9. Normal Shock Waves

Consider the movement of a piston in a cylinder:
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When we first move the piston, an infinitesimal (compression) pressure wave travels down the cylinder at
the sonic speed. Behind the wave, the pressure, temperature, density, and increase slightly and the fluid has
a small velocity following the wave.

If we continue to increase the piston velocity, additional pressure waves will propagate down the cylinder.
However, these waves travel at a slightly increased speed relative to a fixed observer due to the increased
fluid temperature and fluid movement. The result is that the waves formed later catch up to the previous
waves. When the waves catch up to the first wave, their effects add together so that the small changes
across the individual waves now become a sudden and finite change called a shock wave.
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Notes:

1. The velocity of a shock wave is greater than the speed of sound since:

= ﬂ [1 + A_p]
Ap P
For a sound wave, Ap — dp = Ap/p— 0. For a shock wave, Ap/p>0,s0 that cgnock wave ™ Csound wave-
2. A shock wave is a pressure wave across which there is a finite change in the flow properties.
Shock waves only occur in supersonic flows.
4. Shock waves are typically very thin with thicknesses on the order of 1 um. Thus, we consider the
changes in the flow properties across the wave to be discontinuous.
5. The sudden change in flow properties across the shock wave occurs non-isentropically since the
thermal and velocity gradients are large within the shock wave itself.

(98]

To analyze a shock wave, we’ll use an approach similar to that used to examine a sound wave. Let’s
consider a fixed shock wave across which flow properties change:

very thin CV so there is no flow
| out of the top and bottom
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(isentropic flow) '

downstream
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fixed shock wave
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COM:
phd=p,hr4

a5

LME (in x-direction):
mV, —mV,= p,A— p,A

2V (h=H)=pbs (V)= —p) (144)
COE:

[+ 472 =hy+ 73] (145)

Also, hy; = hy,. Note that no heat is added to the CV, i.e., the process is adiabatic.
2" Law:

(since the process is adiabatic but irreversible) (146)
Thermal Equation of State (ideal gas law):

I R (147)

Al pT,

Caloric Equation of State (for a perfect gas):
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Combining Egs. (143) and (144):

P P
s S o S v,-W
A P
Substituting Eq. (147):
RT, RT,
—_2-y-p
non
Substituting Eqgs. (145) and (148) then re-arranging:

2 2
Rlp WV R(L B,
" 2c, | T, 2c,

RV, V2 RVV}
RV, T - =1 —RNT, - 2 =V1V2(V2_V1)
2c
P P
418
W (" =-1n)=R\(V, 1/1)7"0+(V2—I/l)2—
Cp
ViV
Vle(Vz_Vl)zR(Vz—Vl)l:%"‘%}
P
ViV
m%thQ+JJ}
CP
R
VV,|1-—— |=RT,
ZCp

Finally, substituting the relation:
R ¢,—¢ y-1

¢, ¢, ¥
and re-arranging we have:
2yRT,
nv, = 7 Prandtl’s Equation
y+1
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Dividing both sides of the equation by the sound speed on either side of the shock wave and utilizing the
definition for the Mach # for a perfect gas:

v v, 2 J)/RTO \JYRT,

JYRT, JyRT, 7+ \/;/RTI JYRT,

/T
Ma,Ma, =— TO
2

Recall that for the adiabatlc ﬂow of a perfect gas:
-1
T (127 v
T, 2
So that:

Ma]Ma2=— Lk
L\T
4 _ 4
2 [1+ 27 v 1+7/—1Ma§
Tyl 2 2

After additional algebra we can reduce this equation to the following:

~1)Maj +2
Ma3 = (7% (151)
2yMa; —(y-1)
Relation between upstream Mach # (Ma,;) and downstream Mach # (Ma,) across a normal shock
wave.
Notes:

1. When Ma,>1, then Ma,<1 (supersonic to subsonic flow) and when Ma;<1, then Ma,>1 (subsonic to
supersonic flow).

2. From experiments, we observe that shock waves never form in subsonic flows (Ma;<1) even though
Eq. (151) does not give any indication of this. We’ll use the 2" law in a moment to show that shock
waves can only form in supersonic flows (Ma;>1).

The temperature ratio across the shock wave can be determined using the adiabatic stagnation temperature
relation for a perfect gas and noting that the stagnation temperature remains constant across a shock:

(T/) (“1““2 ]

T 1+}/T_1Mal2
Fz = . (152)
! [1 + = Ma; )
2
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The pressure ratio across the shock can be determined by combining Egs. (152), (147), and (143) along

with the definition of the Mach number for a perfect gas:

po_pals _WT _ (7RTMa)T,

po AT BT (7RI Ma, )T

_Ma, |T,
Ma, \ 7
L
_ 2
1+7/—1Mal2
2

Py _ Ma,
Ma y=1,,2
b 2 1+TM32

1
y=ly 2 V? y=1yp.2
P _ N _phi _ Ma a 2 Maj 1+ 2 Maj

AV, pl, Ma, 1+7—_]Ma§ 1+7—_1Ma§
2 2

3

y=ly2 [
1+4—Ma
P2 _ﬁz Ma, 2 !

AV Ma, 1+L2_1Ma§

(153)

(154)

We can also determine the ratio of the isentropic stagnation pressures and densities across the shock wave:

— }/I‘V
2 (147 2
Po 2
)2\ -1 2 V7
[AO j_ ]+72 Ma;

1’/ 1+ 7 a2
Poz 2

S

y=ly2 V7 y=ly 2
1+~——Ma 1++~—Ma
Por _| P2 2 ! _ Ma, 2 !
Po1 P 1+y—_1Ma% Ma, 1+L_1Ma§
2 2
(1+7)
y=1\ 2 p-7)
I+-~—Ma
P _ Ma, 2 '
P Ma, 1+7T_1Ma§
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Po _ Po To

Po1 Por Tip
but since T()] = T02

(1+7)

P _ Po» _Ma 1+ g [
Por _ Por _ V3 2 (156)

Po Py Ma, 1+7—_1Ma§

The sonic area ratio across the shock can be determined from the fact that the mass flow rate across the
shock must remain constant (COM):

1y = 1ty
PV A4 =poV, 4

L _ph

4 p

The sonic ratios can be determined from the following:

* * 1
— 1-
P_lzﬁz(lﬂ’_l]/( 7
Por Po 2

and
* * *
i _a_ |k
* * *
V, o T,

Note that Ty, = T, has been used in the previous equation. Substituting these two sonic ratios and
simplifying:

(r+1)
LM e Ma? [V
, _Ma, 2 (157)
A Mayl 7ol
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Note that we could have also used the isentropic area ratios on either side of the shock wave:
(7+1)

— 2(7-1)
A 1 1+7/—1Mal2 ’
e B 2 and
Al Mal 1+ 7/_1
2
so that:
(r+1)
Al 7—1 2 \2(r-1)
A; _[A:]_Maz 1+72 Mal
4 A/ Ma, 1+L_1Ma§
4, 2

Notes:

4,

4

y—1

(r+1)
2(7-1)

1 1+ Ma%
- Ma, v
2
where 4,=4,

1. Equations (152)-(157) may be written only in terms of Ma, by substituting Eq. (151). The resulting

equations are:

(y-1)Maj +2

Ma3 =

- 2yMa;j —(y-1)
T 2;/Ma2— y—1
2 =[2+(y-1)Ma} | 1—2(2)
i (7+1)” Ma;

PN (7+1)M312
AV (y-1)Maj +2

1

Py 2V g2 771

p y+l _7+1
T,
202
Ty
e
}/+1 2 7
* £ —Ma A
Po _Po_A _|_2 [27 Ma§_7‘1ry
Por Poi A 1+7T_1Ma12 r+l1 7+l
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2. Now let’s examine the change in entropy across the shock using:

T
s2—51=cpln—2—Rln& (164)
T P
If we substitute Egs. (159) and (161) into Eq. (164) and plot:
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We observe that for Ma,; < 1 the entropy decreases across the shock. The 2" law, however, states that
the entropy must increase across the shock (refer to Eq. (146)). Thus, shock waves can only form
when Ma>1.

Also note that as the upstream Mach number approaches one (Ma;—1), the flow through the shock
approaches an isentropic process. An infinitesimally weak shock wave, one occurring when Ma,=1,
results in an isentropic process. This type of shock is, in fact, just a sound wave.
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3. Plots of Egs. (159)-(163) as a function of Ma, are shown below:

5 -
4
——Ma2
——T2/T1
s 3 1 —p2/pl
% // / ——r2/rl
> 5 ——p02/p01
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The plot shows the following relations:
T,>T and To/T; TasMa; T
p2>p1and po/p; TasMa, T
p2>prand po/p; TasMa; T
Vo< Viyand Vo/V; L asMa, T
Tox=To
P02 <por and poa/por L as Ma; T
poz < p()] and pOZ/p()l \L as Ma1 T
AQ* > Al* aIldAz*/Al* T as Ma1 T

I2
Ma, 4 as Ma; T Furthermore, [im (Maz) = 7=l
Ma, —eo 2y
4. The shock strength is defined as the change in pressure across the shock wave relative to the upstream
pressure: Ap/p;=p,/pi-1. Viewing the trends shown in the previous plot, the larger the incoming Mach
number the stronger the shock wave.
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