
The Linear Momentum Equation using a Non-Inertial Frame of Reference 

 

 
The SpaceX Falcon 9 rocket and Crew Dragon spacecraft carrying NASA astronauts Douglas Hurley and Robert Behnken 
lifts off during NASA's SpaceX mission to the International Space Station from the Kennedy Space Center in Cape 
Canaveral, Fla., on May 30, 2020. 

THOM BAUR/REUTER 
  



The Linear Momentum Equation using a Non-Inertial Frame of Reference 

 
 

 
 
 
 

 

C. Wassgren  Last Updated:  29 Nov 2016 
Chapter 04:  Integral Analysis 
 

The LME for Non-Inertial Coordinate Systems 
Recall that Newton’s 2nd law holds strictly for inertial (non-accelerating) coordinate systems.  Now let’s 
consider coordinate systems that are non-inertial (accelerating).  First let’s examine how we can describe 
the motion of a particle in an accelerating coordinate system, call it frame xyz, in terms of a non-
accelerating coordinate system, call it frame XYZ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
The position of a particle in XYZ is given by rXYZ and in xyz the particle’s position is given by rxyz.  The two 
position vectors are related by the position vector of the origin of xyz in XYZ, rxyz/XYZ, 

/XYZ xyz XYZ xyz= +r r r . (34) 

The velocity of the particle in XYZ can be found by taking the time derivative of the position vector, rXYZ, 
with respect to XYZ (as indicated by the subscript XYZ in the equation below), 
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The time derivative of rxyz/XYZ is simply the velocity of the origin of xyz with respect to XYZ, uxyz/XYZ, i.e., 
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We must be careful, however, when evaluating the time derivative of rxyz in XYZ since both the magnitude 
of rxyz and the basis vectors of xyz can change with time (the basis vectors of xyz can change due to rotation 
of the xyz with respect to XYZ).  To calculate the time derivative of rxyz in XYZ, let’s first write rxyz as a 
magnitude, rxyz, multiplied by the basis vectors of xyz, ˆ xyze , then use the product rule to evaluate the time 

derivative, 
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Note that, 
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=e u , (38) 

is the velocity of the particle in xyz.   
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The remaining Lagrangian term can be simplified by changing the volume integral to a mass integral and 
noting that the mass of the system doesn’t change with time, 
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Since uxyz/XYZ  and ω xyz/XYZ are functions only of time (these variables describe the motion of the coordinate 
system xyz and not the fluid field), and because Drxyz/Dt=uxyz1, we can replace the Lagrangian time 
derivative with an Eulerian time derivative and substitute in our result from Eq. (46), 

    

D
Dt

uxyz/ XYZ +ω xyz/ XYZ × rxyz( )ρ dV
Vsystem

∫

               = d
dt

uxyz/ XYZ +ω xyz/ XYZ × rxyz( )ρ dV
Vsystem

∫

               = a xyz/ XYZ + !ω xyz/ XYZ × rxyz + 2ω xyz/ XYZ × uxyz +ω xyz/ XYZ × ω xyz/ XYZ × rxyz( )⎡
⎣

⎤
⎦ρ dV

Vsystem

∫

 (51) 

 
Substituting Eqs. (50) and (51) back into Eq. (49) and noting that when we apply the Reynolds Transport 
Theorem the control volume and system volume are coincident (so that the system volume integral in Eq. 
(51) can be replaced by a control volume integral),  we find that the LME can be applied using a non-
inertial coordinate, xyz, if the following form is used, 
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Let’s consider a few examples to see how this form of the LME is applied. 
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