NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

4.4.1. The LME using a Non-inertial Coordinate System

Recall that Newton’s Second law holds strictly for inertial (non-accelerating) coordinate systems. Now let’s
consider coordinate systems that are non-inertial (accelerating). First examine how we can describe the
motion of a particle in an accelerating coordinate system, call it frame xyz, in terms of a non-accelerating
coordinate system, call it frame XYZ (Figure 4.10).

particle

FI1GURE 4.10. A schematic illustrating a particle’s movement in two coordinate systems.

The position of a particle in XYZ is given by rxyz and in xyz the particle’s position is given by rg,.. The
two position vectors are related by the position vector of the origin of xyz in XYZ, ryy./xvz,

rXyz = Yuyz/xyz + Yayz- (4.57)

The velocity of the particle in XYZ can be found by taking the time derivative of the position vector, rxyz,
with respect to XYZ (as indicated by the subscript XYZ in the following equation),

erYZ dra:yz

dt

. drzyz/XYZ

(4.58)

XYZ dt XYZ dt XYZ

The time derivative of r,,./xyz is simply the velocity of the origin of xyz with respect to XYZ, u,,./xyz,

drz 2/ XYZ

XYZ

We must be careful, however, when evaluating the time derivative of ry,. in XYZ since both the magnitude
of ry,, and the basis vectors of zyz can change with time (the basis vectors of xyz can change due to rotation
of the zyz with respect to XYZ). To calculate the time derivative of ryy, in XYZ, let’s first write ry,, as a
magnitude, 7., multiplied by the basis vectors of zyz, &, ., then use the product rule to evaluate the time
derivative,

drgy. _ rmyeboys) | drmye| o deays (4.60)
dt o dt T dt Coyz T oy 1y ' '
XYZ XYZ XYZ XYZ
Note that,
Arzys .
dty XYZerZ = Ugyz, (461)

is the velocity of the particle in xyz.

The time derivative of the xyz basis vectors is found from geometric considerations. Consider the drawing
shown in Figure 4.11 illustrating the change in the x-basis vector as a function of time. For simplicity, we’ll
assume that the rotation only occurs in the zy plane, i.e., Af, = Af, = 0. The time derivative of the basis
vector is,

dé,

(4.62)
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>

e (t+Ar)—e ()

FIGURE 4.11. A schematic showing how the &, basis vector changes due to rotation in the
xy plane.

Note from the figure that,

&, (t + At) — &, (t) = [€,(t) cos AG, + &,(t) sin Ab,] — é,(t), (4.63)
=&,(t)(cos Af, — 1)+ &,(t)sin Af,. (4.64)
In addition, as At — 0, A, — 0 and,
1
(cosAf, — 1)~ [1—(A0,)%/2] — 1= —E(AQZ)Q and sinAf, ~ Ad,, (4.65)
so that,
de, . e(t+An-&() . —LAG)%(1)+ A0,
AT A = A, At 7 (4.66)
de., . .
=& (since Af, < 0), (4.67)
dé, ) _de,
o = Wiy where w, = il (4.68)
In general, it can be shown that,
déCE z N
dty = Wayzxyvz X €xyz, (469)
XYz
so that,
déxyz A~
Tzyz dt = Tryz(wxyz/XYZ X ezyz) = wwyz/XYZ X rzyz- (470)
XYz

Combining Eqs. (4.58) - (4.61) and (4.70), we find that the velocity of a fluid particle in the inertial coordinate
system XYZ is,

uxyz = Ugyyxyz —+ Ugzpyz T Woyyxyz X Toyez s (471)
M~ —— ~——
veloqty of particle velocity of zyz  velocity of particle  velocity of particle in XYZ
in XYZ w/r/t XYZ in zyz due to rotation of zyz
w/r/t XYZ

where u,,. is the particle velocity in non-inertial coordinate system xyz, wy,./xyz is the angular velocity of
zryz with respect to XYZ, and r,,, is the position vector of the particle from the origin of zyz.

The acceleration of a particle in XYZ in terms of xyz quantities can be found in a similar manner,

duxyz _dugyxyz dug,., d 4
- 7(wzyz/XYZ X rzyz) ) ( 72)
dt |xyy dt XYZ dt | xyz dt XYZ
—=a =a,,. . . d(rzyzézyz
e vxXYZ = (Uayz8ayz)| () TWaysxyz XTay:+Weyaxyz X Hroygioys) xvz
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where the results from Eqs. (4.60), (4.61), (4.69),
Eq. (4.72),

and (4.70) are used to simplify the last two expressions in

d dug de
~ TYZ A Tyz
%(uxyzewyz) = dt €ryz T Ugyz dt (473)
XYZ
= Agyz T Wayz/xyz X Ugyz. (474)
and,
A(Tgy2€0y2)
yzCxyz _
Weyz/ XYz X dt = Wgyz/xyz X (uxyz + Weyz/ XYz X rzyz)v (475)
XYZ
= Wayz/xyZ X Ugyz + Wayz/xyz X (wmyz/XYZ X rﬁyz)' (476)
Substituting Eqs. (4.74) and (4.76) into Eq. (4.72) and simplifying gives,
axyz = Ayy/XYZ + Agyz +  (Wayyxyz X Tayz)
rectflhr'lea.r lac_celggia/tzlon rectilinear acceleration  rectilinear acceleration tangential acceleration of
of particle in of xyz w/r/t XYZ of particle in zyz particle in XYZ due to
rotational acceleration of zyz
+ (ZwaZ/XYZ X umyz) + [wzyz/XYZ X (wzyz/XYZ X rmyz)] . (477)

Coriolis acceleration of
particle in XYZ due to

rectilinear motion of particle

centripital acceleration of particle
in XYZ due to rotation of zyz

in zyz

Now let’s use these relations to determine an expression for the LME using a non-inertial coordinate system.
Recall that the Lagrangian statement for the LME is (refer to Eq. (4.37)),

% - uxyzpdV = Fop gys. (4.78)
Substitute Eq. (4.71) into Eq. (4.78) and re-arrange,
Fon sys = % ” (Upyz/xyz + Usyz + Wayzxyz X Tayz)pdV, (4.79)
= DB Uy, pdV + 2/ (Ugyz/xyz + Wayz/xyz X Tayz)pdV. (4.80)
t v, Dt Jy,,.

Now use the Reynolds Transport Theorem to convert the first term on the right-hand side to a control volume
and re-arrange,

D
Fpcv + Fs,cv—ﬁ/ (Ugyz/xyz + Wayz/xyz X Toyz)pdV
1%

sys

d
[ teepdV [ (pua- da)
(oF}

= 4.81
dt Jov (481)

The remaining Lagrangian term can be simplified by changing the volume integral to a mass integral and
noting that the mass of the system doesn’t change with time,

D

E v (umyz/XYZ + Woyz/XyZ X rwyz)pdv = E /M (ua:yz/XYZ + Woyz/XyZ X rwyz)dmy (482)
sys sys
= /M Ft(llzyz/xyz —+ wzyz/Xyz X rmyz)dm, (483)
D
= v Ft(umyz/XYZ + Weyxyz X Tayz)pdV. (4.84)
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Since U,y./xyz and w,,./xyz are functions only of time (these variables describe the motion of the coordinate
system xyz and not the fluid), and because Dry,,./Dt = ugcyzl7 we can replace the Lagrangian time derivative
with an Eulerian time derivative and substitute in our result from Eq. (4.77),

d
%(uzyz/XYZ + Wryz/Xyz X rmyz)pd‘/a (485)
v

sys

D
/ E(umyz/XYZ + Wryz/XyZz X rwyz)pdv =
\%

sys

= / [azyz/XYZ + wmyz/XYZ X Tyyz + 2"‘Jzyz/XYZ X Ugyz + Woyz/XyZz X (wzyz/XYZ X rwyz)]pdV- (486)
Vays

Substituting Eq. (4.86) back into Eq. (4.81) and noting that when we apply the Reynolds Transport Theorem
the control volume and system volume are coincident (so that the system volume integral in Eq. (4.86) can be
replaced by a control volume integral), we find that the LME can be applied using a non-inertial coordinate,
xyz, if the following form is used,

Fpcv +Fscv

- / {awyz/XYZ + (wLyz/XYZ X rryZ) + (2wLyz/XYZ X uatyz) + [wwyz/XYZ X (wxyz/XYZ X rzyz)]}pdv (487)
cv

d
= 4 uzszdV + / Ugyz (purel : dA) .
dt Jev cs

This is the Linear Momentum Equation using a non-inertial (aka accelerating) coordinate system!

Let’s consider a few examples to see how this form of the LME is applied.

1Drgy arzyz 8rzyz arzyz arzyz ~ ~ ~
Yz — =u where r = x€; + Y&y + zé
N—— —— \ , N——
=0 =éy =&, =é;
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A jet of water is deflected by a vane mounted on a cart. The water jet has an area, 4, everywhere and is
turned an angle © with respect to the horizontal. The pressure everywhere within the jet is atmospheric.
The incoming jet velocity with respect to the ground (axes XY) is Vie. The cart has mass M. Determine the
horizontal acceleration of the cart at the instant when the cart moves with velocity Veart (Veart<<Viet) if no
horizontal forces are applied

Viet oc optiopotes

Y

tx

[177777777777/7/%77/777777

Fy

SOLUTION:

Apply the linear momentum equation to a control volume surrounding the cart. Use a frame of reference
fixed to the cart (xy). Note that this is not an inertial frame of reference since the cart is accelerating. As
before, in this frame of reference the cart appears stationary and the jet velocity at the left is equal to Vie-
Veart. From conservation of mass, the velocity on the right of the control volume is Viet — Veart.

V}et - Vcart

Viet - Veart BT OROROROROROH

T7777777777777% 77777777

Fy

Apply the linear momentum equation in the x-direction:

d

- f u,pdV + j u puy -dA = Fy  +Fy  — J' a,, ¢ pdV )

fev cs cv

where,

d

— | u,pdV =0

e

cv

(The cart has zero velocity in this frame of reference. The fluid in the control volume does accelerate
in this frame of reference; however, its mass is assumed to be much smaller than the cart mass. Hence,
the rate of change of the control volume momentum in this frame of reference is assumed to be zero.)
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=uy =Up =A =uy =Up =A
——

J. uy (P -dA) = (Vjet - Vcart) p(Vjet ~Veart )I —Ai +<Vjet - Vcan)cosé’ P(Vjet ~Veart )(cos 6i +sin Hj)-A(cos i+ sinﬁj)
CS

left side right side
2 2
= —P(Vjet - ch) A+ P(Vjet - Vcart) Acost9(cos2 6 +sin® 9)
N/
=1
2
= p(Vjet - Vcart) A(coso-1)
F5 . =0 (no body forces in the x-direction)

Fs . =0 (all of the pressure forces cancel out)

I a,;ypdV = Ma (the mass within the CV is approximately equal to the cart mass)

cv
Substitute and re-arrange.

2
p(VJet ~Veur ) A(cos6—1)=—Ma

2
NGRS o

Now solve the problem using an inertial frame of reference fixed to the ground (frame XY). The linear
momentum equation in the X direction gives:

% J- uypdV + IuXpurel'dA:FB,X+FS,X %)
CcvV CS
where,

i |
— | uypdV = Ma
dtcv

(The mass within the control volume is approximately equal to the cart mass since the fluid mass is
assumed to be negligible.)

,:_1:[& SUp . :fi‘: Uy =l . . :AA .
J‘ uy (puge -dA)= Viet p(Vjet —Veart )i —Ai [+ [(Vjet - Vcan)c059+ Vcart:| p(Vjet —Veart )(cos i +sin Gj)-A(COSHi +sin Gj)
CS
left side right side

2 29, 402
=_ijel(Vjet_Vcart)A+p (Vjet_Vcart) COSH"'Vcart(Vjet_ cart) A(COS 6 +sin 9)
A
=1

2 2 2
= p|:_Vjet + Vjethart + (Vjet —Veart ) cos 6 + Vcarthet —Veart } 4
2 2
=p (Vjet*Vcart) COSQ*(Vjet*Vcart) 4

=p(Vjet _Vcart)2 (cos@-1)4
Fg x =0 (no body forces in the x-direction)
Fs x =0 (all of the pressure forces cancel out)
Substitute and re-arrange.

Ma+p(Vjet _ch)z A(cosf-1)=0

2
P(View =Vear ) A(1=cos6)
a= Vi (Same answer as before!) “4)

Using a frame of reference that is fixed to the control volume is easier than using one fixed to the ground.
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The tank shown rolls along a level track. Water received from a jet is retained in the tank. The tank is to
accelerate from rest toward the right with constant acceleration, a. Neglect wind and rolling resistance.

Find an algebraic expression for the force (as a function of time) required to maintain the tank acceleration
at constant a.

initial mass of cart and water,

SOLUTION:

First apply conservation of mass to a control volume surrounding the cart (shown below) in order to
determine how the cart mass changes with time.

The frame of reference
jet velocity relative to xy 1s fixed to the cart.

%jpdV+J-purel~dA=0 (1)
[0\ CS
where

d dm,

dv = —<
dt I p dt
Ccv

j pu -dA =—p(V -U) A
CS

Substitute and re-arrange.
dM ¢y

p(V-U)4=0
dMJ:p(V—U)A )
dt
C. Wassgren 419
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Since the cart acceleration is constant (= a), we may write:
U =at (Note that U(t = 0) = 0 since the cart starts from rest.) 3)

Note that Eqn. (3) is only true when a = constant. Otherwise, if a = a(f) one must write the velocity as:
t

U=U,+ j adt )
0
Substitute Eqn. (3) into Eqn. (2) and solve the resulting differential equation.
am
CV :p(V—at)A (5)
dt
Mey=Mcy

My :M0+p(Vt—%at2)A (6)

Now apply the linear momentum equation in the x direction to the same control volume. Note that the
frame of reference xy is not inertial since the cart is accelerating.

di [ucpav+ [u,(pug-da)=Fy, +Fs.~ [ ayxpav )
! CcvV CS CcvV
where

di J- u,pdV =0 (most of the mass inside the CV has zero velocity in the given frame of reference)
Lev
2
[, (pu-da)==p(r-vy 4
Ccs
FB,x =0
Fs,=-F
I ayx pdV =aMcy

cv
Substitute and re-arrange.

—p(V-U) 4=-F —aMy

F=p(V-U) 4-aM¢y ®)
Now substitute Eqns. (3) and (6) into Eqn. (8).
F=p(V-at) d=a| My+p(vi-1ar®) 4] ©)
C. Wassgren 420 2021-12-15
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Now let’s solve the problem using a frame of reference fixed to the ground (XYZ - inertial).

d

7 I uy pdV + .[ y (PUy dA) = Fy y + Fg
cv cs

where

d d dU dM -y
— | uypdV =—(M~U)=Mq, —+U —=%
dtc'[/ x P dt( cv ) oV dt

'[ Uy (purel dA) = (V)[_,D(V—U)A] = —pV(V_U)A
Cs
Fyx =0
Fg y =-F
Substitute and utilize Eqn. (5) to simplify.

M
Mcvd—U+UJ—
dt dt

pV(V-U)A=-F

MCV(Z—(t]JrUp(V—U)A—pV(V—U)A:—F

F=—aMq, -Up(V-U)A+pV(V-U)A

F=p(V-UY 4-aMcy (10)
Eqn. (10) is identical to Eqn. (8) as expected!
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A model solid propellant rocket has a mass of 69.6 gm, of which 12.5 gm is fuel. The rocket produces 1.3
lbr of thrust for a duration of 1.7 sec. For these conditions, calculate the maximum speed and height
attainable in the absence of air resistance. Plot the rocket speed and the distance traveled as functions of
time.

SOLUTION:

Assume that the mass flow rate from the rocket is constant. Also assume that the thrust remains constant
over the burn duration.

Apply the linear momentum equation in the y-direction to the CV shown using a frame of reference
attached to the rocket.

)
«—

(pe _patm)Ae l Ve

d
— [u,pdV + [u,(pu,, -dA)=F, +F; — [ a,,pdV
dt CvV CS CcV

where,

% _[ u,pdV =0 (Most of the fluid has zero velocity in this frame of reference.)
Ccv

f u,(pu,, -dA)=—V,(pV,4,)=-pV. 4,
(&
Fy )= -M.,g (weight)
Fy, =(P.=Pun)A. (The exit pressure may be different from atmospheric pressure.)
I a,,pdV =aM., (Were using an accelerating frame of reference.)
Ccv
Substituting and simplifying:
_peI/eer = _MCVg + (pe - patm )Ae - MCVa
n pel/eer +(pc _patm )Ae
M

M

cv
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Note that the thrust, 7, is the force required to hold the rocket stationary (neglecting gravity).

o e Wz
. P
S 1
Semmmmmm e (pe*patm)Ae
—
X

i I uxpdV + J‘ ux (purel : dA) = FB,x +FS,X
dt Ccv CS
where,
% f u pdV =0 (Most of the fluid has zero x-velocity.)
Ccv

[u.(pu,, -dA)=V,(pV,4)=pV} 4,

Ccs

F,,=0

FS,,\' = _(pe _pa/m )Ae +T
Substituting and simplifying:
PV A, =~(Pe= P )4 +T
szeVeerJr(pe_patm)Ae (2)

Substitute Eqn. (2) into Eqn. (1):
3

a=-g+

cr

Apply COM to the same CV:
4 j pdV + J‘(pum -dA)=0
dt Ccv CS

where

‘M
4 I pdV = My
dr 3, d

J‘ (purel : dA) = peV:eAe = m
Cs
Substituting and simplifying:
My (=0 )
dt

Assuming the mass flow rate is a constant, solve Eqn. (4) subject to initial conditions:
My t

[ M, =—m]dt
M, 0

M, =M, —rmt (%
where Mo is the initial mass of the CV.
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Substitute Eqn. (5) into Eqn. (3) and solve the differential equation for the velocity:

dUu T
a=—=-g+ -
dt M, —mt
U t t
[au = [~gdr+ [T
0 0 o M, —mt
M, —mt
U:—gt—z.ln o M
m M,
T it
U=-gt——In|1-" 6
- [ Moj ©

Solve the differential equation given in Eqn. (6) for the height of the rocket.

U:%:—gt—z_ln l—m—t
dt m M

0

[T .
[ an= j—gzdz—lgln(l—ﬂ”;—tjdt

0 0 0

Y . .
h=—tgp + L Mop[y 0 gl -0 )
m| m M, M,

Note that Eqns. (3), (5), (6), and (7) are written specifically for when the fuel is burning. When the fuel has
been expended, the rocket equations of motion are:

P, ®
U=U_. —-g(t-t) )
h=-Ltg(t=t'Y +U_ (t-t)+h_, (10)

where ¢’ is the time at which the fuel has been expended.

For the given problem we’re told:
Mo=69.6g
Muer=125¢g
T'=131br=5.79N
t’=1.7sec

giving a mass flow rate of:

M
m=—24 =735 g/sec = 7.35%10" kg/sec
t

The maximum velocity will occur at the moment the fuel has been expended (neglecting the velocities as
the rocket falls back to the ground). The maximum height will occur when the velocity is zero.

Unax=U(t=1t"=1.7sec)=1392m/s (h(t=t")=114m)
@:h(t:tm: 15.9 SGC)I 1100 m

The maximum height occurs when:
U= Ut:t' _g(tm _t,) =0
U_,
t, =t +—="
g
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The rocket speed and height are plotted below:

200 1200
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N~/ N\ P
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-150 \
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A cart with frictionless wheels holds a water tank, motor, pump, and nozzle. The cart is on horizontal
ground and initially still. At time zero the cart has a mass Mo and the pump is started to produce a jet of
water with constant area Aj, velocity Vj at an angle & with respect to the horizontal. Find and solve the
equations governing the mass and velocity of the cart as a function of time.

SOLUTION:

Apply the linear momentum equation in the x-direction to a control volume surrounding the cart. Use a
frame of reference fixed to the control volume (non-inertial).

,0: V], A/ /~ ~o
--V-PC The frame of reference is fixed to
U the (accelerating) control volume

- and, hence, is non-inertial.

§\Q%%

—jupdV+j (pu, -dA)= FB,x+F5,X—jax/deV

Ccv

,I?

e p——

where
4 [u.pav~0
de s,

(Using the given FOR, the rate of change of the CV linear momentum is nearly zero since most of the
mass in the CV has a constant (=0) horizontal velocity.)

J u,(pu,, -dA)= (—V/ cos 9)(ijAj ) =—pV} 4, cos6

(&

I a,, ypdV =M., (ii_[t] (Note that the CV mass changes with time.)

Ccv

Substitute and solve for the cart acceleration.
dU pV A, cost

1

dt M, M
Determine the mass inside the control volume using conservation of mass applied to the same control
volume.

4 I pdV + Ipure] -dA =0

dt Ccv Cs
where

d aM

4 J' pdV ="

dt & d

J‘ purel dA = ijAj

Cs
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Substitute and solve for Mcv.
dM

ar A4,

MCV t
_[ M, =—pV,A j.[dt (Note that pV;A4; is constant with respect to time.)
0

M,

|Mey =M, ~pV, 4| )

Substitute Eqn. (2) into Eqn. (1) and solve for U.
du ijzAj cos@
dt M, -pV At

y L pV? A, cosOdt
[av = [25 5220
0 o My—pV At
U pVIA, cosBln(M0 _pV‘iAjtj
—-pV; A, M,
V.At
LU=V, cos@ln[l—p’—’j 3)
0
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A flat plate of mass, M, is located between two equal and opposite jets of liquid as shown in the figure. At
time =0, the plate is set into motion. Its initial speed is Ub to the right; subsequently its speed is a function
of time, U(f). The motion is without friction and parallel to the jet axes. The mass of liquid that adheres to
the plate is negligible compared to M.

Obtain algebraic expressions (as functions of time for £0) for:

a. the velocity of the plate and

b. the acceleration of the plate.

c. What is the maximum displacement of the plate from its original position?
Express all of your answers in terms of (a subset of) Un, V, 4, p, M, and ¢.

N
4 N 4
N
—> % e
T p,V \ § ( p.V T
S wo
plate with mass, M

SOLUTION:

Apply the linear momentum equation in the x-direction to a control volume that surrounds the plate as
shown in the figure below. Use a frame of reference (FOR) that is fixed to the control volume (non-
inertial).

e

B

U(r)

plate with mass, M

d
z uxpdV+ jux (purel'dA)zFB,x+FS,x_ J ax/XpdV (1)
v cs cv
where
di j u, pdV =0 (The CV’s x-linear momentum is approximately zero in the given FOR.) 2)
Lev
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[ (pueg-ad)=[(V -0)][-p(V ~0) ]+ [-(7 +0)][-p(V +0) ]

——p(V-UY 4+ p(V +UY 4 3)
= p(—V2 +2UV —U* +V? +2UV+U2)A
=4pUVA
Fy, =Fs, =0 (No body or surface forces in the x-direction. The pressure everywhere is pam.)  (4)
dUu . .
I ayxpdV ~M o (Assume the plate mass is much larger than the water mass in the CV.) &)
cv
Substitute and simplify.
dUu
4pUVA=-M — (6)
dt
dUu 4pUVA
LU __4p ()
dt M
U=U 1=t
I auv _ _4prd J- dt )
U M
U=U, =0
U 4pVAt
In| — |=-2~ )
U, M
4pVA
_._ﬂzexp(_ﬁ) (10)
U, M
The acceleration is found by differentiating the velocity.
4pU,VA
dt M M
The displacement of the plate is found by integrating the velocity in time.
dx 4pVAt
U=—=U,exp| - 12
e ° p( M j (12)
X=X t=t
Idx:UO j exp(—wjdt (13)
M
x=0 t=0
MU
w= MUy l—exp(—4pVAlj (14)
4pVA M
The maximum displacement occurs as ¢t — .
MU,
nx, =M (15)
4pVA
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NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS Dynamics ~ COLM_20

The pressure waves created by a rapid change of flow in a water line are referred to as water-hammers. To
analyze the behavior of this phenomenon, consider a fluid flowing at speed U in a rigid pipe. The flow is
stopped by a sudden closure of a valve. The pressure and the density of the fluid near the valve are
suddenly increased by an amount Ap and Ap, respectively, and a pressure wave propagates upstream of the
valve with speed, a.

a. Show that the increase in pressure, Ap, and the wave speed, a, are related by:
Ap=pU(U+a)
a(U+a)= A
Ap
b. The bulk modulus K = p (dp/dp) is 43x10° Ib¢/ft> for water. Compute the wave speed a in a rigid
pipe and Ap due to a sudden stoppage of water flowing with a speed of 1ft/s. You may assume that

the pressure change across the wave is sufficiently weak to be considered an acoustic wave for the
given conditions.

1 Valve closed - water still

Pipe Broken from Water Hammer
o P 2

T

3 Yalvg closes-WATER HAMMER | ’ r
AN\ s Al T~

LA

SOLUTION:

Apply conservation of mass and the linear momentum equation to a control volume surrounding the
pressure wave.

I_!
u=U ai i u=0 closed
P T eTAr valve
! + A
p |l optap )
Change the frame of reference so that wave appears stationary.
u=U+ta i“i u=a
P — i L p+Ap
P ik ptip
—_— X
Apply conservation of mass to the control volume.
d
EdeV+Ipum~dA=O (1)
CcvV Cs
where
d
Z J. pdV =0 (steady in the given frame of reference) 2)
CcvV
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NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS Dynamics ~ COLM_20

[ puy-dA=-p(U+a)A+(p+Ap)ar (3)
CS
Combine and simplify.
—p(U+a)A+(p+Ap)aA=0 4)
p(U+a)=(p+Ap)a (%)
Apply the linear momentum in the x-direction using an inertial frame of reference.
d
Eé[]uxpdv"'c_"sux(purel'dA):FB,x+Fs,x (6)
where
d
Z _[ uypdV =0 (steady in the given frame of reference) @)
Ccv
Jus(puy-dA)=-p(U+a) A+(p+Ap)a’A (8)
CS
Fyy=0 ©)
Fx=pA-(p+4p)A (10)
Combine and simplify.
—p(U+a)2A+(p+Ap)a2A=pA—(p+Ap)A (1D
—p(U+a) +(p+Ap)a’ =-Ap (12)
—p(U+a)2 + p(U+a)a =-Ap (making use of Eq. (5)) (13)
p(U+a)[(U+a)-al=np (14)
Ap=pU(U+a) (15)
Note that if U < a, which is typically the case, then Eq. (15) becomes,
Ap = pUa (16)
Re-arranging Eq. (15) to solve for p gives,
P=0u(Ua)
Substitute this relation into Eq. (5) and simplify.
(U+a)=[1+£ja (18)
p
(U+a):{1+l](U+7a)Ap}a (19)
Ap
W+ yea)e 20)
a Ap
Ap_ 1 (U+a)_1 @1
Ap U(U+a) a
Y _ywra)| —4 (22)
Ap i (U+a)-a
i—f) = a(U + a) (23)
Again, if U K a, then this relation becomes,
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A
2P _ (24)
Ap
In addition, if the wave is weak, meaning that the change in pressure and density across the wave are
infinitesimally small, i.e., a sound wave, then Eq. (24) becomes,

LA =a’ (25)
dp
The bulk modulus is defined as,
K=p% (26)
dp
Since the wave is assumed to be an acoustic wave for the given conditions (refer to Eq. (25)),
K
o= o K 27)
dp P

The pressure change across the wave is found from Eq. (15). Using the given data,
K = 43%10° Iby/ft?
p = 1.94 slug/ft?
U=1ft/s
= la=4710 ft/s and Ap =9.14*10° psf=63.4 psi|

Note that U < @ and dp/p < 1, consistent with the assumption of an acoustic wave.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_28

A block of mass, M=10 kg, with rectangular cross-section is arranged to slide with negligible friction along
a horizontal plane. As shown in the sketch, the block is fastened to a spring that has stiffness such that
F=kx where k=500 N/m. The block is initially stationary. At time, =0, a liquid jet begins to impinge on
the block (the jet properties are also shown in the sketch). For £>0, the block moves laterally with speed,
u().

a. Obtain a differential equation valid for £>0 that could be solved for U(¢) and X(#). Do not solve.

b. State appropriate boundary conditions for the differential equation of part (a).

c. Evaluate the final displacement of the block.

p=1000 kg/m?
V=30 m/s k
B 4=100 mm?

N A " AN
@)
&\\\\\\\\\\\\\\\\\\\\\\\&\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

X

————

SOLUTION:

Apply the linear momentum equation in the x-direction to a control volume surrounding the block. Use a
frame of reference that is fixed to the control volume (non-inertial).

p=1000 kg/m’ "
§ V=30 m/s R T_,x U
N 4=100 mm?> ! —

oo

—>

X

<

i I uxpdV + J‘ ux (purel dA) = FB,x +FS,x - J‘ ax/XpdV
dt Ccv Cs Ccv
where

4 j u pdV =0
dt &

(Although the fluid mass in the CV will change its velocity with time (the block mass using the given
FOR is always zero), this time rate of change of momentum within the CV will be very small
compared to the other terms in COLM and can be reasonably neglected.)

2
[u,(puy-dA)=(V-U)[-p(V -U)4]=-p(V -U) 4

CS

F; . =0
Fi, =-kX
dUu dUu
a dV =—M., ~M —
J‘ x/Xp dt Ccv dt

CcvV
(Assume the block mass is much greater than the water mass in the CV.)
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COLM 28

Substitute and simplify.

—p(V-U) 4= x-mY
dt
Note that:
2
U= g AU _EX
dt dt dt

so that Eqn. (1) becomes:

2 2
—p(V—d—Xj A= —kX—Md—i(
dt dt

dt

2 2
di(_p_A(V de +iX:O
dt M M

Note that this is a non-linear 2" order ODE.

The initial conditions for Eqn. (2) are:
X(t=0)=0
dX

E(z:o):o‘

(M

(@)

3
“)

The final position of the block occurs when the acceleration and velocity of the block are zero. From Eqn.

(2) we have:

_p_AVZJr_in =0
M M -

X, _PAys
STk

®)

Note that we could have also worked this problem using an inertial frame of reference. Choose one that is

fixed to the ground. Linear momentum in the X-direction using this new frame of reference gives:

d
ECJ;uXpdV+é|‘SuX (pu -dA)=F, , +F;

where
d

(6)%

(&

X

[u (puy-dA)=(V)[-p(V -U)a]+(U)[ p(V -U) 4]

“Msides

= Vp(V-U)d+Up(V-U)A4

Z j uypdV =M Cii_(t] (Assume the block mass is much greater than the water mass in the CV.)

=—p(V-u) 4
Fy . =0
Fy, =-kx
Substitute and simplify.

du 2
M—-p(V-U) A=-kX

dt

2 2
d i( _pA V—d—X +£X =0 (This is the same as Eqn. (2)!)
dt M dt M
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A cart hangs from a wire as shown in the figure below. Attached to the cart is a scoop of width W (into the
page) which is submerged into the water a depth, 4, from the free surface. The scoop is used to fill the cart

tank with water of density, p.

cart has initial mass, Mo
and initial velocity, Vo

stagnant water scoop has width, 7, into the page

a. Show that at any instant V=VoMo/M where M is the mass of the cart and the fluid within the cart.
b. Determine the velocity, ¥, as a function of time.

SOLUTION:
Apply the linear momentum equation in the x-direction to the control volume shown using the indicated
frame of reference. D

9 Ny »

1
1
1
VAR VAR ;
1
1
1

d
E J- uxpdV+ I Uy (purel dA) = FS,x +FB,x - J. ax/XpdV
CV CS CV
where

d
— | u,pdV =0
= Jur
cv
(The x-linear momentum within the CV is approximately zero in the given frame of reference.)
J' u, (puy -dA) ==V p(=V)hW = pV*hiV

cs
Fs . =0 (The pressure forces on the front and rear portions of the scoop cancel each other out.)
Fg, =0

av
a dV =—M
I ¥/ X P dt
Ccv
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Substitute and simplify:

szhW:—d—VM (1)
dt

Apply conservation of mass to the same control volume in order to determine the mass as a function of
time.

d
Z j pdV+jpurel~dA:0

cv cs
where
d am
— dV = —
73 K
cv
I pu, -dA =—pVhW
cs
Substitute and simplify:
am
——pVhW =0
a "’
am
— = pVhWV 2
i @
Substitute Eqn. (2) into Eqn. (1):
Ly
dt dt
a _ [ dv
M 14
M, A
In—= —an M
0 W M, V
WM _ M
0 W M, ¥V
M
V=V, ﬁo 3)

To determine the cart velocity as a function of time, combine Eqns. (1) and (3):

av'v,
VAW =——2Mm
L v’ °
jdt:_M}d_V
3
phWVOV
—1
M (1), (2pmm 1 &
oo\ )T T o T
0 00 0
4 1

L 4)
Voo [2phWVyt
MO
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_SI

A cart travels at velocity, U, toward a liquid jet that has a velocity, ¥, relative to the ground, a density, p,
and a constant area, 4. The mass of the cart and its contents at time ¢ = 0 is Mo and the cart’s initial velocity
is Uob toward the jet. The resistance between the cart’s wheels and the surface is negligible.

V. o\

lg

R

a. Determine the mass flow rate into the cart in terms of (a subset of) p, 4, V, U, g, and 6.
b. Determine the acceleration of the cart, dU/dt, in terms of (a subset of) p, 4, V, U, g, 6, and M(?)
where M(¥) is the mass of the cart and water at time . You needn’t solve any integrals or differential

equations that appear in your answer.

SOLUTION:

Apply conservation of mass to a control volume surrounding the cart.

dijpdV+jpurel-dA=0 (1)
Ly cs
where
i dV = d_M )
dt di
cv
jpurel'dA:—p(U+V)A ©)
cs
Note that the rate at which liquid mass enters the CV is |7, = —J pu, -dA= p(U + V)A 4)
cart s

Substitute and simplify.

L p(u+r)a=o 5)
‘;—Ajzp(Uw)A (6)

Note that U= U(¥).
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Now apply the linear momentum equation in the x-direction to the same control volume. Use a frame of
reference fixed to the cart (non-inertial).

di J’ u pdV + j u, (P -dA) = Fy , +Fy  — J' a, ¢ pdV )
! ()% CS (6\%
where
di .[ u,pdV =0 (Most of the material in the CV has zero horz. velocity in this FOR.) ®)
! (6\%
[, (puy-dA)=[~(U+P)][-p(U+V) 4] = p(U+V ) 4 ©)
CS
Fp =0 (10)
Fs, =0 (11)
Iax/XpdV=d—UM (12)
dt
()%

Substitute and simplify.
du

2
UV A=-" 13
p(U+V) 0 (13)
2
du plU+V) A4
d ( M) (4

Note that M = M(f) and U= U(¢). To solve for the motion of the cart, one would need to solve Eqns. (6)
and (14) simultaneously subject to the initial conditions M(¢ = 0) = Mo and U(¢ = 0) = Uh.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNamics COLM_BE 09

The axi-symmetric object shown below is placed in the end of a vertical circular pipe of inner diameter, D.
A liquid with density, p, is pumped upward through the pipe and discharges to the atmosphere. Neglecting
viscous effects, determine the volume flow rate, O, of the liquid needed to support the object in the position
shown in terms of d, D, g, p, and M.

liquid discharges into the atmosphere

axi-symmetric object with mass, M

the pipe extends further upstream

SOLUTION:

Apply conservation of mass to the control volume shown below.

- Let: Ain=mnD?*4 and Aou = n(D*-d?)/4.
- Choose H such that it is much larger than
the size of the object (= Vev = AinH).

e

/

%jpdV+jpurel~dA=0 1)
(6\% CS
where

4 j pdV =0 (steady flow)
dt ks

J Pl -dA = _pQ + pVoutAout
CS
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Substituting and simplifying gives:

_pQ + pVoutAout =0
Vout = Q (2)
Aot
Apply the linear momentum equation in the z-direction to the same control volume. Use the fixed frame of
reference shown in the figure.
di J.uzpdV+J-uz(purel'dA):FB,z—i_FS,z (3)
Lev cs
where
d
Z I u,pdV =0 (steady flow)
Lev
-dA)=—1 RO V.
u, (purel ) - m TmVou
CS =pQ in
_ ,,Q(g . g}
Aout Al'n
_ p0? (u]
Ain Aout
(Note that Eqn. (2) was used in simplifying the momentum flux term.)
Fy ., =—-pVeyg = —p4,Hg (H is chosen to be much larger than the object size.)
Fs . = pin 4y, — Mg (use gage pressures S0 pout = pam = 0)
Substitute and simplify.
A
pQZ (uj:_p"‘lin[{g*_pinflin _Mg (4)
Ain Aout
To determine pin, apply Bernoulli’s equation along a streamline from the inlet to the outlet.
1,2 = 1,2 5
(p+ > PV +pgz)m (p+ 3PV Jr/?gZ)out (5)
where
Pin =" Pout =0 (gage pressure)
0 0
V. == V.. = from Eqn. (2
n Am out Aout ( q ( ))
Zin = 0 Zout = H
Substitute and simplify.
1 1
Pin =300 [T__z}rng (6)
Aout in

C. Wassgren 440 2021-12-15
Page 2 of 3




NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNamics COLM_BE 09

Substitute Eqn. (6) into Eqn. (4) and simplify.

4
pQ’* (%J =-pA,Hg+ {% pQ* (L—%J +pgH } Ay —Mg

2
Aout in
1 1
=30’ (T_TJAin - Mg
Aout in

S}

in Aout %1 — A(?ut
pQ [141"41'11Aout j_%{AlAﬁlAgut J ‘njl ) _Mg

A‘in — Aout _ Ai — A(?ut __
pQ _[ AinAout j [ Ain“ﬁut J} B Mg

S}

B |—

2 2 2
pQZ 24, Aou — 2Aout2_ Ain + Aot ] =—Mg
2Ain Aout
2 2
pQZ _Ain + 2AinA;ut — Aout ] =—Mg
2Ain Aout

i 2
pQZ (Am B Aozut ) = Mg

L 2Ain Aout
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