM IIFigure 15: Performance of the DNRM2 and SNRM2 kernels for small problems.of vectorization.5 Level{2 LBLAS5.1 FunctionalityTwo Level{2 LBLAS functions have been implemented,namely GEMV and GER. As for the Level{1 LBLAS,the main di�erence compared to the standard BLAS isthe exclusion of scaling parameters and the inclusion of amultiple{instance capability. The LBLAS interface alsosupports GEVM, which is implemented (without per-formance penalty) as a call to GEMV, with the strides

and axis extents appropriately modi�ed. GEVM is notdiscussed further, as it is considered identical to GEMVfor the purposes of this paper.Table 7 summarizes the peak e�ciencies and Table8 the half{performance vectors for the Level{2 LBLAS.The half{performance �gure is computed for square ma-trices. Similar to the peak performance tables for theLevel{1 LBLAS, the peak performances in Table 7 and8 were achieved using the loop ordering that gave thebest performance (see next section) with its optimal ar-ray layout.



Local BLAS for the CM{5/5E 19Table 7: Peak e�ciencies for Level{2 LBLAS with square matrices.Function Peak Number of instancesMFlops/s 1 2 3 4 5 7 10 16 32DGER 80 69.9 70.2 70.4 70.4 70.4 69.4 69.8 69.6 68.8DGEMV 160 140.0 140.3 139.8 140 140.0 139.4 136.3 135.5 135.8SGER 160 122.9 122.9 122.9 122.7 122.4 122.4 122.4 121.1 121.0SGEMV 160 149.6 147.4 146.7 146.9 146.7 146.9 147.0 146.9 147.0Table 8: Half{performance axis length for Level{2 LBLAS with square matrices.Function MFlops/s Number of instances1 2 3 4 5 7 10 16 32DGER 40 6 6 5 4 4 4 4 4 4DGEMV 80 10 8 8 6 6 6 8 8 8SGER 80 32 32 32 32 32 32 32 32 32SGEMV 80 9 8 8 8 8 8 8 8 85.2 OptimizationsFor the Level{2 LBLAS three{dimensional register tilesare used for some loop orders. The tile shapes, vectorlengths and loop unrollings used for the Level{2 LBLASare summarized in Table 9.5.2.1 GERThe LBLAS outer{product operation is performed ontwo two{dimensional arrays A and BT , yielding a three{dimensional array C of shape P �R�M . The numberof instances is M , as before. The input operands eachcontain one problem{axis, while the output operand hastwo problem{axis. As for other LBLAS functions, alloperands have one instance{axis. The loop orderingsavailable to outer{product kernels can be discussed interms of the axes labeling of the destination operand C.Some potential loop orderings are shown in Figure 16.In discussing loop orderings we refer to an axis by its ex-tent, and the loop ordering as a sequence of axes extentswith the order from left to right corresponding to loopsfrom the innermost to the outermost. Thus, PRPRMrefers to a loop order in which elements within a columnis accessed in the innermost loop, the vectorized loop,and columns accessed in the next outer loop. The twoinnermost loops together form the register tile. The nextouter loop handles all tiles along a column, followed by

a loop for all tiles along a row. Multiple{instances arehandled in the outermost loop. Reducing the numberof DRAM page faults and TLB misses may require ad-ditional loop partitioning resulting in up to nine letterstrings de�ning the loop order.For all reported timings for Level{2 LBLAS, the lay-out of the operands is optimal for the kernel being con-sidered, i.e., the strides of the axes are increasing fromthe innermost to the outermost loop. Thus, for instance,for loop ordering PRPRM , the P{axis has unit stride,the stride along the R{axis equals the extent of the P{axis, and the stride of along theM{axis equals the prod-uct of the extents of the P and the R{axes.The outer{product requires that tiles of A and Bbe loaded into the Register File. The loading of Cis chained with the multiplication and addition of theappropriate pieces of A and B. The tile of C is thenstored. One of the tiles of A or B can be kept in reg-isters, while the next tile of that operand is loaded.The process is repeated until one of the vectors is ex-hausted. Then, the next tile of the other vector isloaded. Given a su�ciently large Register File, ap-proximately M (PR + P + R) loads and MPR storesare required, while 2MPR 
oating{point operations areperformed, leading to a maximum e�ciency of approxi-mately 2MPR=(2� 2MPR) = 50%.Kernels which utilize loop orderings PRPRM ,



20 SUPERCOMPUTER APPLICATIONSTable 9: The set of tile shapes, vector lengths and loop unrollings used for the Level{2 LBLAS.Function Loop Tile Vector UnrollingOrdering shapes Length DepthfP, Q, Mg fP, Q, MgDGER PRPRM f16, 16, 1g 16 f1, 16, 1gPRRPM f16, 16, 1g 16 f1, 16, 1gRPRPM f16, 16, 1g 16 f16, 1, 1gRPPRM f16, 16, 1g 16 f16, 1, 1gMPRPRM f2, 4, 8g 8 f2, 4, 1gMPRRPM f4, 2, 8g 8 f4, 2, 1gDGEMV PQPQM f16, 32, 1g 16 f1, 32, 1gPQQPM f32, 16, 1g 16 f32, 16, 1gQPQPM f4, 8, 1g 8 f4, 1, 1gQPQPM f8, 4, 1g 4 f8, 1, 1gMQPQPM f2, 4, 8g 8 f2, 4, 1gMPQQPM f4, 2, 8g 8 f4, 2, 1gSGER PQPQM f16, 16, 1g 16 f1, 16, 1gPQQPM f32, 32, 1g 16 f2, 64, 1gMPQPQM f8, 4, 8g 8 f8, 4, 1gMPQPQM f2, 4, 16g 8 f2, 4, 1gMPQQPM f8, 4, 8g 8 f8, 4, 1gMPQQPM f4, 2, 16g 16 f4, 2, 1gSGEMV PQQPM f64, 32, 1g 16 f4, 32, 1gPQPQM f32, 64, 1g 16 f2, 64, 1gQPQPM f8, 8, 1g 8 f8, 1, 1gMPQQPM f4, 3, 16g 16 f4, 3, 1gMPQQPM f8, 7, 8g 8 f8, 7, 1gMQPQPM f3, 4, 16g 16 f3, 4, 1gMQPQPM f7, 8, 8g 8 f7, 8, 1gPRRPM , MPRRPM and MPRPRM have been im-plemented. By manipulating the strides and axes orderin the routines' argument list, the kernels can emulatethe loop orderings RPRPM , RPPRM , MRPPRMand MRPRPM , respectively. The remaining loop or-derings either can be shown to yield lower e�ciencythan these orderings, or when implemented were foundto yield no signi�cant advantage. The choice of whichkernel to invoke is made at run{time and is dependenton the strides and lengths of the result matrix C (seesection 7).Generally, kernels with P{axis vectorization shall beused when the P{axis of C has smallest stride. If the R{axis has smallest stride, then the same kernels are usedwith the A and B operand arguments switched. Forexample, the PRPRM kernel then e�ectively becomes
a RPRPM kernel.Figure 17 illustrates the performance of the PRPRMand PRRPM kernels with eight instances. The mini-mum number of memory cycles for the PRPRM kernelis approximately 2PRM+RM and that of the PRRPMkernel is approximately 2PRM+PM . For oddly shapedmatrices, it is bene�cial to use the PRRPM kernelwhen R � P . In all other cases, the PRPRM kernelis marginally to signi�cantly faster, because it incursfewer page faults. Also, the PRPRM kernel does notsu�er from the TLB thrashing problem, due to the direc-tion of vectorization. Thus, in most circumstances, thePRPRM kernel is preferred over the PRRPM kernel.Figure 18 illustrates the performance of the PRPRMkernel for small problem sizes. The half{performancevector lengths for this kernel are seen to be in the range
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MPRRPMFigure 16: Loop orderings for GER.of 2 to 4.When problem{axes are short, or the instance{axisis the innermost axis of C, then vectorization alongthe instance{axis often yield the best performance.Thus, kernels with the loop orderings MPRPRM andMPRRPM have been implemented. The performanceof these kernels is shown in Figure 19. It is appar-ent from this Figure that the peak performance of theinstance{axis vectorized kernels is signi�cantly less thanthat of the row{axis vectorized kernels (Figure 17). Thereason for this disparity is that the instance{axis vec-torized kernels require two{ and three{dimensional tilesto be stored in the Register File. The problem{axis vec-torized kernels require only one{ and two{dimensionaltiles. For example, the PRPRM kernel has a tile withP{ and R{axis lengths 16, but the MPRPRM kernelhas a tile with extents 8, 4 and 2 along the M{, P{ andR{axis, respectively. Three dimensional tiles have smallextents resulting in the reduction in e�ciency evidentin Figure 19. The instance{axis kernels also su�er fromTLB thrashing. A loop{nest has been added in order tominimize the impact of this phenomenon.The looping orders that have been implemented forthe 32{bit GER kernels are similar to those for the 64{bit kernels. Performance of the SGER kernels is illus-trated in Figure 20. Using only 32{bit loads and stores,the asymptotic performance level of the kernels is some-what less than two 
oating{point operations for each4.5 memory cycles (due to the 3.5 cycle cost of a 32{bitstore), or an e�ciency of 22% (not counting the cycles

for loading A and B etc.)The performance of the GER kernels is dominatedby the time to load and store C. The 32{bit kernelshave been optimized to exploit 64{bit memory opera-tions on C. The e�ciency of thusly optimized versionsof the PRPRM and MPRPRM kernels is shown inFigure 21. The asymptotic e�ciency of these kernels is100%.The e�ects of blocking are particularly apparent inthe performance curves of the kernels optimized forunit{strides. This is due to the relatively large over-head of the non unit{stride stores which must be per-formed on the tail{end of the axis when the axis lengthis not evenly divisible by the block size (in Figure 21 theblock size is 16). As the size of the operands increases,the relative cost of these additional stores diminishes,so the amplitude of the ripples decreases as axis{lengthincreases.5.2.2 GEMVThere are 36 choices for loop orderings of matrix{vectormultiplication, C  AB, where A is of shape P �Q, Bis Q � 1 and C P � 1. One of the interesting loop or-derings for matrix{vector multiplication corresponds tothe Level{1 LBLAS routine AXPY; a sequence of oper-ations Z(:) X(i)A(:; i) + Z(:) are performed. But, inGEMV the accumulation vector Z(:) is allocated to theRegister File and elements of the vectorX are preloaded.The columns A(:; i) are loaded from memory as needed.
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along the Q{axis, every V Lth element along this axis isadded together. A �nal reduction on V L partial sumsis required.For matrix{vector multiplication with multiple{instances, one can simply put the instance{axis outer-most. But, for large strides along the problem{axes,vectorizing along the instance{axis (Figure 22) mayyield better performance even though no reduction takesplace along the M{axis. This involves the sequence ofoperations z(i; :) x(j; :)A(i; j; :)+z(i; :) (with the free-dom of switching the i and j loops).Interesting loop orderings without a need to considerDRAM page faults and TLB misses are any ordering offP,Q,Mg within a register tile (called inner loops) fol-
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P = R = 1Figure 20: Performance of the PRPRM and MPRPRM SGER kernels.lowed by any ordering of fP,Q,Mg for looping over tiles(called outer loops). Fortunately, �ve loop orderings(the ones marked with asterisks in Tables 11 and 12)su�ce to guarantee optimal or close to optimal perfor-mance for all shapes and allocations of the operandsA;B, and C. These loop orderings are: PQPQM(AXPY like), PQQPM (AXPY like), QPQPM (inner{product like),MPQQPM (instance{axis vectorization)and MQPQPM (instance{axis vectorization).Figure 23 shows the performance of the kernels withloop orderings PQPQM and PQQPM . The registertile shapes for the two kernels are f�; �; 
g = f16; 32; 1gand f32; 16; 1g, respectively, where f�; �; 
g are the ex-tents of the tile in the P , Q and M dimensions, respec-

tively. Because these kernels vectorize along the P{axisof A, the P{axis has been chosen as the independentvariable in Figure 23. The load/store time complexity(ignoring DRAM page faults etc.) of the PQPQM looporder is (2P + PQ + QP� ), and that of the PQQPMloop order is (Q + PQ + 2PQ� ). When both P and Qare large, both of these are dominated by the PQ termand hence their performances are approximately equal.With unit stride on the P{axis, the PQPQM order in-curs less page faults and, in general, is faster than thePQQPM order, particularly when P is large. There-fore, the PQQPM order is used fairly rarely, and thePQPQM order is used when the stride along the P{axisis small or the extent of this axis is large.
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Figure 22: Loop orderings MQPPQM and MPQPQM for matrix{vector multiplication.Vectorizing along the P{axis is generally the most ef-�cient of the three options. Kernels that vectorize alongthe Q{axis require a reduction in the direction of vec-torization. This reduction can result in a signi�cantdecrease in e�ciency. Figure 24 shows the performanceof the kernel with the loop order QPQPM . In Figure24, the number of columns is chosen as the indepen-dent axis, because the kernel vectorizes along this axis.The peak performance of the QPQPM loop order is sig-ni�cantly worse than that of the loop order PQPQM .However, when the stride along the Q{axis is small andthe stride along the P{axis is large, the QPQPM looporder still performs better than the PQPQM loop or-
der. This fact is illustrated in Figure 24, where A hasunit stride along the Q{axis. When the Q{axis is in-nermost and has a large extent, the cost of page faultsreduces the e�ciency of the PQPQM kernel, even forlarge values of P .If A has been laid out with the instance{axis inner-most, or with a relatively long instance{axis, it is of-ten bene�cial to vectorize over the instance{axis. How-ever, because instance{axis vectorized kernels require alarger register set than problem{axis vectorized kernels,their e�ciency is signi�cantly lower. Two instance{axisvectorized GEMV loop orders have been included inthe CMSSL. These are MPQQPM and MQPQPM .
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Figure 24: Performance of the QPQPM and PQPQM DGEMV kernels with the Q{axis having stride one.The register tile that has been implemented is f8; 4; 2g.Several other register tile shapes were investigated, butnone were found to o�er signi�cant bene�t. The twochosen kernels are identical with respect to register us-age, but the inner looping order can be adapted to thelayout of A. For this reason, only the performance ofthe MPQQPM kernel is discussed. The performanceof this kernel on square matrices is shown in Figure 25.The peak performance is signi�cantly worse than thatof the PQPQM kernel when the stride along the P{axis is small. Thus, the MPQQPM kernel is only usedwhen a signi�cant number of page faults would be in-curred vectorizing along the P{axis. These kernels havea small value of n 12 , on the order of 2 or 3, (this can
be read o� of the right{hand set of curves Figure 25).The instance{axis vectorized kernels su�er from TLBthrashing, and an extra level of looping has been addedto minimize this e�ect.The only di�erence in the current LBLAS between64{bit and 32{bit GEMV kernels is that the 32{bitkernels use twice as many registers. This results in agreater 
exibility in the selection of f�; �; 
g. In 32{bits, the PQPQM kernel has the register tile f32, 64, 1g,the PQQPM kernel has a f32, 16, 1g register tile, theQPQPM kernel has a f8, 8, 1g tile, and theMPQQPMand MQPQPM kernels have a f8, 8, 7g tile. The per-formance of these kernels is similar to that of the corre-sponding 64{bit kernels.
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P = Q = 1Figure 25: Performance of the MPQQPM kernel on square matrices.6 Level{3 LBLASThe memory architecture of the CM{5/5E has some ofthe features that prompted the design of Level{2 andLevel{3 BLAS. The primary motivation for the designof the Level{3 BLAS was the appearance of cache{basedmemory systems. By appropriately blocking the accesspattern of the memory references, the application canexploit the speed of the cache. The CM{5/5E vectorunits do not utilize a data cache. However, there isa need for blocking in order to minimize DRAM pagefaults and TLB thrashing. This blocking is already builtinto our Level{2 LBLAS. The Level{2 GEMV kernelsare balanced between arithmetic load and memory loadfor a single data path to memory, except for the vectorloads and stores. Thus, on the CM{5/5E, only a rela-tively small gain can be expected from a Level{3 LBLASfor most matrix shapes. We estimated the gain basedon memory bandwidth requirements for many matrixshapes to 10 { 15%.Though the estimated gain for Level{3 LBLAS ker-nels was small, we implemented several DGEMM ker-nels using Level{3 blockings. But, the performance ofthese kernels never exceeded that of the correspondingLevel{2 kernels, and was often signi�cantly worse. Thereason for this result is that Level{3 kernels require alarger working data set to be held in the registers. Thisnecessitates that the lengths of individual vector instruc-tions be short, which in turn may increase memory traf-�c and overhead. Thus, no Level{3 LBLAS is includedin the CMSSL and the LBLAS GEMM is implemented

by calls to Level{2 kernels.GEMM for real data is performed by a sequence ofcalls to a single kernel. One of the matrices is decom-posed into a set of vectors, and the operation is per-formed as a sequence of either matrix{vector, or vector{matrix multiplications.Complex multiplication is often decomposed as fourreal multiplications and four real additions. Similarlyfor complex matrix{matrixmultiplication, which resultsin a complexity of f4
n3+ lower order termsg on ma-trices of size n�n. For complex operands, the M3method (Hingham, 1992) makes use of a decomposi-tion of complex multiplication into three real multipli-cations and �ve additions, resulting in an overall com-plexity of f3
n3+ lower order termsg. In the case ofthe CMSSL implementation of GEMM, theM3 methodleads to a speedup of 10 { 15% over the four multiplica-tion method, for su�ciently large matrices. When thematrices are small, it is not bene�cial to use the M3method and the traditional approach is retained.7 Kernel selectionThe kernel invocation is a run{time decision that mayhave signi�cant performance impact. Often entire appli-cations are heavily dependent on one or more LBLAScalls inside an inner loop. The di�erence in perfor-mance of two kernels on a given layout can be as muchas an order of magnitude. It is therefore important togive every consideration as to how the kernels are se-



Local BLAS for the CM{5/5E 27Table 10: Kernels available to selection mechanisms.Operation Kernel Options Level{1DSCAL and DAXPY Class{I, Class{I (with TLB protection), Class{�SCAL and SAXPY Class{I: General stride, C unit stride, B unit strideClass{�: General stride, C unit stride, B unit strideDDOT Class{I: f1;8; 8g f1;16;4gClass{�SDOT Class{I: General Stride, Unit stride (9 choices depending on layout)Class{�: General Stride, Unit stride on one operand,Class{�: Unit stride on both operandsSIP as with NRM2DNRM2 Class{I, Class{�SNRM2 Class{I, Class{�NRM2SQ as with NRM2 Level{2DGER PRPR, PRRP , MPRPRM ,MPRRPMSGER Each with general or unit stride: PRPR, PRRPMPRPRM ,MPRRPMDGEMV PQPQM , PQQPM , QPQPM , MPQQPM ,MQPQPMSGEMV PQPQM , PQQPM , QPQPM , MPQQPM ,MQPQPMlected. On the other hand, kernel calls for small prob-lems execute very rapidly, and any overhead incurredin deciding which kernel to invoke can result in a sig-ni�cant degradation in performance. Several strategieshave been adopted to minimize the cost of kernel selec-tion. Firstly, a low{overhead interface to the LBLAShas been implemented. This interface utilizes a set ofcached parameters, whereby only the parameters thatchange between calls need to be changed when invokingthe LBLAS. Secondly, the kernel selection mechanismshave a mechanism for determining that a small prob-lem is at hand and that the overhead for selecting theoptimal kernel may well be worse than that of an incor-rect kernel selection. In this case, a less rigorous butquick selection is made. Furthermore, the kernel selec-tion mechanism is only invoked if certain parameters,such as axis extents, change. Therefore, if the kernelcall is embedded in a loop where, for instance, only theaddresses of the operands changes, the kernel selection isbypassed after the �rst iteration. When kernel selectionhas been done, the addresses of all of the appropriateadd, sub and noadd kernels (see Section 4.2.2) are storedand each can be repeatedly invoked. This is useful, forexample, when executing successive kernel calls in order
to implement complex arithmetic. Only a single kernelselection is made, while four kernel calls are invoked.If a `large' problem is to be executed, it is importantthat the kernel that is selected is close to optimum inperformance. Table 10 shows the choices that the se-lection mechanism must make for the available LBLAS.The key factors in determining this selection are the ex-tents and strides of the axes of the operands. Severalmechanisms were tested in order to determine whichprovided the most accurate and fastest evaluation. Inalmost all cases it was found that the quickest and mostaccurate method was to determine the order of the axesin increasing stride. If the axis with the smallest stridehas a su�ciently long extent (typically on the order of8 to 16), then the kernel that vectorizes over this axisis selected. When more than one kernel exists with thesame vectorization (e.g. DDOT and DGER), then it isnecessary to examine the other characteristics of the ar-rays. The kernel selection of the Level{2 LBLAS is typ-ically based on the operand that is a three{dimensionalarray, rather than those that are two{dimensional, be-cause the three{dimensional array typically dominatesthe execution time.



28 SUPERCOMPUTER APPLICATIONS8 ConclusionsThis paper discusses the implementation and perfor-mance details of the LBLAS for the CM{5/5E. TheLBLAS are implemented in SPMD mode and optimizedfor the vector units of the CM{5/5E. In order to achievea maximumdegree of freedom in exploiting parallelism,the CMSSL allows for multiple{instance function calls.To accommodate this, the LBLAS have been optimizedfor either problem{axis or instance{axis vectorization.To ensure as robust and uniformly smooth performanceas possible, a run{time selection mechanism is invokedwhich chooses amongst the available kernels. This se-lection mechanism must be both fast and accurate, inorder to ensure high performance for small as well aslarge problems. Several mechanisms have been imple-mented to improve performance on problems that aresmall, or have unusual aspect ratios. These include alow weight calling sequence, a high speed path throughthe selection mechanism and careful consideration of thevectorization and loop unrolling within the kernels.The LBLAS supports the data parallel languagesCMF and C* used either in global mode, or in lo-cal mode with message passing, or in the mixed modeglobal/local corresponding to HPF with extrinsic pro-cedures. To implement BLAS within such an environ-ment, we have implemented a two{level structure. TheDBLAS perform any necessary data motion, and somereduction. The LBLAS perform the actual computation.The performance optimization e�orts performed at theLBLAS level can be exploited both locally as well asglobally. The LBLAS interfaces have been designed totransparently enable both local and global calls.The latest version of the CMSSL contains 238 distinctLBLAS kernels, totalling approximately 200 000 linesof C and assembly code. A wide variety of additionalcodes were analyzed or written and tested to evaluatefor potential inclusion. The result is a uniformly high{performance set of codes which have found widespreadimplementation in user codes.

Appendix: The time complexityfor matrix{vector loop unrollingsThe time complexity of an operation depends on theCPU utilization and memory tra�c (both bus cycles andpage fault overheads). Tables 11 and 12 list a number ofloop orders, and their time complexity. Those markedwith an asterisk (*) in Tables 11 and 12 have been chosenfor inclusion in the CMSSL.� For outer loops, only the orderings fPQM,QPMgare of interest, since if M is made an inner loop,either B or C or both are loaded for every iterationof the outer loops, and never get reused. Thesecut the ordering choices down to 12, as listed inTables 11 and 12. Tables 11 and 12 also list theload and store cycles needed for 64{bit kernels, theoptimal tile extents f�; �; 
g for 64 registers, andthe number of page faults. We give exact formulasfor the �rst four orderings while leaving out the loworder terms for the other orderings.� The loop orderings QPPQM and QMPPQM needP � Q�M cycles for the reduction of the runningsum vector to one element, and is slower than otherorderings most of the time.� The orderings PMQPQM and PQPQM both aregood for small strides on the P{axis. Makingthe P{axis innermost of the three outer loops re-sults in relatively few page faults. When theM{axis has the second smallest stride, then theordering PMQPQM has a better chance of in-curring the fewest page faults. Consider as anexample the tiles f32; 16; 1g for the loop orderPQPQM , and tiles with shape f8; 2; 4g, or f8; 4; 2gfor the loop order PMQPQM . The two order-ings will have roughly the same number of pagefaults because of the longer loop extents of P inthe PQPQM ordering. For this reason, loop or-derings PMQPQM ,PMQQPM , and QMPQPMare not implemented. The orderings MPQPQMand MPQQPM will give similar performance asthe orderings MQPPQM and MQPQPM whenM has the smallest stride, but will lose to someother orderings on other layouts, and are not im-plemented.



Local BLAS for the CM{5/5E 29� There are two interesting choices for the outerloops, namely PQM and QPM as explained above.No performance bene�t can be derived from hav-ing the M{axis loop anything but outermost in theoutermost loop nest. The outer loop ordering de-termines the load/store cycles of B and C. Forthe ordering PQM , elements of B are reused forwhole columns of A and the total number of loadsis Q�M . Elements of C are loaded and stored forevery iteration of the outer loops, and the total is2�P�M�dQb e. Similarly, the loads/store cycles forthe QPM outer loop ordering is Q�M�dPa e for Band 2�P�M for C.Since the shape of the inner loop region is roughly asquare, choosing the outer loop ordering is mainlybased on the extents of the P and Q{axes. Therule of thumb is to put the shorter axis outside thelonger one. The di�erence will become apparentonly when P and Q are very di�erent.� Any loop ordering with the Q{axis being the in-ner most is based on inner{product formulations ofthe matrix{vector multiplication, and thus needs\cleanup" for vectorized inner{products. Exam-ples of such loop orderings are QPPQM ,QPQPM ,QMPPQM , and QMPQPM .� In the formulas for the number of page faults foreach ordering, the highest order terms are always onthe innermost axis { the axis being vectorized. Therule of thumb in picking optimal kernels is alwaysto pick the ordering that puts the axis with smalleststride innermost.BiographiesDavid KramerDavid Kramer received the B.Sc (Eng) degree withdistinction from the University of the Witwatersrand,South Africa in 1987. He received the M.A. and Ph.D.in Computer Engineering from Princeton University in1990 and 1993 respectively. From 1992 through 1995 Dr.Kramer was a scientist at Thinking Machines Corpora-tion, where he participated in the development of theCMSSL, run-time systems and high performance mes-sage passing libraries. Since October 1995, Dr. Kramerhas been with the Oracle Corporation where his focus
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30 SUPERCOMPUTER APPLICATIONSTable 11: Estimation of the number of cycles for matrix-vector multiplication (part 1).loop ordering Load/Store cycles DRAM page faults*PQPQM: A P�Q�M ((bA0��P cbP� c+ bA0�P mod �P c)Q+ (bA1��P cbQ� c+bA1�Q mod �P c)dP� e+ dP� edQ� e)�MB Q�M ((1 + bB0��P c)bQ� c+ dB0�Q mod �P e)�MC 2�P�M�dQ� e 2(bC0��P cbP� c+ bC0�P mod �P c+ dP� e)dQ� e�Mf�;�g f16,32g*PQQPM: A P�Q�M ((bA0��P cbP� c+ bA0�P mod �P c)Q+ (bA1��P cbQ� c+bA1�Q mod �P c)dP� e+ dP� edQ� e)�MB Q�M�dP� e ((1 + bB0��P c)bQ� c+ dB0�Q mod �P e)dP� e�MC 2�P�M 2(bC0��P cbP� c+ bC0�P mod �P c+ dP� e)�Mf�;�g f32,16gQPPQM: A P�Q�M ((bA1��P cbQ� c+ bA1�Q mod �P c)P + (bA0��P cbP� c+bA0�P mod �P c)dQ� e+ dP� edQ� e)�MB Q�M ((1 + bB0��P c)bQ� c+ dB0�Q mod �P e)�MC 2�P�M�dQ� e 2(bC0��P cbP� c+ bC0�P mod �P c+ dP� e)dQ� e�Mcleanup P�Q�Mf�;�g f4,8g,f8,4g*QPQPM: A P�Q�M ((bA1��P cbQ� c+ bA1�Q mod �P c)P + (bA0��P cbP� c+bA0�P mod �P c)dQ� e+ dP� edQ� e)�MB Q�M�dP� e ((1 + bB0��P c)bQ� c+ dB0�Q mod �P e)dP� e�MC 2�P�M 2(bC0��P cbP� c+ bC0�P mod �P c+ dP� e)�Mcleanup P�b�Mf�;�g f4,8g,f8,4gMQPPQM: A P�Q�M (1 + bA0��P c+ bA1��P ca+bA2�kP cab)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)B Q�M (1 + bB0��P c+ bB2�kP cb)bQ� cbMk c+ o(bQ� cbMk c)C 2�P�M�dQ� e 2(1+ bC0��P c+ bC2�kP ca)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)f�;�; 
g f2,4,8g,f4,2,8g*MQPQPM: A P�Q�M (1 + bA0��P c+ bA1��P ca+bA2�kP cab)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)B Q�M�dP� e (1 + bB0��P c+ bB2�kP cb)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)C 2�P�M 2(1 + bC0��P c+ bC2�kP ca)bP� cbMk c+ o(bP� cbMk c)f�;�; 
g f2,4,8g,f4,2,8g



Local BLAS for the CM{5/5E 31Table 12: Estimation of the number of cycles for matrix-vector multiplication (part 2).loop ordering Load/Store cycles DRAM page faultsMPQPQM: A P�Q�M (1 + bA1��P c+ bA0��P cbbA2�kP cab)bP� cbQ� cbMk c+o(bP� cbQ� cbMk c)B Q�M (1 + bB0��P c+ bB2�kP cb)bQ� cbMk c+ o(bQ� cbMk c)C 2�P�M�dQ� e 2(1+ bC0��P c+ bC2�kP ca)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)f�;�; 
g f2,4,8g,f4,2,8g*MPQQPM: A P�Q�M (1 + bA1��P c+ bA0��P cb+ bA2�kP cab)+bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)B Q�M�dP� e (1 + bB0��P c+ bB2�kP cb)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)C 2�P�M 2(1 + bC0��P c+ bC2�kP ca)bP� cbMk c+ o(bP� cbMk c)f�;�; 
g f2,4,8g,f4,2,8gPMQPQM: A P�Q�M (1 + bA1��P c+ bA2�kP cb+bA0��P cbk)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)B Q�M (1 + bB0��P c+ bB2�kP cb)bQ� cbMk c+ o(bQ� cbMk c)C 2�P�M�dQ� e 2(1 + bC2�kP c+ bC0��P ck)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)f�;�; 
g f8,2,4g,f8,4,2gPMQQPM: A P�Q�M (1 + bA1��P c+ bA2�kP cb+bA0��P cbk)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)B Q�M�dP� e (1 + bB0��P c+ bB2�kP cb)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)C 2�P�M 2(1 + bC2�kP c+ bC0��P ck)bP� cbMk c+ o(bP� cbMk c)f�;�; 
g f8,2,4g,f8,4,2gQMPPQM: A P�Q�M (1 + bA0��P c+ bA2�kP ca+bA1��P cak)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)B Q�M (1 + bB2�kP c+ bB0��P ck)bQ� cbMk c+ o(bQ� cbMk c)C 2�P�M�dQ� e 2(1+ bC0��P c+ bC2�kP ca)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)cleanup P�Q�Mf�;�; 
g f8,2,4g,f8,4,2gQMPQPM: A P�Q�M (1 + bA0��P c+ bA2�kP ca+ bA1��P cak)bP� cbQ� cbMk c+o(bP� cbQ� cbMk c)B Q�M�dP� e (1 + bB2�kP c+ bB0��P ck)bP� cbQ� cbMk c+ o(bP� cbQ� cbMk c)C 2�P�M 2(1 + bC0��P c+ bC2�kP ca)bP� cbMk c+ o(bP� cbMk c)f�;�; 
g f8,2,4g,f8,4,2gcleanup P�b�M
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