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Nomenclature 10 

A  Area of room vaporS  Water vapor generation rate 

C  Contaminant concentration S  Source term in transport equation 

1.1mC  
Contaminant concentration at head 
level (sitting person) T  Dry bulb temperature 

hC  
Contaminant concentration at a 
specific sampling height  0.1mT  Air temperature at ankle level 

eC  Contaminant concentration at exhaust dpT  Dew point 

pC  Specific heat at constant pressure eT  Temperature of exhaust air 

sC  Contaminant concentration at supply roomT  Room air temperature 

*C  
Normalized contaminant 
concentration sT  Temperature of supply air 

h  Height of PCB spT  Temperature setpoint 

0h  Reference height of PCB w,sT  Chilled water supply temperature 

H  Room height t  Time 
*H  Normalized height iu  Velocity in i direction 

n  Air change per hour U  Velocity magnitude 
L Length of PCB *U  Normalized velocity 

𝑚ሶ ௔௜௥ Air mass flow rate  fV  Required outdoor airflow rate 

𝑚ሶ ௜௡௙ Air mass flow rate through infiltration hV  Required airflow rate to maintain 
thermal comfort requirement 

N  Number of occupants W  Width of PCB 
q  Chilled water flow rate x  Outdoor air ratio 

exQ  Cooling loads from exterior ix  Coordinate in i direction 

lQ  Cooling loads from lighting haT  Temperature difference between head 
and feet 

ozQ  Cooling loads in occupied zone f  Dimensionless air temperature near 
floor 

PCBQ  Cooling load removed by PCB   Percentage of cooling load removed by 
PCB 

tQ  Total cooling load   Density 
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aR  Outdoor air rate per unit floor area   Relative humidity 

pR  Outdoor air rate per occupant   Absolute humidity 

s  Water vapor generation rate per 
occupant 
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Abstract 12 

Displacement ventilation (DV) can provide good air quality to indoor spaces while saving energy. 13 
Research has shown that, since the supply air temperature in DV cannot be very low, its capability 14 
to remove a high cooling load is limited. Previous studies found that passive chilled beams (PCBs) 15 
could be coupled with DV to enhance the cooling capability of the latter and reduce the vertical 16 
temperature gradient. However, PCBs also recirculate airborne contaminants downward, reducing 17 
the air quality in the occupied zone. Therefore, it is essential to design a DV-PCB system for 18 
optimal thermal comfort and indoor air quality. This study established a database of 70 cases that 19 
include four typical types of indoor spaces with DV-PCB systems and developed mathematical 20 
models for predicting the thermal and ventilation performance of a DV-PCB system based on 21 
various design parameters. With the models, this investigation then proposed a step-by-step 22 
procedure for designing a DV-PCB system to create a thermally comfortable and healthy indoor 23 
environment without causing condensation on the chilled beams. Moreover, a user-friendly design 24 
interface was developed that can be used by engineers to make design decisions conveniently. 25 
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 28 

1. Introduction 29 

Previous studies showed that displacement ventilation (DV) can provide good indoor air quality 30 
while saving energy [1, 2, 3]. Because of these advantages, DV has been commonly used in Nordic 31 
countries since the 1970s, and, more recently, in the United States [4, 5].  However, Rees and Haves 32 
[6] and Alain et al. [7] have also indicated that a DV system has limited capability to remove high 33 
cooling loads. Since the DV system supplies air to the occupied zone directly, the temperature of 34 
its supply air should not be too low. In addition, the use of DV in an indoor space with a high 35 
cooling load can produce a large temperature gradient in the occupied zone, which is not conducive 36 
to thermal comfort. According to several studies [8, 9, 10], a DV system alone is capable of 37 
providing acceptable comfort only if the corresponding cooling load is less than 40 W/m2. With the 38 
increasing use of electrical equipment in today’s buildings, it is necessary to seek improvements to 39 
DV, so that a thermally comfortable and healthy indoor environment can be achieved.  40 

Several prior studies investigated using chilled ceiling panels in a DV system to enhance cooling 41 
efficiency [11, 12, 13]. For example, Schiavon et al. [12] conducted experiments in a typical U.S. 42 
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interior office with chilled ceiling panels removing up to 73W/m2 of cooling load, and demonstrated 43 
that temperature stratification decreased as a larger portion of load was removed by chilled ceiling. 44 
Rees and Haves [6] measured the air temperature distribution in a room (72W/m2) with combined 45 
DV and chilled ceiling system, which reported an almost linear temperature gradient of 3 K/m 46 
between 0.4 m to 1.0 m height. Ghali et al. [14] and Bahman et al. [15] further compared the energy 47 
consumptions between the combined system and an all-air system over a cooling season, and 48 
concluded that this combined system led to an energy saving of more than 20%. Although it was 49 
found that the combined system could remove a large cooling load while being energy efficient, 50 
studies [6, 16] also showed that, when chilled ceiling was used to handle too much cooling load, it 51 
could destroy the stratified displacement airflow pattern which results in mixed contaminant 52 
distribution. In addition, there is a considerable condensation risk on the surface of the chilled 53 
ceiling panels [17]. Moreover, in a chilled ceiling system, metal panels are mounted on the ceiling 54 
with chilled water pipes embedded within them, which led to a very high first cost [18, 19]. 55 
Meanwhile, passive chilled beams (PCBs), which cool ambient air via chilled water pipes inside 56 
the beam unit and are suspended near the ceiling, can remove a large cooling load [20, 21]. 57 
According to Nelson [22], the indoor airflow pattern and heat transfer mechanism of PCBs were 58 
significantly different from those in chilled ceiling systems. Fredriksson and Sandberg [23] tested 59 
the cooling performance of PCBs under various loads and found that PCBs were able to remove up 60 
to 80% of cooling loads in a room. Shi et al. [24] used experimental and simulation methods to 61 
investigate the impact of PCB on the temperature distribution developed by DV and found that 62 
PCB greatly reduced the vertical temperature gradient, which improved thermal comfort. 63 
Compared with the chilled ceiling system, a PCB system has a greater cooling output, better 64 
flexibility and lower first cost [18]. Hence, the PCB should be coupled with DV to remove a large 65 
cooling load. However, PCB also created a downward air jet as reported by many studies [20, 24, 66 
25]. Fredriksson et al. [25] demonstrated by experiments that this downward jet had similar 67 
behavior with two-dimensional jet and the maximum measured velocity was 0.28 m/s. Shi et al. 68 
[24] and Shan and Rim [26] showed that this cool jet recirculates airborne contaminants near the 69 
ceiling downward into the occupied zone, which may weaken the contaminant stratification 70 
developed by DV. Therefore, in order to achieve optimal thermal comfort and indoor air quality 71 
with the coupled DV-PCB system, it is imperative to quantitatively evaluate this system and 72 
develop a suitable design guide.  73 

In addition, a major concern in the design of any air-water system is the risk of condensation on 74 
chilled surfaces [27, 28, 29]. If it is not well controlled, condensation can continually form and drip 75 
onto occupants or objects in the occupied zone. More seriously, it may lead to mold growth, which 76 
can escalate to an air quality problem [30, 31]. It is critical that strategies are implemented in the 77 
design phase to prevent condensation. 78 

To guide the design of HVAC systems, both experimental and computational fluid dynamics (CFD) 79 
methods have been used in prior studies [32, 33]. These methods are normally time-consuming, 80 
and the experimental or computational tools are not always available to designers. However, the 81 
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methods provide valuable information about air temperature, air velocity and contaminant 82 
concentration in indoor spaces, and this data can help us understand the effects of various design 83 
parameters on the performance of an HVAC system. Moreover, the information can be used to 84 
develop simple mathematical models that quantify the thermal and ventilation performance of the 85 
coupled DV-PCB system. The models can then be used easily by engineers to judge the 86 
applicability of the system and to determine design parameters.  87 

To develop the mathematical models, this investigation first performed a literature survey and 88 
determined ranges of key geometric parameters and thermal conditions for four common indoor 89 
spaces: classrooms, offices, industrial workshops and restaurants. Based on this survey, a validated 90 
CFD model was used to simulate and quantify the thermal and ventilation performance for 70 DV-91 
PCB cases that encompassed wide range of design parameters. By using these cases as a database, 92 
this investigation developed simple mathematical models for predicting the temperature gradient 93 
and ventilation effectiveness at a given set of design parameters. Finally, a guide was developed to 94 
provide a step-by-step procedure for designing a DV-PCB system that meets thermal and 95 
ventilation requirements without the risk of condensation. 96 

2. Research Methods 97 

This investigation used a validated CFD model to establish a database of 70 DV-PCB cases for 98 
evaluating the thermal and ventilation performance of the system under various design conditions. 99 
The database was then employed to develop mathematical models for use by a designer in 100 
predicting the thermal and ventilation performance of DV-PCB coupled systems. This section 101 
describes the design of these cases, the parameters that were used to evaluate the thermal and 102 
ventilation performance, and the development of the mathematical models. 103 

2.1 Indoor space layouts and ranges of design parameters 104 

Fig. 1 shows the layouts of the four indoor spaces studied here: an office, a classroom, an industrial 105 
workshop and a restaurant. The office layout consists of regular cooling loads such as computers 106 
and lights, and it has a seating capacity of eight people. The classroom can hold 24 students and 107 
one instructor; this is the average classroom size in the US [34, 35]. The industrial workshop has a 108 
large floor area with high-power equipment on the tables in uniform distribution. The restaurant 109 
layout includes a combination of round, square and long tables as well as partitions, to simulate a 110 
typical dining space. In all cases, the locations and number of the PCBs were decided so that no 111 
occupants were right below PCB (for avoiding draft), every occupant had at least one PCB that was 112 
nearby for cooling, PCBs did not cross over with overhead lighting and that PCBs were evenly 113 
distributed near the ceiling to ensure they could cool the rooms uniformly. Air supply inlets were 114 
determined so that they were uniformly located at lower part of vertical walls for providing air to 115 
occupied zone from different directions. In addition, for minimizing the draft to the occupants, air 116 
inlets were not placed right in front of any of them. 117 

 118 
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(a) Office (b) Classroom 

(c) Industrial workshop (d) Restaurant 

Fig. 1 Layouts of four indoor spaces in this study  119 

(Legend: green – diffusers; blue – occupants; brown – exhausts; red – PCs and other electrical 120 
devices; white – lights; grey – tables and closets; black – PCBs) 121 

It was critical to ensure that the design parameters used in these cases were within reasonable 122 
ranges. This investigation conducted a literature survey to determine these ranges. Table 1 lists the 123 
height ranges of the four indoor spaces, which were obtained from New York State DOH [36], US 124 
GSA [37] and Hu et al. [38]. Also listed in Table 1 are the ranges of the cooling loads. This study 125 

split cooling loads into three categories: ozQ  represents cooling loads in the occupied zone, such 126 

as occupants and equipment, lQ  stands for cooling loads from overhead lighting outside the 127 

occupied zone, and exQ represents exterior cooling loads that include transmitted solar radiation 128 

and heat from exterior surfaces and can enter both the occupied and unoccupied zones. Among 129 

these loads, the ranges for lQ were determined from lighting levels recommended for the different 130 

indoor spaces by NOAO [39], while ozQ  and exQ were estimated according to ASHRAE 131 

Handbook [40] and ASHRAE [41]. The air change rate in an indoor space can vary, but it must be 132 

larger than  a pR A R N    to meet the minimum outdoor air requirement [42], where aR , pR , 133 

A , and N  represent the outdoor air rate per unit floor area, outdoor air rate per occupant, floor 134 

area, and number of occupants, respectively. Previous research [43] showed that PCBs could 135 
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remove as much as 80% of the cooling load, and therefore this investigation used 80% as the upper 136 
bound for   in these cases. The details of each case are presented in Section 3.1. 137 

Table 1. Room dimensions and ranges of parameters used for the four indoor spaces 138 
 Office Classroom Workshop Restaurant 

Floor surface area, A (m2) 31 101 320 410 

Height, H (m) 2.4 - 3.5 2.7 - 3.8 3 - 5  2.7 - 3.5  

Loads 
(W/m2) 

Occupied zone, ozQ  5 - 50 5 - 25 10 - 35 5 - 25 

Lighting, lQ  0 - 12.5 0 - 10 0 - 15 0 - 10 

Exterior, exQ  0 - 20 0 - 25 0 - 25 0 - 25 

n (ACH) 3 -7, and resulting air rate should be greater than  a pR A R N    

Percentage of load removed by 
PCB,   0 - 80% 

 139 
2.2 CFD modeling of indoor airflow and contaminant transport 140 

This study employed a CFD model that was developed and validated by Shi et al. [24] to predict 141 
the airflow and contaminant transport in indoor spaces. With the use of the re-normalization group 142 
(RNG) k-ε turbulence model [44], which was recommended by Zhang and Chen [45] for simulating 143 
indoor airflow, this CFD model numerically solves mean air parameters through the following 144 
transport equation: 145 

           i ,eff
i i i

u S
t x x x 
  

 
   

        
         (1) 146 

where   represents scalar terms (velocity components, turbulent kinetic energy, turbulent 147 

dissipation rate, energy and contaminant concentration in this study), S  is the source term, and 148 

,eff  is the effective diffusion coefficient of scalar  .  149 

In the CFD model, non-slip boundary conditions (“walls”) were used for internal surfaces including 150 
occupants, tables, partitions and vertical walls. Each PCB was modeled as an energy sink, whose 151 
energy absorption rate was calculated via dividing its heat removal rate by the corresponding 152 
volume. To account for the air density variation due to temperature difference, this research adopted 153 
Boussinesq model, which was shown to be accurate when the density difference was small [46]. 154 
To capture the large temperature gradient near heated surfaces while also properly discretizing the 155 
relatively complicated interior structure of computational domain, this study used structured mesh 156 
(inflation layers) in regions near surfaces and unstructured mesh in the interior region. Grid 157 
independence study was performed to make sure the grid size was appropriate for further 158 
investigation. This investigation used the ANSYS Fluent program [46] to perform the numerical 159 
simulations.  SIMPLE (semi-implicit method for pressure-linked equations) scheme was used for 160 
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the pressure-velocity coupling and second-order spatial discretization method was used for 161 
velocity, turbulent kinetic energy, turbulent dissipation rate, energy and contaminant concentration 162 
terms. Infiltration was assumed to be marginal and was not modeled in the CFD simulations since 163 
many modern buildings implemented enhanced sealing technologies.  164 

Fig. 2 compares the simulated airflow velocity, air temperature and tracer gas (SF6) concentration 165 
with the measurement data in one of the measured cases. This case had an office layout with a 166 
cooling load of 90W/m2. Heated sources included dummies (in yellow color), personal computers 167 
(in brown color), metal heated boxes (in pink color) and lights (near ceiling and not shown in Fig. 168 

2). Dimension of each piece of PCB was 2.94 0.43 0.12 m m m . Due to limitation of space, the 169 

figures show the validation results on only one representative location at the center of room. The 170 
comparison shows that the results from CFD simulations were reasonably accurate. Hence, the 171 
model was used for further investigation. More details about this CFD model can be found in Shi 172 
et al. [24].  173 

    
(a) Room layout (b) Velocity (c) Temperature (d) Tracer gas 

concentration 

Fig. 2 Comparison of simulation and experimental results in a representative case (
*  sU UU

, sU =0.2 m/s; ( ) ( )   s e sT T T T ; 
* ( ) ( )  s e sC C C C C ; H*=z/H. Line: simulation; 

Symbol: measurement.) 
 174 

2.3 Indices for evaluating thermal comfort and ventilation performance 175 

To quantitatively appraise thermal and ventilation performance for a DV-PCB system, this 176 
investigation used the vertical temperature difference between the head and ankle levels of a seated 177 
person, haT , and ventilation effectiveness, VE. The haT  is defined as: 178 

1.1m 0.1mhaT T T    (2) 

where 1.1mT  represents the air temperature at head level for a seated occupant, and 0.1mT  represents 179 

the air temperature at ankle level. According to ASHRAE [41], haT  should be lower than 3 K to 180 
prevent thermal discomfort due to the vertical temperature difference. This study defined VE as: 181 



8 
 

1.1

e s

m s

C C
VE

C C





 (3) 

where 1.1mC , eC  and sC  are contaminant concentrations at head level for a seated occupant, at the 182 

exhaust, and at the supply, respectively. ASHRAE [42] recommends the use of empirical values 183 
VE = 1.2 for a DV system and VE = 1 for a mixed ventilation system. However, previous studies 184 
[1, 23] showed that the actual VE is affected by multiple parameters. In a coupled DV-PCB system, 185 
VE not only indicates the extent to which contaminant stratification is destroyed, but is also critical 186 
in determining the required outdoor airflow rate.  187 

2.4 Development of mathematical models for  haT  and VE 188 

One objective of the present study was to develop mathematical models for determining haT  and 189 

VE, which are important criteria for engineers in designing a DV-PCB system. Previous studies 190 

showed that in a DV system, haT  and VE are both correlated with , , ,oz l exQ Q Q n  and H. As will 191 

be shown in Section 3.1,  haT  and VE in a DV-PCB system were also dependent on h  and ACH. 192 

Hence, in the coupled DV-PCB system,  haT  should be expressed as:  193 

 , , , , , , ,    ha oz l exT f Q Q Q n H A  (4) 

Eq. (4) could further be expressed as: 194 

   1 2, , , , h, , , , ,  ha oz ex l t tT f Q Q Q Q f Q ACH H A  (5) 

Here, 2f  represents the temperature difference between the air exhaust and supply in the room: 195 

   
2

1 





   t
t e s

p

Q
f Q ,ACH ,H ,A, T T

C nA
 (6) 

In Eq. (5), 1f  represents the ratio of the temperature difference in the occupied zone to the 196 
temperature difference between air near the floor and air near the ceiling. The 1f  can be evaluated 197 
in terms of the cooling load distribution: 198 

   1 1

 










 i i PCB
i oz ,ex,l

oz ex l t
t

Q Q

f Q ,Q ,Q ,Q , ,h
Q

 (7) 

Similarly, VE should be expressed as: 199 

 , , , , , , ,   oz l exVE g Q Q Q n H A  (8) 

This investigation used the database to determine the functions in Eqs. (7) and (8). 200 

 201 

2.5  Two air handling systems that could be employed 202 
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Fig. 3 shows two possible air systems that can be employed in DV-PCB: a dedicated outdoor air 203 
system (DOAS) and an air recirculation system. The DOAS supplies 100% outdoor air to an indoor 204 
space through DV, while the air recirculation system mixes part of the return air with outdoor air 205 
to save energy. Both systems are commonly used, but since air recirculation system could 206 
recirculate part of moisture back to indoor space, the humidity ratios of the supply air in the two 207 
systems might be different. This research developed condensation strategies that could work for 208 
both system. 209 

  
(a) DOAS  (b) Air recirculation system 

Fig. 3 Two possible air handling systems  

 210 

2.6 Development of a user interface for design 211 

The results in this study were further used to establish a five-step guide for designing a DV-PCB 212 
system. To make the guide more user friendly, a design tool was developed by incorporating the 213 
mathematical models and design procedure developed here. This study also included features that 214 
account for potential infiltration into the room.  The design tool provides a straightforward design 215 
interface for use by engineers.  216 

 217 

3. Results 218 

This section first provides the specifications of the 70 cases in the database. With the results of 219 

these cases, this investigation examined the impact of key parameters on haT  and VE in a DV-220 

PCB system and developed mathematical models to correlate haT  and VE with various design 221 

parameters. Strategies were also implemented to prevent condensation on the surface of the PCB 222 
cooling coil. Based on the mathematical models developed here, this study developed a guide and 223 
user interface for designing a DV-PCB system.  224 

 225 

3.1 Case specifications and typical results 226 

As shown in Table 2. the 70 cases in this investigation included 19 cases for the office layout, 17 227 
for the classroom, 17 for the workshop and 17 for the restaurant. Contaminants were released from 228 
locations of occupants. For each layout, various combinations of design parameters were used. 229 
These parameters were changed one by one among the cases, which facilitated a sensitivity study 230 
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of the parameters’ influence on haT  and VE.  The parameters changed in each case are indicated 231 

by bold type in Table 2.  232 

 233 
Table 2.  Specifications of the 70 cases in the database 234 

(a) Offices 

Case # H (m) n (ACH) ozQ /A 

(W/m2)  
lQ /A 

(W/m2) 
exQ /A 

(W/m2) 
tQ /A 

(W/m2) 
 (-) h (m) 

OF.1 2.75 5 39.4 8.1 10.0 57.5 40% 2.51 

OF.2 3.35 5 39.4 8.1 10.0 57.5 40% 2.51 

OF.3 3.05 3 39.4 8.1 10.0 57.5 40% 2.51 

OF.4 3.05 5 39.4 8.1 10.0 57.5 40% 2.51 

OF.5 3.05 7 39.4 8.1 10.0 57.5 40% 2.51 

OF.6 3.05 5 12.2 6.1 0 18.2 40% 2.51 

OF.7 3.05 5 24.0 6.1 0 30.0 40% 2.51 

OF.8 3.05 5 43.6 8.1 10.0 61.7 40% 2.51 

OF.9 3.05 5 49.1 12.1 10.0 71.2 40% 2.51 

OF.10 3.05 5 49.1 12.1 30.0 91.2 40% 2.51 

OF.11 3.05 5 39.4 8.1 10.0 57.5 0% 2.51 

OF.12 3.05 5 39.4 8.1 10.0 57.5 5% 2.51 

OF.13 3.05 5 39.4 8.1 10.0 57.5 10% 2.51 

OF.14 3.05 5 39.4 8.1 10.0 57.5 20% 2.51 

OF.15 3.05 5 39.4 8.1 10.0 57.5 30% 2.51 

OF.16 3.05 5 39.4 8.1 10.0 57.5 60% 2.51 

OF.17 3.05 5 39.4 8.1 10.0 57.5 80% 2.51 

OF.18 3.05 5 39.4 8.1 10.0 57.5 40% 2.31 

OF.19 3.05 5 39.4 8.1 10.0 57.5 40% 2.71 

 235 
 236 

(b) Classrooms 

Case # H (m) n (ACH) ozQ /A 

(W/m2)  
lQ /A 

(W/m2) 
exQ /A 

(W/m2) 
tQ /A 

(W/m2) 
 (-) h (m) 

CL.1 3.00 4 15.1 8.1 5.0 28.2 40% 2.51 

CL.2 3.30 4 15.1 8.1 5.0 28.2 40% 2.51 

CL.3 3.60 4 15.1 8.1 5.0 28.2 40% 2.51 

CL.4 3.30 3 15.1 8.1 5.0 28.2 40% 2.51 

CL.5 3.30 6 15.1 8.1 5.0 28.2 40% 2.51 

CL.6 3.30 4 12.3 6.1 5.0 23.2 40% 2.51 

CL.7 3.30 4 18.0 8.1 5.0 31.1 40% 2.51 

CL.8 3.30 4 15.1 8.1 10.0 33.2 40% 2.51 

CL.9 3.30 4 15.1 8.1 25.0 48.2 40% 2.51 

CL.10 3.30 4 15.1 8.1 5.0 28.2 0% 2.51 

CL.11 3.30 4 15.1 8.1 5.0 28.2 5% 2.51 
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CL.12 3.30 4 15.1 8.1 5.0 28.2 10% 2.51 

CL.13 3.30 4 15.1 8.1 5.0 28.2 20% 2.51 

CL.14 3.30 4 15.1 8.1 5.0 28.2 30% 2.51 

CL.15 3.30 4 15.1 8.1 5.0 28.2 50% 2.51 

CL.16 3.30 4 15.1 8.1 5.0 28.2 40% 2.31 

CL.17 3.30 4 15.1 8.1 5.0 28.2 40% 2.81 

 237 
(c) Workshops 

Case # H (m) n (ACH) ozQ /A 

(W/m2)  
lQ /A 

(W/m2) 
exQ /A 

(W/m2) 
tQ /A 

(W/m2) 
 (-) h (m) 

WS.1 4.00 4 34 8.1 10.0 52.1 40% 2.51 
WS.2 4.50 4 34 8.1 10.0 52.1 40% 2.51 
WS.3 5.00 4 34 8.1 10.0 52.1 40% 2.51 
WS.4 4.50 4 14.6 8.1 5.0 27.7 40% 2.51 
WS.5 4.50 4 14.6 8.1 15.0 37.7 40% 2.51 
WS.6 4.50 4 34.0 8.1 0.0 42.1 40% 2.51 
WS.7 4.50 4 24.3 8.1 10.0 42.4 40% 2.51 
WS.8 4.50 4 24.3 8.1 15.0 47.4 40% 2.51 
WS.9 4.50 4 34.0 8.1 10.0 52.1 0% 2.51 
WS.10 4.50 4 34.0 8.1 10.0 52.1 10% 2.51 
WS.11 4.50 4 34.0 8.1 10.0 52.1 20% 2.51 
WS.12 4.50 4 34.0 8.1 10.0 52.1 30% 2.51 
WS.13 4.50 4 34.0 8.1 10.0 52.1 70% 2.51 
WS.14 4.50 3 34.0 8.1 10.0 52.1 40% 2.51 
WS.15 4.50 6 34.0 8.1 10.0 52.1 40% 2.51 
WS.16 4.50 4 34.0 8.1 10.0 52.1 40% 2.70 
WS.17 4.50 4 34.0 8.1 10.0 52.1 40% 3.00 

 238 
(d) Restaurants 239 

Case # H (m) n (ACH) ozQ /A 

(W/m2)  
lQ /A 

(W/m2) 
exQ /A 

(W/m2) 
tQ /A 

(W/m2) 
 (-) h (m) 

RS.1 3.00 4 27.6 8.1 5.0 40.7 40% 2.51 
RS.2 3.30 4 27.6 8.1 5.0 40.7 40% 2.51 
RS.3 3.60 4 27.6 8.1 5.0 40.7 40% 2.51 
RS.4 3.30 3 27.6 8.1 5.0 40.7 40% 2.51 
RS.5 3.30 7 27.6 8.1 5.0 40.7 40% 2.51 
RS.6 3.30 4 21.0 8.1 5.0 34.1 40% 2.51 
RS.7 3.30 4 30.0 6.0 0.0 36.0 40% 2.51 
RS.8 3.30 4 30.0 9.6 0.0 39.6 40% 2.51 
RS.9 3.30 4 30.0 9.6 5.0 44.6 40% 2.51 
RS.10 3.30 4 25.4 9.6 25.0 60.0 40% 2.51 
RS.11 3.30 4 27.6 8.1 5.0 40.7 0% 2.51 
RS.12 3.30 4 27.6 8.1 5.0 40.7 10% 2.51 
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RS.13 3.30 4 27.6 8.1 5.0 40.7 20% 2.51 
RS.14 3.30 4 27.6 8.1 5.0 40.7 30% 2.51 
RS.15 3.30 4 27.6 8.1 5.0 40.7 50% 2.51 
RS.16 3.30 4 27.6 8.1 5.0 40.7 40% 2.31 
RS.17 3.30 4 27.6 8.1 5.0 40.7 40% 2.81 

 240 
Figs. 4 to 7 plot the temperature and contaminant concentration distributions in one representative 241 
from each indoor space. All the cases showed vertical temperature gradients. The contaminant 242 
concentrations could be stratified (e.g. Cases OF.8 and WS.10) or almost mixed (e.g. Cases CL.6 243 
and RS.15), depending on their case specifications.  244 
 245 

  

(a) Temperature distribution (oC) (a) Temperature distribution (oC) 

  

(b) Normalized contaminant 
concentration (C*) 

(b) Normalized contaminant concentration (C*) 

Fig. 4 Results of Case OF.8 Fig. 5 Results of Case CL.6 

 246 

 247 

 248 

 249 

 250 

 251 

 252 
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(a) Temperature distribution (oC) (a) Temperature distribution (oC) 

  

(b) Normalized contaminant concentration C* (b) Normalized contaminant concentration C* 

Fig. 6 Results of Case WS.10 Fig. 7 Results of Case RS.15 

 253 

To explore the impacts of specific parameters have on temperature gradient and ventilation 254 
effectiveness, it is essential to compare results from cases where only one parameter was changed. 255 

Fig. 8 illustrates the haT  and VE results predicted by the CFD model for several typical cases: 256 

OF.3, OF.4, OF.5, OF.11 and OF.17. These cases had different   and ACH, but the same values 257 

for the other parameters.  haT  represents the difference between averaged temperature at 1.1m and 258 

that at 0.1m as defined in Section 2.3. Fig. 8(a) shows that at the same ACH, the haT  decreased 259 

with  . This result verifies that the PCB effectively reduced the temperature gradient created by 260 

DV. Meanwhile, at the same  , the haT  decreased with ACH. This occurred because an increase 261 

in the airflow rate reduced the overall temperature difference ( e sT T ) in the room and therefore 262 

reduced haT  as well. 263 

Next, Fig. 8 (b) displays the ventilation effectiveness predicted by CFD for these cases. Note that 264 
the horizontal axis is hVE , which is defined as      h e s h sVE C C C C  and hC  represents 265 
average contaminant concentrations at various heights. Hence, hVE  was calculated to quantify the 266 
air at different heights and was equal to VE when the sampling height was at head level of a sitting 267 
occupant (1.1m). Since DV supplied clean air to the lower part of room and exhausted air near the 268 
ceiling, hVE  was generally higher in the occupied zone than in the upper zone (mixing region). 269 
Furthermore, since a PCB-induced jet recirculated the contaminant downward, a higher   led to a 270 
lower VE. On the other hand, when   remained the same, VE increased with ACH, because an 271 
increase in the supply airflow rate could increase the indoor airborne contaminant removal rate. 272 
Hence, in a room with a DV-PCB system, VE is determined by the combined effects of airflow 273 
supplied by the DV system and the downward jet induced by the PCB. 274 
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(a)  haT  (b) Ventilation effectiveness 

Fig. 8  haT  and ventilation effectiveness predicted by CFD model for several cases 

(contaminants released from the breathing level from the occupants) 

 275 

The design parameters and boundary conditions listed in Table 2 along with the calculated haT  276 

and VE results formed a database, which was used for model development as described in Section 277 
3.2. 278 

3.2 Mathematical models for haT  and VE  279 

To quantify the thermal and ventilation performance of a DV-PCB system and to guide its design, 280 
we first correlated  haT  with various design parameters by examining the airflow physics in a room 281 
with DV-PCB system, as shown in Section 2.4. With the established database, we had the values 282 
of all the independent variables ( )oz pQ C nA , ( )l pQ C nA , ( )ex pQ C nA , ( )PCB pQ C nA as 283 

well as obtained the corresponding values of  haT . Through a regression analysis in Microsoft 284 

Excel [47], coefficients i  and   in Eq. (8) were determined: 0 295 0 132 0 185oz l ex. , . , .      285 

and 00 203. h h   . Term 0h h  accounts for the influence of PCB height on  . When the 286 
height is infinitely large, the cooling effect of PCB on the occupied zone is negligible which makes 287 
 ≈ 0. A typical PCB height of 2.6 m was used for 0h  [48]. Hence, the model for haT  can be 288 
expressed as: 289 

2 6
0 295 0 132 0 185 0 203oz l ex PCB

ha
p

.
. Q . Q . Q . Q

hT
C nA

     
    (9) 

Eq. (9) indicates that different types of cooling loads contribute to haT  differently. Since ozQ  290 
represents the cooling load in the occupied zone and has the most direct impact on haT , oz  is 291 
the largest among i . The lQ  is the load outside the occupied zone and has the smallest impact on 292 

haT ; thus, l  is the smallest. 293 
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Next, this study developed a model for predicting ventilation effectiveness at breathing height (H 294 

= 1.1 m). Similarly, the coefficients in the mathematical expression were derived by the 295 

independent variables ( )oz pQ C nA , ( )l pQ C nA , ( )ex pQ C nA , ( )PCB pQ C nA and obtained 296 

the corresponding VE. The model is expressed as: 297 

    3 0 45 0 63 0 79 2 6 3 3
2 83 1 1n oz l ex PCB

t

Q . Q . Q . . h . H Q
VE max . e ,

Q
   

  
 

 (10) 

where the coefficients of ozQ , lQ  and exQ  are proportional to those in Eq. (9). Moreover, since air 298 
was supplied through DV diffusers at floor level and exhausted near the ceiling, once the 299 
contaminant concentration reached a mixed state at a certain height, it remained almost mixed at 300 
any height above. This characteristic is displayed in Fig. 8, and it was taken into account in Eq. 301 
(10). In this study, the ventilation effectiveness is with contaminants from the occupants, which are 302 
contaminant sources in indoor environments of many cases. 303 

Figs. 9 and  10 plot the haT  and VE predicted by CFD and calculated by the mathematical models, 304 
namely, Eqs. (9) and (10). The coefficients in Eqs. (9) and (10) were determined by empirical 305 
fitting, which may partly explain the differences between the CFD results and the results of the 306 
models. In addition, numerical errors in the CFD simulations may have contributed to the 307 
discrepancies between the two sets of results. Nevertheless, the overall trends in haT  and VE were 308 
predicted with reasonably good accuracy for these cases. Compared with the CFD method, 309 
calculation using the mathematical models requires much less modeling and computational effort. 310 
The models could be easily used in the design process.  311 

  
(a) Offices 

 
(b) Classrooms 

  
(C) Workshops (d) Restaurants 

Fig. 9 Comparison of haT  predicted by Eq. (9) and by CFD  
(Standard error of regression: 0.19 K)  



16 
 

 
 

 312 
 313 

(a) Offices (b) Classrooms 
 

  
(c) Workshops (d) Restaurants 

Fig. 10 Comparison of VE predicted by Eq. (10) and by CFD 

 

3.3 Determination of   314 

According to Eqs. (9) and (10), which are described in Section 3.2, both haT  and VE are correlated 315 
with ACH and  , and thus the two equations are coupled. Plotting the ACH -   and VE -   316 
relationships on the same graph provides a straightforward way of determining the optimal   for 317 
a DV-PCB system.  318 

As an example, Fig. 11 shows the ACH -   and VE -   relationships generated from Eqs. (9) and 319 
(10) for the following parameters in an indoor space: ozQ = 58 W/m2, lQ  = 8 W/m2, exQ  = 5 W/m2, 320 
workshop layout, H = 4.5 m, h = 2.51 m, and desired haT  = 3 K. The required ACH on the figure 321 
indicates the ACH needed to meet thermal comfort ( haT ) requirement. Depending on the design 322 
target from a designer, the desired  haT  could also be varied, and the curves on Fig. 11 would 323 
change accordingly. The two curves indicate that as   increases, haT  decreases, and thus the 324 
required ACH also decreases. Meanwhile, the increase in   causes a decrease in VE at breathing 325 



17 
 

level. In a design process, different   could be used. When a user selects a  , the required ACH 326 
and resultant VE can be found directly. In this case, for instance, 40 %  leads to VE = 1.2 and 327 
required ACH = 3.0.  328 

 329 
Fig. 11 ACH-  and VE-  relationships for a given set of indoor space specifications  330 

( ozQ = 58 W/m2, lQ  = 8 W/m2, exQ  = 5 W/m2; workshop layout; H = 4.5 m, h = 2.51m) 331 
 332 

This study recommends using a   that leads to VE > 1.1. Otherwise, the resulting air quality would 333 
be close to that in mixing mode ventilation, and the use of a DV-PCB system might not be 334 
economical. Therefore, Fig. 11 also includes a horizontal line at VE = 1.1, and its intersection with 335 
the VE-  curve is marked “critical point”. In the design process, it is recommended that the 336 
designer select a   that is smaller than c . 337 

After   has been selected for the DV-PCB system, the DV and PCB parts of the system can be 338 
designed separately. 339 

3.4 Condensation control strategies for different air handling systems 340 

Avoiding condensation on the surfaces of PCB coils is another important objective in the design of 341 
a DV-PCB system. Hence, this study evaluated the humidity in an indoor space with this coupled 342 
system, and proposed design strategies to prevent condensation from occurring.   343 

Section 2.5 presented the two possible air handling systems for a DV-PCB design. Fig. 12 further 344 
illustrates four possible air handling processes on a psychrometric chart for each of the two systems. 345 
In relatively dry outdoor climates (processes 2 and 4), outdoor (or mixed) air is cooled and 346 
subsequently sent to indoor space. When outdoor air (or mixed air) has relatively high humidity (347 

D  ), it must be dehumidified by a cooling coil, as shown in processes 1 and 3. Hence, the 348 
humidity of the supply air becomes: 349 

            I D Mmin ,    350 
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                                1D O Emin ,x x                                                        (11) 351 

where x  represents the proportion of outdoor air in mixed air. If the air system is a DOAS, x= 1.0 352 
and D  . Hence, Eq. (11) applies to both the DOAS and air recirculation system.  353 

 

 

 

 
(a) DOAS (processes 1 and 2) (b) Air recirculation system (processes 3 and 

4) 
Fig. 12 Air handling processes on psychrometric chart 

Next, the humidity at the exhaust, E , is calculated as: 354 

      𝑚ሶ ௔௜௥𝜔ா ൌ 𝑚ሶ ௔௜௥𝜔ூ ൅ 𝑆௩௔௣௢௥ ൅ 𝑚ሶ ௜௡௙𝜔௢                                       (12) 355 

where  𝑚ሶ ௔௜௥ and 𝑚ሶ ௜௡௙ (≪ 𝑚ሶ ௔௜௥) represent the mass flow rates of air from the HVAC system and 356 

through infiltration, respectively. The vaporS  stands for vapor generated inside the indoor space, 357 

which is mainly from occupants. According to TenWolde and Pilon [49], the average water vapor 358 

generation rate per person is 0 025. g s . 359 

Eq. (11) and Eq. (12) can be used to calculate E  which can be used in turn to obtain dp ET  . To 360 

avoid condensation on the PCB coil surface, it is critical to ensure that PCB supply water 361 

temperature w,s dp ET T  . After w,sT  has been determined, a user can find the required chilled water 362 

flow rate on the data sheet provided in the corresponding PCB product manual.  363 

 364 
3.5 Design guide and design interface 365 

Based on the results obtained in the previous sections, this investigation proposed a step-by-step 366 
procedure for designing a DV-PCB system that provides satisfactory thermal comfort and indoor 367 
air quality. This procedure also eliminates the risk of condensation on the PCB cooling coil surface. 368 
Fig. 13 is a flowchart of the procedure.  369 
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 370 
Fig. 13 Proposed procedure for designing DV-PCB system 371 

 372 

The design process consists of five major steps, as follows. 373 

(1) Obtain basic characteristics and thermal conditions of the indoor space for which the DV-PCB 374 
system is being designed. These include: 375 

o Room dimensions: floor area and room height 376 
o Type of indoor space: classroom, office, university laboratory, auditorium, etc. 377 
o Cooling loads in the room in terms of ozQ , exQ and lQ . 378 

o Required haT  and temperature setpoint spT . 379 

(2) Assess the applicability of the system. 380 
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As previously mentioned, some studies have shown that a DV-only system may not be capable 381 
of providing thermal comfort in an indoor space with a cooling load larger than 40 W/m2. 382 
However, for a cooling load smaller than 25 W/m2, these studies all suggested that thermal 383 
comfort could be easily achieved by a DV-only system. Therefore, the design guide in the 384 
present study first rates the applicability of the DV-PCB system for an indoor space on the 385 
basis of its total cooling load tQ : “Not needed” for tQ < 25W/m2, “Applicable” for 25 W/m2 < 386 

tQ < 40 W/m2, and “Recommended” for tQ  > 40 W/m2. 387 
It is important that the PCB remove a significant percentage of the cooling load while still 388 
maintaining a satisfactory VE at breathing height, as indicated in Section 3.3. Hence, a DV-389 
PCB is considered applicable only if 15c %   and it is recommended to select a   that makes 390 
resulting VE higher than 1.1. Otherwise the PCB is contributing too small portion of cooling 391 
or making indoor contaminant concentration close to a mixed condition, which makes the 392 
adoption of PCB non-economical. 393 

(3) Determine   for the DV-PCB system.  394 
The ACH-  and VE-  curves (shown in Fig. 11) are generated with the use of Eqs. (9) and 395 
(10). Designers can determine   for the coupled system. The value should be between 15% 396 
and c . The required ACH and resulting VE can then be obtained from the curves. 397 

(4) Determine PCB design parameters. 398 
The dewpoint temperature dp ET   in the indoor space is calculated by Eqs. (11) and (12). To 399 

avoid condensation, the supply water temperature w,sT  must be higher than dp ET  . Designers 400 

can then find the required chilled water flow rate in the PCB product manual. 401 

(5) Determine design parameters for the DV system. 402 
Based on the ACH and VE calculated in Step (2), the required airflow rate hV  to maintain 403 
thermal comfort is: 404 

3600h
ACH H A

V
 

  405 

The required air flow rate fV  to meet the ventilation requirement is: 406 

     
p A

f

R N R A
V

VE

  
  407 

Hence, the design flow rate is: 408 
      h fV max V ,V  409 

Meanwhile, the supply air temperature is: 410 

     t
s sp f

p

Q
T T

C V



   411 

and f  can be calculated by Mundt’s formula [50]. 412 

Although the five-step guide provides a clear roadmap for designing a DV-PCB system, each step 413 
involves multiple calculations, and thus the process is time-consuming. To make the design process 414 
more convenient, this study further developed a design interface to automate and visualize the 415 
process. Once a designer enters the required inputs, the design interface automatically updates the 416 
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ACH-  and VE-  curves, displays the applicability rating of the DV-PCB system, and provides 417 
recommended design parameters.  418 

3.6 Determination of required chilled water flow rate 419 

Once the water supply temperature ( w,sT ) has been selected, the required chilled water flow rate (420 
q ) for the PCB can be found in the corresponding product manual, as mentioned in Section 3.4. 421 
In the event that the manufacturer does not provide an easy-to-find table, a simple mathematical 422 
model can be used. European Committee for Standardization [51] used a regression model to 423 
correlate PCBQ  with the difference between room air temperature ( roomT ) and mean water 424 
temperature ( w ,mT ):  425 

                                                     n
PCB room w,mQ k T T   (13) 

However, the mean water temperature cannot be easily determined. Furthermore, this model was 426 
based on one piece of PCB and does not account for variation in PCB size. In addition, Kim et al. 427 
[52] found that the chilled water flow rate ( q ) also affects PCBQ . Hence, this study correlated PCBQ  428 
with PCB cross-sectional area (WL ), the difference between room air temperature and water supply 429 
temperature ( room w,sT T- ), and chilled water flow rate, as follows: 430 

   nm l
PCB room w,sQ k WL T T q   (14) 

By conducting multi-variable regression using 320 performance data points provided by TROX 431 
[53], this study obtained the following coefficients: 1m  , 1.07n   and 1.05l  , as well as 432 

                                                          314 58 154 75 k . . W        (15) 433 

 The details of the multi-variable regression are provided in Appendix 1.  Hence, Eq. (14) becomes:  434 

   1 07 0 15314 58 154 75
. .

PCB room w,sQ . . W WL T T q         (16) 435 

In the market, the width of PCBs is usually standardized by the manufacturers, but the length can 436 
be customized according to design requirements. Therefore, it is more convenient to express Eq. 437 
(16) as the cooling capacity per unit length: 438 

      1 07 0 15314 58 154 75
. .PCB

room w,s
Q

. . W W T T q
L

         (17) 439 

Fig. 14 compares the calculated PCBQ

L
 with those from TROX [45]. The agreement between the 440 

two sets of results is good. Thus, Eq. (17) can be used to determine the required chilled water flow 441 

rate from w,sT  and PCBQ

L
. Fig. 15 further shows the cooling capacity calculated by Eq. (17) for a 442 

PCB with W = 0.61 m, at different ( )room w,sT T TD = - . The curves clearly indicate that at the same 443 
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q  and roomT , the cooling capacity significantly increases as w,sT  decreases. They also show that 444 

the cooling capacity grows with q , although the growth rate decreases as q  becomes larger. 445 

Fig. 14 Comparison of the calculated PCBQ L   

from Eq. (17) with the data from TROX [53] 

Fig. 15 PCB cooling capacity at different 
T  (beam width = 0.61 m) 

Note that coefficients m , n  and l  in Eq. (14) are sensitive to the densities of the coils and fins 446 
inside the PCB. The coefficients in Eq. (17) are based on the data from TROX [53] and may be 447 
different for other PCBs. For a given PCB, one can use the multi-variable regression method in 448 
Appendix 1 to find the corresponding coefficients. 449 

 450 

4. Discussion 451 

4.1 Draft in DV-PCB system 452 

The evaluation of thermal comfort provided by a DV-PCB system used the temperature gradient 453 

haT  as the criterion. This study did not consider other thermal comfort indices, such as the 454 
percentage dissatisfied due to draft (PD) [54], that have been used to appraise thermal comfort in 455 
many other studies [55, 56]. High PD (> 25%) could exist in the region directly below the PCB in 456 
an indoor space with a DV-PCB system, but the PD is relatively low (< 10%) in the bulk region of 457 
the room [24]. Therefore, in an indoor space with a DV-PCB system, it is not recommended that 458 
occupants sit right beneath the PCB. In the design of a room interior layout, if chairs are not placed 459 
right below PCB, the DV-PCB system designed using the proposed guide should lead to very low 460 
risk of draft to occupants. 461 

4.2 Limitations 462 

The calculation of indoor humidity assumed that the air handling system used in DV-PCB was 463 
either a DOAS or an air recirculation system. Although these two configurations are the most 464 
common and least costly, other variations are possible. For example, one could use a heat recovery 465 
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system [57] in which a portion of the return air is utilized to cool or heat  outdoor air through the 466 
heat exchanger, but the return air does not mix with outdoor air. More recent technologies, such as 467 
desiccant wheels [58], can also be incorporated into the air handling unit to improve energy 468 
efficiency, although they will increase the first cost of the HVAC system. If these variations are 469 
used for the air system, the air-handling process could differ from those shown in Fig. 12, and Eq. 470 
(12) should be adjusted accordingly. However, all other equations and associated design steps will 471 
remain unchanged. 472 

This investigation mainly studied the thermal and ventilation performance of a DV-PCB system, 473 
and proposed design guidelines accordingly. For comprehensive evaluation of a system, it is also 474 
important to examine its energy and economic performance, and the DV-PCB should be compared 475 
with conventional DV-only or mixing ventilation systems in terms of these two aspects. The results 476 
would provide more complete information about the market value and potential of DV-PCB 477 
system. This was not within the scope of the present study but deserves further attention. 478 

 479 

5. Conclusions 480 

This research systematically investigated the impact of PCB on the thermal and ventilation 481 
performance of a DV system. The heat transfer characteristics and airflow distributions in a DV-482 
PCB system were very different from those in a coupled DV and chilled ceiling system. Proper 483 
selection of design parameters is essential to ensure the thermal comfort and indoor air quality 484 
requirements could be satisfied. With an established database of 70 cases, this study further 485 
developed a guideline for designing a coupled DV-PCB system which meets thermal and 486 
ventilation needs of a room while avoiding condensation risk. The research led to the following 487 
conclusions: 488 

(1) The haT  in a DV-PCB system was positively related to the cooling loads in the room and 489 
negatively related to ACH and  . With the results from the database, a mathematical model was 490 
developed to calculate haT . 491 

(2) The same database was used to develop a model for calculating ventilation effectiveness at 492 
breathing height in a DV-PCB system. At the same height in the room, ventilation effectiveness 493 
increased with ACH but decreased with  .  494 

(3) This research established a strategy to avoid condensation on the PCB cooling coil surface by 495 
controlling the PCB supply water temperature in accordance with the estimated indoor dewpoint 496 
temperature. A method was developed for obtaining the required chilled water flow rate from the 497 
PCB supply water temperature. 498 

(4) With the haT  and VE models developed here, ACH-  and VE-  curves can be generated to 499 
determine the maximum   that can be used in a DV-PCB system. Based on these curves and other 500 
results, this study developed a five-step procedure for designing a DV-PCB system. A DV-PCB 501 
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system designed in accordance with this guide will provide satisfactory thermal comfort and air 502 
quality without the risk of condensation.  503 
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 653 

Appendix 1: MATLAB code for obtaining coefficients in Eq. (17) 654 
 655 
%Read data points 
  
q1 = xlsread('PCB_Cooling_Data.xlsx', 1, 'B2:B81'); 
q2 = xlsread('PCB_Cooling_Data.xlsx', 1, 'B83:B162'); 
q3 = xlsread('PCB_Cooling_Data.xlsx', 1, 'B165:B244'); 
q4 = xlsread('PCB_Cooling_Data.xlsx', 1, 'B248:B327'); 
  
Delta_T1 = xlsread('PCB_Cooling_Data.xlsx', 1, 'C2:C81'); 
Delta_T2 = xlsread('PCB_Cooling_Data.xlsx', 1, 'C83:C162'); 
Delta_T3 = xlsread('PCB_Cooling_Data.xlsx', 1, 'C165:C244'); 
Delta_T4 = xlsread('PCB_Cooling_Data.xlsx', 1, 'C248:C327'); 
  
Q1 = xlsread('PCB_Cooling_Data.xlsx', 1, 'E2:E81'); 
Q2 = xlsread('PCB_Cooling_Data.xlsx', 1, 'E83:E162'); 
Q3 = xlsread('PCB_Cooling_Data.xlsx', 1, 'E165:E244'); 
Q4 = xlsread('PCB_Cooling_Data.xlsx', 1, 'E248:E327'); 
  
ln_q1 = log(q1); 
ln_q2 = log(q2); 
ln_q3 = log(q3); 
ln_q4 = log(q4); 
  
ln_Delta_T1 = log(Delta_T1); 
ln_Delta_T2 = log(Delta_T2); 
ln_Delta_T3 = log(Delta_T3); 
ln_Delta_T4 = log(Delta_T4); 
  
ln_Q1 = log(Q1); 
ln_Q2 = log(Q2); 
ln_Q3 = log(Q3); 
ln_Q4 = log(Q4); 
  
X1 = [ones(size(ln_q1)) ln_q1 ln_Delta_T1]; 
b1 = regress (ln_Q1, X1); 
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X2 = [ones(size(ln_q2)) ln_q2 ln_Delta_T2]; 
b2 = regress (ln_Q2, X2); 
  
X3 = [ones(size(ln_q3)) ln_q3 ln_Delta_T3]; 
b3 = regress (ln_Q3, X3); 
  
X4 = [ones(size(ln_q4)) ln_q4 ln_Delta_T4]; 
b4 = regress (ln_Q4, X4); 
  
n = mean([b1(3) b2(3) b3(3) b4(3)]); 
l = mean([b1(2) b2(2) b3(2) b4(2)]); 
  
W = [0.6096; 0.508; 0.4064; 0.3048] 
K = exp([mean(ln_Q1 - l*ln_q1 - n*ln_Delta_T1); 
    mean(ln_Q2 - l*ln_q2 - n*ln_Delta_T2); 
    mean(ln_Q3 - l*ln_q3 - n*ln_Delta_T3); 
    mean(ln_Q4 - l*ln_q4 - n*ln_Delta_T4)]) 
p = polyfit(W,K,1) 
 

 656 


