Another Approach to Deriving Bernoulli’s Equation

We can also derive Bernoulli’s equation by considering LME and COM applied to a differential control
volume as shown below. In the following analysis, we’ll make the following simplifying assumptions:

1. steady flow
2. inviscid fluid
3. incompressible fluid
Note that the control volume shown follows the streamlines.
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First apply COM to the CV shown above:

d
o J pdV + f(P“m -dA)=0
cv cs

where

i I pdV =0 (steady flow)
dt &

[ (pusa-da)=p(v+ Jsav)(a+ fda)
CS
~p(V = Jsdv)(4= fydd)
= pVdA+ pAdV + HO.T.

(Note that there is no flow across a streamline.)
S VdA=-AdV
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Now apply the LME in the s-direction to the same CV:

% J.uspdV+Jus (purel 'dA)=FB,s +FS,S
(1%

CS
where
d
— J updV =0 (steady flow)
dt &
[ (puss-da)==p(v = ysav (4~ Y d4)
CS
+p(V+%dV)2 (A+)sdA)
=2pVAdV + pV*dA+H.OT.

Fy = pdsd(-gsin®)=—pAgdssin@ =—pAgdz
=dz

Fy,=(p=Yydp)(A=)ydA)=(p+ }ydp)(A+ ), dA)+ pdA
=—Adp+HOLT.
= 2pVAAV + pV*dA = —p Agdz — Adp

Substitute the result from COM into the result from the LME and simplify:
2pVAdV + pV>dA =—p Agdz — Adp
i
=—pVAdV

d—p+VdV+gdz=0
P

We can integrate this equation to get:

£+% V2 + gz = constant (150)
P

Again, it’s important to review the assumptions built into the derivation for Eq. (150):
1. steady flow
2. inviscid fluid
3. incompressible fluid
4. flow along a streamline
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