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Notes: 
 
1. There is no known closed-form solution to this ODE so we resort to solving it numerically (using a 

Runge-Kutta method for example).  A plot of the solution looks like (plot from Panton, R.L., 
Incompressible Flow, 2nd ed., Wiley): 

 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
The analytical results found here match experimental data very well as shown in the figure.  Note that 
the similarity variable in the plot above does not include the square root of two term, i.e.: 

plot what's used in these notes2η η=  
 

2. The boundary layer thickness, δ, is found from the numerical solution to occur at η=3.5: 
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The boundary layer thickness is then: 
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3. The displacement and momentum thicknesses can also be found numerically using their definitions: 
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4. The shear stress at the plate surface in dimensionless form is known as the friction coefficient, cf: 
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Note that the friction coefficient is a ratio of the shear stress to the dynamic pressure in the flow. 
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The Blasius solution for a laminar boundary layer with no pressure gradient may be derived, but that derivation is outside the scope of this class.  The following information comes from this derivation.
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5. The drag coefficient, cD, defined as the dimensionless drag acting on the plate between x=0 and x=L, 
is found by integrating the shear force over the plate area: 
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    (where cD is the drag coefficient per unit depth) 

Note that although the boundary layer assumptions break down near the leading edge of the plate (Rex 
is not >> 1), the distance over which this is the case is small in comparison to the typical lengths of 
interest.  This discrepancy is generally neglected in engineering applications. 

 
6. This solution is only valid for laminar boundary layers.  As a rule of thumb, the transition from laminar 

flow to turbulent flow occurs at:  Rex ≈ 500,000. 
 
7. Recall that he boundary layer equations on which the Blasius solution is based are valid only when Rex 

>> 1.  In practice, it has been found that the Blasius solution is accurate when ReL > 1000.  For 1 ≤ ReL 
≤ 1000, the following relation developed by Imai (1957) is more appropriate: 
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8. In summary, for flow over a flat plate with no pressure gradient, the “exact” Blasius solution gives: 
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