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Interesting trivia:  Pumping costs are typically between 16%1 and 40%2 of an industrial 
facility’s energy usage. 
(1)  https://www.energy.gov/sites/prod/files/2014/05/f16/reduce_pumping_costs.pdf 
(2)  http://pumps.org/EnergyEfficiency.aspx 
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1. Entrance Region 
 
 
 
 
 
 
 
 
 
 
 
 
The flow in the entrance region is complex and will not be investigated here.  Experiments have shown that 
the dimensionless length of the entrance region depends on whether the entering flow is laminar or 
turbulent, with: 

laminar flow:   L/D | 0.06 ReD (10.1) 
turbulent flow:   L/D | 4.4 ReD

1/6 (10.2) 
For many engineering flows: 

104 < ReD < 105  �  20 < L/D < 30 (10.3) 
 
 
 
2. Fully Developed Laminar Circular Pipe Flow (Poiseuille Flow) 
 
Consider the steady flow of an incompressible, constant viscosity, Newtonian fluid within an infinitely 
long, circular pipe of radius, R. 
 
 
 
 
 
 
 
 
 
We’ll make the following assumptions: 

1. The flow is axi-symmetric and there is no “swirl” velocity.  � � 0  and  0uTT
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4. There are no body forces.  0r zf f fT�     
 
Let’s first examine the continuity equation: 
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 (10.4) 

From assumptions #1 and #3 we see that: 
constant rru   (10.5) 

Since there is no flow through the walls, the constant must be equal to zero and thus: 
0ru    (call this condition #5) (10.6) 
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The shaded regions are where viscous stresses are 
important (the boundary layer). 
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