NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

4.4. The Linear Momentum Equations (LMEs)

In this section we’ll consider Newton’s Second law applied to a control volume of fluid. Recall that linear
momentum is a vector quantity, it has both magnitude and direction, and is given by mass*velocity. In words
and in mathematical terms, Newton’s Second Law for a system is:

The rate of change of a system’s linear momentum is equal to the net force acting on the system.

D
— 7/ llezpdV =F.n sys- (437)
Dt |,

sys

LM of system

where D/Dt is the Lagrangian derivative (implying that we’re using the rate of change as we follow the
system), V' is the volume, and p is the density. The quantity uxyz represents the velocity of a small piece
of fluid in the system with respect to an inertial (aka non-accelerating) coordinate system XYZ (Figure 4.8).
Recall that Newton’s Second law holds strictly for inertial coordinate systems. Note that a coordinate system
moving at a constant velocity in a straight line is non-accelerating and, thus, is inertial.

_4-—-\System
e N7
’ ;_/a I}
’ I
I

--- /@ /I’ llXYZpdV

~-~._.”LM of a small
piece of fluid

FIGURE 4.8. A system of fluid illustrating the linear momentum associated with a small
piece of fluid.

The term, Fo;, oys, represents the net forces acting on the system. These forces can be of two different types.
The first are body forces, Fyoqy, and the second are surface forces, Fgyrface. Body forces are those forces that
act on each piece of fluid in the system, including the interior system volume. Examples include gravitational
and electromagnetic forces. Surface forces are those forces acting only at the surface of the system. Examples
of surface forces include pressure and shear forces. Expanding the force term,

Fon sys — Fbody,on sys + Fsurface,on sys-* (438)

Using the Reynolds Transport Theorem to convert the left-hand side of Eq. (4.37) from a system point of
view to an expression for a control volume gives,

D

d
quzpdV = — / quzpdV + / uxyz (purel . dA) . (4.39)
Dt [y, dt |y

CS

s

Since the Reynolds Transport Theorem is applied to a coincident system and control volume, the forces acting
on the system will also act on the control volume. Thus,

d
7 uxyzpdV + uxyz (Purel - dA) = Fponcv + Fsoncv (4.40)
tJov cs —_—— ——
net body force net surface force
rate of increase net rate at which LM on the CV on the CV
of LM in CV leaves the CV

This is the Linear Momentum Equation for a control volume!

Notes:
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(1) Recall that the LME is a vector expression. There are actually three equations built into Eq. (4.40).
For example, in a rectangular coordinate system (Cartesian coordinates) we have,

d

7/ uXpdV-l-/ ux (puyel - dA) = Fp x + Fs x (4.41)
dt Jev cs

d

— uy pdV + / uy (pllrel . dA) =Fpy + Fsy (4.42)
dt Jov cs

d

— uzpdV + / Uy (purel . dA) = FB,Z + F&Z (443)
dt Jev cs

(2) When applying the Linear Momentum Equations, Conservation of Mass is often used too. This
point is illustrated in the examples at the end of this section.

(3) Note that the velocity uxyz in the CV term in Eq. (4.40) is the velocity of fluid within the CV using
inertial coordinate system XYZ. The velocity uxyz in the CS term of Eq. (4.40) is the velocity of
fluid as it crosses the CS using inertial coordinate system XYZ. The subscript on the integral is
important!

(4) Tt is important to distinguish between the two velocities uxyz and ue in the CS term in Eq. (4.40).
The velocity uxyz represents the fluid velocity with respect to an inertial coordinate system XYZ,
e.g., a coordinate system fixed in space or moving at a constant velocity in a straight line. The
velocity uye is the velocity of the fluid as it crosses the control surface, e.g., U] = uguiq —ucs. The
velocity uxyz must be measured using the inertial coordinate system XYZ; however, the relative
velocity uye can be measured using any coordinate system since it is a difference of two velocities.

y A
) 19,474
t —> UFxyz
Y A I —P X
] u .I_>
| G ——T
:X I
W : >

(a) (B)

FIGURE 4.9. Sketches corresponding to the relative velocity example. (A) Using a coordi-
nate system fixed to the ground. (B) Using a coordinate system fixed to the moving control
surface.

To illustrate this point, consider a fluid flowing in a straight line with velocity ur xyz using
the fixed coordinate system XYZ shown in Figure 4.9. Also shown in the figure is a portion of a
control surface, which moves at a speed ucg xyz using the same fixed coordinate system. Now let’s
evaluate the linear momentum flow rate term in Eq. (4.40),

/ uxyz (purel . dA) . (444)
cs

The velocity uxyz is the velocity of the fluid at the control surface using our coordinate system.
Hence,

Uxyz = UF,XYZ- (4.45)

The velocity of the fluid at the control surface relative to the control surface is,

Urel = Ufyid — Uos = Up xyz — UCS,XYZs (4.46)
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where both the fluid and control surface velocities are measured using the XYZ coordinate system,
for convenience. Substituting back into Eq. (4.44) gives,

/ uxyz (pure - dA) = / up xyvz [p(ur xyz —ucs xvz) - dA]. (4.47)
cs cs

Now let’s re-evaluate the momentum flow rate term in Eq (4.40) using a coordinate system that
is fized to the moving control surface, which we’ll call coordinate system xyz (Figure 4.9),

/ uzyz (purel : dA) . (448)
cs
Note that this coordinate system is still inertial since it’s moving in a straight line at a constant
speed. Using this new coordinate system, the fluid velocity is,
Upzy. = Ur xyz — UCS,XYZ, (4.49)
and the control surface velocity is,
Ucs,zyz = Ucos,xyz — Ucs,xyz = 0. (4.50)

The control surface doesn’t appear to be moving using this coordinate system. The fluid velocity
relative to the control surface velocity using this new coordinate system is,

Ure]l = Ufluid — WCS = UF zyz — UCS,zyz — (uF,XYZ - uC&XYZ) - 07 (451)
Ul = UF xyz — UCS,XYZ- 4.52)
Substituting Eqs. (4.49) and (4.52) into Eq. (4.48) gives,
/ Ugy, (PUrel - dA) = / Up gy [P(UF xyvz — Ucs, xyvz) - dA]. (4.53)
cs cs

Note that the relative velocity ue is the same regardless of the coordinate system used (compare
Eqgs. (4.46) and (4.52)). However, the value for the fluid velocity at the control surface, ug xyz
Or Up,uy. does depend on the choice of coordinate system, i.e., Ur xyz # Upsy.. Furthermore,
this fluid velocity at the control surface can be different than the relative velocity, in general, i.e.,
Uxyz 7 Upe. The only time the two will be the same is if the control surface velocity is zero in
the chosen frame of reference. With this in mind, it’s often most convenient to fix the coordinate
system to the control surface. Several examples are provided in which problems are worked using
a fixed coordinate system or one moving at a constant speed in a straight line. The same answer
is obtained regardless of the choice of coordinate system, but it is almost always easiest to use a
coordinate system fixed to the control surface.

(5) So far we’ve only discussed the LME for inertial (aka non-accelerating) coordinate systems. We
can also apply the LME to non-inertial (aka accelerating) coordinate systems, but we need to add
additional acceleration terms. We’ll consider accelerating coordinate systems later in this chapter.

(6) In order to avoid mistakes when analyzing problems with the LME, be sure to do the following:

(a) Unambiguously draw the control volume that the LME is being applied to.

(b) Clearly indicate the coordinate system that is being used. Identify if the coordinate system is
inertial or non-inertial.

(c) Draw a free body diagram (FBD) of the relevant forces. Include both body and surface forces.

(d) State any significant assumptions that may be used to simplify the LME, e.g., steady state,
incompressible fluid, etc.

(e) Write the significant components of the LME and then indicate the value of each term in the

equation.

) Carefully evaluate the velocity terms. This step is where many mistakes are made.

(g) You must integrate the terms in the linear momentum equation when the density or velocity
are not uniform.

(h) Don’t forget to include pressure and shear forces in the surface force term.

) Don’t forget to include the weight of everything inside the control volume when gravitational
body forces are significant.
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While these things may seem trivial and unnecessary, writing them down in a clear and concise
manner can greatly reduce the likelihood of mistakes and better communicate your analysis to
others.

(7) Note that the first term on the left-hand side of Eq. (4.40) is the rate of increase of linear momentum
in the CV, which can be re-written as,

d d dLcv,xyz
— dV = — (L = —>= 4.54
dat /CV Uxyzp dt (Levxyz) i ( )
where Loy, xyz is the linear momentum contained within the CV with respect to the inertial coor-
dinate system XYZ. Similarly, the second term on the left-hand side of Eq. (4.40), which is the net

rate at which linear momentum leaves the CV through the CS, may be written as,
/ uxyz (pllrel . dA) = Z LXYZ - Z nyz, (455)
cs all outlets all inlets

where Ly is the rate at which linear momentum, evaluated using the inertial coordinate system
XYZ, passes through the control surface. Combining Eqs. (4.40), (4.54), and (4.55) gives,

dLcv xvz . .
— = Z Ly — Z Lxvs. (4.56)

all inlets all outlets

Let’s consider a few examples to see how LME using an inertial coordinate system is applied.
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A jet of water is deflected by a vane mounted on a cart. The water jet has an area, 4, everywhere and is

turned an angle © with respect to the horizontal. The pressure everywhere within the jet is atmospheric.

The incoming jet velocity with respect to the ground (axes XY) is Vje. The cart has mass M. Determine:

a. the force components, Fx and Fy, required to hold the cart stationary,

b. the horizontal force component, Fy, if the cart moves to the right at the constant velocity, Veart
(Vearr<Viet)

Viet T,

X

— 77777777
Fy

SOLUTION:
Part (a):
Apply conservation of mass and the linear momentum equation to a control volume surrounding the cart.

Use an inertial frame of reference fixed to the ground (X7).
Vout (this velocity is currently

an unknown quantity)

Viet I AR
Y i

ly Ere

. sy
Fy
First apply conservation of mass to the control volume to determine Vout.
dijpdmjpuml-dA:o 1)
Lev Ccs
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where

% I pdV =0 (the mass within the control volume doesn’t change)
cv

=W =A =g =A

J-purel'dA: pVii-—di |+| pV, (cos9i+sin93)'A(cos@i+sin93)

Jet out
CS

left side right side

= —ijetA-i—pVomA(cos2 6 +sin? 9)

|
=1

jet

A+ pV, A

out

(Note that the jet area remains constant.)
Substitute and re-arrange.
=PV A+ pVoA=0

out
Vout = Vjet (2)

Now apply the linear momentum equation in the X-direction:

% J uXpdV+ IuXpurel'dA:FB,X+FSaX (3)
cv cs
where

di j uypdV =0 (the momentum within the control volume doesn’t change with time)
t

cv
=uy Sl —A =uy =g =A
—— r—'—’\q r—'—’\q ~ - N ~
I uy (pu, -dA)= (Vjet) pVigl-—Ai +(Vjet cos 49) PV (cos i +sin 6?j>-A(cos i +sin Hj)
Cs
left side right side
= —ijﬁtA+ ijﬁtA 0059(0052 6 +sin’ 6)
[N —

=1
= Vi A(cos0-1)
Fy x =0 (no body forces in the x-direction)

Fs x =—F, (all of the pressure forces cancel out)

Substitute and re-arrange.
pVi A(cos@—1)=~F

jet x

F, = pViA(1-cos6) “)

Jet
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Now look at the Y-direction:

di J‘ uypdV + J. Uy Puyg ~dA =Fpy + Fgy Q)
ey cs
where

% j uypdV =0 (the momentum within the control volume doesn’t change with time)
cv

=uy =,y =A
I uy (pu,y -dA) = (Vjet sin 6’) PVie (cos 6i +sin 6’3) | (cos 6i +sin 9])
s
right side
= ijitA sin 6’(cos2 0 +sin’ 9)
N
=1
= ijitA sin@

Fyy =—Mg (assume that the fluid weight in the CV is negligible compared to the cart weight)

Fsy =F, (all of the pressure forces cancel out)

Substitute and re-arrange.
pViAsind=-Mg +F,

jet

F, :ijitAsin6’+Mg (6)
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Part (b):

Apply the linear momentum equation to a control volume surrounding the cart. Use a frame of reference
fixed to the cart (xy). Note that this is an inertial frame of reference since the cart moves in a straight line at
a constant speed. In addition, in this frame of reference, the cart appears stationary and the jet velocity at
the left is equal to Vier-Veart.

Vout (this velocity is currently
an unknown quantity)

Viet - Veart T

7777777777777 77777777
Fy
First apply conservation of mass to the control volume to determine Vout
d
<[ par [ puy-da=o ™

cv cs
where

di I pdV =0 (the mass within the control volume doesn’t change)
t

cv
=u, —A Sl =A
,_—/\_ﬁ '_,HA N N - N
j P - dA =] p(Vie Ve 1= A1 | +] pViy (c0s 63 +5in 63 4(cos 61 +sin 63
cs
left side right side
= —p(Vjet —Veant )A + ,oVomA(cos2 6 +sin* 9)
| S —

=1
= _p(Vjet _Vcan )A +pV0utA

(Note that the jet area remains constant.)
Substitute and re-arrange.

_p(Vjet _Vcan)A+pVoutA =0
Vos =Viee =Veart (®)

out jet =

Now apply the linear momentum equation in the x-direction:

di J. uxpdV + j Uy Pl -dA = FB,x +FS,x (9)
fev cs
where,
% I u,pdV =0 (the momentum within the control volume doesn’t change with time)
cv
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=uy =Up =A =uy =Up =A
——

J. uy (P -dA) = (Vjet - Vcart) p(Vjet ~Veart )I —Ai +(Vjet - Vcan)cosé’ P(Vjet ~Veart )(cos 6i +sin Hj)-A(cos 6i +sin Hj)
CS

left side right side

2 2
:—P(Vjet - ch) A+p(Vjet —ch) Acos@(cos2 6 +sin® 9)
A
=1
2
:p(Vjet - Vcart) A(coso-1)
F5 . =0 (no body forces in the x-direction)
Fs . =—F, (all of the pressure forces cancel out)

Substitute and re-arrange.

2
P(Vie =Veart ) A(cos0-1)=~F,

X

2
Fy = p(Viw =Vear ) A(1-cos6) (10)

Now solve the problem using an inertial frame of reference fixed to the ground (frame XY). From Eqn. (8)
we know that using a frame of reference fixed to the cart, the jet velocity on the right-hand side is:

\% =(Via =, )(cosei+sinej) (11)

out, jet — Vcart
relative to cart

Hence, relative to the ground the jet velocity on the right-hand side is:

Vout, = Vout, + Ve :(Vjet —ch)(c05¢91+sm 9])+Vcart1 (12)
relative to relative to
ground cart

Now consider conservation of linear momentum in the X direction.

di [ uxpdv+ [uypu-dd=Fyy+Fs (13)
! (6)% CS
where,

di J‘ uypdV =0 (the momentum within the control volume doesn’t change with time)
t
cv

=ty Tl . jéA “Ux Ul m— iA .
j uy (Pure - dA)=Vie p(Vjet ~Veart )i c—Ai |+ |:(Vjet ~Veart )cosH+ ch:| p(Vjet ~Veart )(cos 0i +sin Hj)-A(cosHi +sin Hj)
CS
left side right side

=—pViet (Viet = Veart ) 4 Viet —Veart ) €080+ Vary (Viex — Veart ) | A(cos? 0+ sin2 0
==p jet\” jet cart ) +p ( jet cart) COS &+ Veart Jet cart ) cos +sm
I\

=1
2 2 2
=p| Viet +VietVeart + (Vjet - Vcart) €08 0+ VeartVjet —Veart |4
2 2
=p (Vjet _Vcart) COSg_(Vjet _Vcarl) 4
2
:p(Vjet _Vcart) (cos0-1)4
Fg x =0 (no body forces in the x-direction)

Fs x =—F, (all of the pressure forces cancel out)

Substitute and re-arrange.

2
p(VJet ~Veu ) A(cosO-1)=—F,

2
F, = ,o(Vjet - ch) A(1—cos®)| (Same answer as before!) (14)

Note that using a frame of reference that is fixed to the control volume is easier than using one fixed to the
ground. This is often the case.
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A fluid enters a horizontal, circular cross-sectioned, sudden contraction nozzle. At section 1, which has
diameter D1, the velocity is uniformly distributed and equal to V1. The gage pressure at 1 is p1. The fluid
exits into the atmosphere at section 2, with diameter D>. Determine the force in the bolts required to hold
the contraction in place. Neglect gravitational effects and assume that the fluid is inviscid.

bolts D>

] L

— > D E—
)2

atmosphere

SOLUTION:

Apply the linear momentum equation in the X-direction to the fixed control volume shown below.

e
atmosphere
ey The CS cuts through the bolts. So that Foorss is the
~§ X force one side of the bolts applies to the other side.
d
- j uXpdV+J-uX(purel ()= Fy y +Fy )
CV Cs
where

% J. uypdV =0 (steady flow)
cv

=A =A

- 22 - c why 2 27T
fux(purel-dA)=pV1 Ri-—= i e p Ty | Dol — 2 | = —pl =2k ply =2
Cs

(Note that /2 is unknown for now.)
Fpx =0

zD?
FS,X = D1 gage Tl+Fbolts
(Note that p2.gage = 0 since pa.abs = pam. We could have also worked the problem using absolute
pressures everywhere. The pressure force on the left hand side would be p1.absmD1%4 and the pressure
force on the right hand side would be pamnD1*/4 (note that the diameter is D1 and not D).)
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Substitute and re-arrange.

2
To determine V2, apply conservation of mass to the same control volume.

di J' parV+j,ourel {dA =0 3)

fev Cs

where

d

— dV =0

Ik

cv

7rD22
4

D}
J- Puy -dA =—pV, Tl+ e
Cs
Substitute and simplify.

7rD12 7rD22
+ pV;
4 Py
D 2
v, =V, (D—l) “

2

- =0

Substitute Eqn. (4) into Eqn. (2) and simplify.
D, ]4 2D? xD?

2
2 7D 2
Fbolts :_pVI 41 +le {Dz 4 _pl,gage 4

2 2 2
> D, D, D,
Foors = PV 1 [[D_lj - 1] ~ P gage — (5

4 X 4

Note that Frois was assumed to be positive when acting in the +X direction (causing compression in the
bolts). If Fbois < 0 then the bolts will be in tension.
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Water is sprayed radially outward through 180° as shown in the figure. The jet sheet is in the horizontal
plane and has thickness, H. If the jet volumetric flow rate is O, determine the resultant horizontal
anchoring force required to hold the nozzle stationary.

Y

——

4

Z?fh
AR

SOLUTION:

Apply the linear momentum equation in the X direction to the fixed control volume shown below.
N

side view
top view
d
7 I “XPdVJFI”x (P“rel'dA):FB,x+Fs,X (1)
cv Ccs
where
d
% J. uypdV =0 (steady flow)
cv
0=n _~Ux =dA O=n
T A 2 . 2 ™
J- uy (puy -dA) = J- (V'sin@)| pV RAOH |= pV°RH J‘ sin@d6 = —pV*RH cos 0
cs 0=0 6=0
=—pV’RH (-1-1)
=2pV?RH
(Note that there is no X-momentum at the control volume inlet. Also, V' is an unknown quantity at the
moment.)
Fgx =0

Fs x =F, (All of the pressure forces cancel and only the anchoring force remains.)
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Substitute.
F. =2pV*RH @

To determine V, apply conservation of mass to the same control volume.

d
<] pav [ puy-da=0 3)
Cv CS
where

% I pdV =0 (steady flow)
cv

O=r1 =dA
J pu -dA =—-pQ0+ _[ PV RAOH =—-pQ+ pVnRH
L=
CS inlet 0=0

outlet
Substitute and simplify.
-pQ+pVrRH =0

0
V=— 4
7RH @
Substitute Eqn. (4) into Eqn. (2).
0 2
F. =2p|—— | RH 5
Y =2p [ TRH j (5)
Note that F) = 0 due to symmetry.
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A variable mesh screen produces a linear and axi-symmetric velocity profile as shown in the figure. The
static pressure upstream and downstream of the screen are p1 and p2 respectively (and are uniformly
distributed). If the flow upstream of the mesh is uniformly distributed and equal to V1, determine the force
the mesh screen exerts on the fluid. Assume that the pipe wall does not exert any force on the fluid.

variable mesh
Section 1 screen Section 2

YL L g

i
2R -
i 41 i [~ P2
}//////7////////////)///////////////////
SOLUTION:

First, note that the linear velocity profile at the outlet may be written as,

’
V:Vmaxz’ (1)

where Vmax is the flow velocity at 7 = R. Now apply Conservation of Mass to the fixed control volume
shown in the figure to find Vmax in terms of the upstream properties,

d
EIpdV+j.purel-dA:0, @)
cv cv
where,
% I pdV =0 (steady state), 3)
cv

peR——"———  =dA
r

2
I pu, -dA =—pVimR” + J. p(Vmax —j(Zﬁrdr)
cv R

left side r=0 (4)
right side
= _leﬂRz +p%ﬂ'VmaxR2
Substitute and simplify,
~pNaR? + p2 7V, R* =0 (5)
=3
Vmax =21 variable mesh ©)
Section 1 screen Section 2
LU AL LG L2,
B =
> pi ! = | The control volume weaves in
IR > ! & | and out of the mesh so that
> ! E: : N m the mesh is not part of the
Y — V1, 5 ! control volume, and instead
§—> | | & N AN exerts a force, F, on the
o J > 1 I,:l »
A G A A A AR kbbb ; control volume.

W/ /s
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Now apply the Linear Momentum Equation in the X-direction to the fixed control volume shown in the

figure,
d
- [uxpdv+ [ uy (puy-dA)=Fyy+Fy . )
cv cv
where,
d
Z J- uypdV =0 (steady state), 8)
cv
=R (3 3
Jos (Pt - dA) = Vi (=pVimR?) + [ (31, %) [p (3w, %) @rrdn)|, ©)
left side =dA
right side
2
= —pVinR? + ZEL [F43dr, (10)
= —pVZmR? + nglanz = %lezTL'RZ , (11)
Fyy =0, (12)
Fgy =—F+pnR* - p,nR*. (13)
Substitute and simplify,
ZpVZTR? = —F + p,nR? — p,nR?, (14)
F = (p, — p)TR? — - pVEmRY, (15)

This is the force the mesh applies to the control volume (i.e., the fluid). The fluid applies an equal and
opposite force to the mesh.
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Incompressible fluid of negligible viscosity is pumped, at total volume flow rate Q, through a porous
surface into the small gap between closely spaced parallel plates as shown. The fluid has only horizontal
motion in the gap. Assume uniform flow across any vertical section. Obtain an expression for the pressure

variation as a function of x.

|: L »|
| | |
Y

h :—>x i 1(x)
AREEEARRRINENANRN]

i
o

SOLUTION:

Apply conservation of mass to the following differential control volume.

< L »|
|

Y

| e

SARAARRORRAARAN

Q —

4 j pdV + J.,ourel -dA =0
dt CV CS
where

d
— dV =0 (steady flow
. j p (steady flow)

Assume a depth w
into the page.

Lw

J. pu -dA = —I:,DV}Z(W)-Fdi(pVhW)(—%dX):I +|:pVhw+di(pVhw)(%dx)}—pgwdx
cs X X

= i(pVhw)dx—pgwdx = phwd—de—pgwdx
dx Lw dx

w
Substituting and simplifying gives:
av 0
hw—dx = p—wdx
L dx L Lw
dv
a_Q (1
dx Lhw
14 xX=x
[ar=] 2 i
V=0 x=0 LhW
Vow_x oy (2)(2) @
0o L hw )\ L
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Now apply the linear momentum equation in the X-direction to the same control volume.

d
= j uXpdV+JuX (pu, -dA)=Fy, +Fy,
(&

CcvV
where

d
— | u, pdV =0 (steady flow
d CJ; x P ( Yy )

d d
é[sux (pu,, -dA)= —[pV2hw+E(pV2hw)(—%dx)} +{pV2hw+ E(szhw) (%dx)}

d ) av
V= hw)dx =2 pV — hwd.
d(p w)x P dxwx

X

(Assume unit depth into the page. Note that the flux of mass from the porous surface has no X-
momentum.)

F,, =0

Fy = [phw+%(phw)(—%dx)}—[phw+%(phw)(%dx)}

d (phw)dx = —Z]—I;hwdx

dx
Substituting and simplifying gives:

Zde—Vhwdx = —d—phwdx
dx X

dx dx

Substituting Eqns. (1) and (2) gives:
2
2p & xX= _d_p
Lhw dx

P=Pun oY x=3L
dp = _2'0(Lhw) j xdx

X 2
Zj 3)
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNamics ~ COLM_03

An incompressible, viscous fluid with density, p, flows past a solid flat plate which has a depth, b, into the
page. The flow initially has a uniform velocity Ux, before contacting the plate. After contact with the plate
at a distance x downstream from the leading edge, the flow velocity profile is altered due to the no-slip
condition. The velocity profile at location x is estimated to have a parabolic shape, u=Ux((2y/8)-(y/8)?), for
y <6 and u=Ux for y>6 where § is termed the “boundary layer thickness.”

u=Usx, y>0

streamline

u=U((¥/5)-(15)?), y<6&

Y YVVYVYVYVYYVYY

<
l— o —>

u=Usx I ' plate has depth, b,
I x > into the page

T
h
£

1. Determine the upstream height from the plate, 4, of a streamline which has a height, J, at the
downstream distance x. Express your answer in terms of d.

2. Determine the force the plate exerts on the fluid over the distance x. Express your answer in terms of
p, Ux, b, and 8. You may assume that the pressure everywhere is p=. The force the drag exerts on the
plate is called the “skin friction” drag.

BRIEF SOLUTION:

1. Apply conservation of mass to a control volume that is adjacent to the plate, crosses perpendicularly
to the stream at the leading edge of the plate, follows a streamline, and crosses perpendicularly to the
stream at the location where the boundary layer has thickness, &. Note that there is no flow across a
streamline.

2. Apply the linear momentum equation to the same control volume used in Step 1. Be sure to include
the force the plate exerts on the control volume.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNamics ~ COLM_03

DETAILED SOLUTION:

Apply conservation of mass to the fixed control volume shown below.

: u=Usx, y>8
i — ? u=U((ls)-(o)). y<5
o —
I — |
u=Usx | plate has depth, b,
I

X > into the page

d
> j pdV + j pu,-dA =0
Ccv CS
where

% I pdV =0 (steady flow)
Ccv

y

=5 )
j oU, {22%—2}@}) = —pU_hb+ pU, (5—%5)[;
=0

j pu,-dA =—pU, hb+ .
CS

Y=
=—pU_ hb+% pU,.6b
(Note that there is no flow across the streamline.)
Substitute into conservation of mass and solve for 4.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNamics ~ COLM_03

Now apply the linear momentum equation in the x-direction on the same control volume.

di J‘ updV + Iu(purel -dA)=Fy +F
Lev cs
where

% J updV =0 (steady flow)
cv

y=0 272
J'u(purel.dA)=—pU;hb+ J' pU?2 2%—2—2} dvb
0

CS y=

s 8 s
_ 2 2;[4 1
=—pUhb+pUlb[45-5+15]

s 2 3 4
= —pUihb+pUibj{4y——4y—+ Y }dy
0

=—pUlhb+E pU’bs
Fy
Fg, =—F (the pressure everywhere is p-)

=0

»X

Substitute and simplify, making use of Eqn. (1).
—pU2 (28)b+& pUlbs =—F

F=2pU’bs @

We could have also determined the force using a different control volume as shown below.

u=Us, y>0

VYVVYVYVY VYN

i u=Ua((®/5)-(15)?), y<d

plate has depth, b,
| X > into the page

)
&

Determine the mass flow rate out of the control volume through the top using conservation of mass.

% I pdV + j pu -dA=0
cv cs
where

4 I pdV =0 (steady flow)
dt ks

y=06 2
y oy . .
j pu., -dA = —pU, 5 + I oU., {ZE_E} dyb+ 1y =L pU., 5b+ 1,
cs y=0
Substitute and solve for the mass flow rate.
mtop :%onoé‘b (3)
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNamics ~ COLM_03

Now apply the linear momentum equation in the x-direction to the same control volume.

di J‘ updV + Iu(purel -dA)=Fy +F
Lev cs
where

% J updV =0 (steady flow)
cv

y=6 2 7?
j u(puyy -dA) =—pUZSh + j pUZ |22 -2\ dyb+1in,U,
5 5
CS y=0
=—L pU26b -+, U,
(Note that the horizontal component of the velocity at the top is Us since it’s outside of the boundary
layer.)
Fg, =0

Fg . =—F (the pressure everywhere is p-)
Substitute and simplify making use of Eqn. (3).
2
~LpUlsb+(ipU,ob)U, =—F

F= % pUi5b (This is the same answer as before!)

C. Wassgren 395 2021-12-15

Page 4 of 4



NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS Dynamics ~ COLM_04

Wake surveys are made in the two-dimensional wake behind a cylindrical body which is externally
supported in a uniform stream of incompressible fluid approaching the cylinder with velocity, U.

»
>

U

u = U - A(x) cos[my/b(x)]

The surveys are made at x locations sufficiently far downstream of the body so that the pressure across the
wake is the same as the ambient pressure in the fluid far from the body. The surveys indicate that, to a first
approximation, the velocity in the wake varies with lateral position, y, according to:

izl—A(x)cos T Y where —1<L<+l
U U b(x) 2 b(x) 2

The quantities A(x) and b(x) are the centerline velocity defect and wake width, respectively, both of which
vary with position, x. If the drag on the body per unit distance normal to the plane of the sketch is denoted
by D and the density of the fluid by p, find the relation for b(x) in terms of A(x), U, p, and D.

BRIEF SOLUTION:

1. First apply the linear momentum equation to determine a relation between the various quantities.
Use a control volume that surrounds the cylinder, crosses the flow perpendicularly far upstream of
the cylinder where the velocity is uniform (call this cross stream distance, /), crosses the flow
perpendicularly downstream of the cylinder where the wake width is b(x), and follows streamlines
between the upstream to downstream locations along the sides of the control volume. Note that
there is no flow across a streamline. Be sure to include the force the cylinder exerts on the control
volume.

2. Apply conservation of mass to the same control volume described above to relate the upstream cross
flow width, A, to the downstream cross flow width, b(x).
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COLM_04

DETAILED SOLUTION:

Apply linear momentum equation in the x-direction to the control volume shown below. Use the fixed

frame of reference indicated in the figure. Note that there is no flow across a streamline.

U
Y
Cstreamline amss T T T E —»/ |
1 1|— :
! : > 1
: > x wake b(x) 1y
U e
| streamline l l :. i
U
d
o Jupdv+ [ u(pue-da)=Fy + F,, (1)
cv cs
where
d
7 J‘ u, pdV =0 (steady flow)
fev
y=+%b
I u, (pu, -dA)=U(-pUh)+ I u pudy
CS y=—1b
y=+1b y 2
=—pU*h+ pU? J 1-Zcos| 72 || @
P P 1 { U [ b Ly
y=—3b
y=+%b 5
_ 2 2 Y 2 Yy
=—pU*h+ pU l——cos| 7= |[+—cos”| 7~ dy
y=—3b
+3b 2 +1b +3b
=—pU*h+ pU? b—2—s1n[ Xj + bA2 zX +lsin(27zlj
T y, U Zb;b 4 b1
\*’_/ \ 2 J
_44b =7 =0
L T U i
[ 44b  bA?
=—pU?h+pU? | b—-—+——
P P I U 2U2}
2
= pU?| —h sy b A
U 2U?
Fg . =0 (no body forces in the x direction)
Fs . =—D (no pressure forces in the x direction)
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Substitute and simplify.

2
U { pep bi} D @
zU  2U
Now apply conservation of mass to the same control volume.
d
<] pav [ puy-da=0 3)
C cs
where
d
— I pdV =0 (steady flow)
dt
y=+3b
J' pu, -dA = —pUh + J' pudy
y==}b
y»%—%b 4
y
=—pUh+ pU j 1-—cos| 7= | |d
S { oo =3 H '
y==3b
+5b
=—pUh+ pU b—b—Asin(ﬂZj
zU b1y
-z
24
L T U J
24
=—-pUh+ pUb|1——
U+ pUB 1~ 22 |
Substitute and simplify.
0=—pUh +pUb[1 —ﬁ:l
U
24
h=b|1-— 4
-2 ] @
Substitute Eqn. (4) into Eqn. (2) and solve for b(x).
2
U b(l—ﬁj b_4Ab bA __D
zU U 20>
D
b(x) = (5)
2 2 A(x)
PUA(x)| ==
zU 22U
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NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS Dynamics ~ COLM_04

The rectangular control volume shown below could also have used. Note that there will be some mass flow
rate through the sides as indicated in the figure below (since the upstream mass flux is larger than the
downstream mass flux). The horizontal velocity through the sides will be U everywhere since the
boundaries are outside the wake.

».
L

U
—>/ |
_’ :
> i
>
’ :
U
The linear momentum equation in the x-direction is:
d
o Jupdv+ [ u(pue-da)=Fy + F,, (©6)
cv cs
where
d
7 J‘ u, pdV =0 (steady flow)
Lev
y:+%b
j u, (puy -dA)=U (-pUb)+ I wpudy + 2y U
cs y=—1b
44b  bA*
= pU? {——b + b—z} + 214 U
zU  2U
Fy . =0 (no body forces in the x direction)
Fs . =—D (no pressure forces in the x direction)
Substitute and simplify.
2
U? {—4—? + %} + 24U = =D (7
T
Now apply conservation of mass to the same control volume.
%jpdmjpure].dA:o (8)
cv cs
where
d
Z I pdV =0 (steady flow)
v
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y=+ib

I Pl -dA = _pUb+ J‘ pudy+2mside
CS

y==3b

=—pUb+ pUb [1 - %} + 2ty

= _pb% + 2’li/lside
V4
Substitute and simplify.
0= _pbz_A + 2n./lside
Vid
) bA
Mgige = p_ (9)
T

Substitute Eqn. (9) into Eqn. (7)and solve for b(x).

~b(x)= D y (This is the same result as before!) (10)
pUzA(x){z— (xz)}
zU 2U
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A hydraulic jump is a sudden increase in the depth of a liquid stream (which in this case we assume is
flowing over a horizontal stream bed with atmospheric pressure air everywhere above the liquid):

L

free surface /—/ T

h —>
S mn Us

Ui | ‘

The depth increases suddenly from /1 to 42 downstream of the jump. The jump itself is often turbulent and

involves viscous losses so that the total pressure downstream is less than that of the upstream flow.

a. Find the ratio of the depths, /2/A1, in terms of the upstream velocity, Ui, the depth, 41, and g, the
acceleration due to gravity. Assume the flows upstream and downstream have uniform velocity
parallel to the stream bed and that the shear stress between the liquid and the stream bed is zero. The
liquid is incompressible.

b. What inequality on the value of U1%/(ghi) must hold for a hydraulic jump like this to occur?

BRIEF SOLUTION:

1. Apply conservation of mass to relate the upstream and downstream depths, /1 and 42, to the
upstream and downstream velocities, U1 and Uz. Use a control volume that perpendicularly crosses
the upstream and downstream flows where the velocities are uniform, follows the free surface, and is
adjacent to the floor.

2. Apply the linear momentum equation to the same control volume as in Step 2. Be sure to include the
pressure forces acting on the upstream and downstream faces. Note that the pressure increases
linearly with depth in the fluid.
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DETAILED SOLUTION:

First apply conservation of mass to the fixed control volume shown below.

free surface _______ iy, T
’ !

1
1
|
h2 :4_ —>
1
1
1

Note: Since the

streamlines are parallel at
the inlet and outlet of the
CV, the pressure gradient

= TS 1 T nemallo e sueanlines
%C{/PdV+stpurel dA =0
Jspurel .dé = —.pUlhlb + pU,hyb
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_05

Now apply conservation of linear momentum in the x-direction to the same control volume.

di J‘ updV + Iu(purel -dA)=Fy +F
Lev cs
where

% J updV =0 (steady flow)
cv

j u(puyy -dA) = —pUZhb+ pUlhyb

CS

Fy, =0
y=h y=h,

Fg .= j pg(h—y)dyb— _[ pg(hy—y)dyb =1 pghib—1 pghib
y=0 y=0

(hydrostatic pressure forces on left and right sides)

Substitute and simplify making use of Eqn. (1). Solve for the ratio /2/h1.
—pUi b+ pUshb =1 pgh’b—1 pghib

~Uth +Ush, =g (h? hz)
Ul hy (U/J —lj :% hz)(h1 +h2) (using Eqn. (1))
Ui hI(V -1)=% —hy)(h +hy) (using Eqn. (1))

by —h
Ufhl[ lh 2]:§g(h1—h2)(h,+h2)

2

h
U2h;:% g(h+h) = V gh1(1+ AJ
2
AR = A
gh 1 1 1 gh1

L 8Uf

}7_ gh

We can neglect the negative sign in front of the second term since it is unrealistic.

U2
1200 @
4 gh

For the hydraulic jump to occur, we need /s2/h1 > 1.

2
1< Ly l+—2Ul = Ul >1 3)
2 \4 gh gh
The dimensionless parameter in Eqn. (3) is the square of the flow’s Froude number, Fr.

Y,

@
Jeh,

where Fr <1 is referred to as subcritical flow, Fr =1 is critical flow, and Fr > 1 is supercritical flow. For
the hydraulic jump to occur, we must have supercritical flow, i.e. Fr> 1.

Fr=
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NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_IS

In an attempt to model the speed of a tsunami wave in the deep ocean, consider the propagation of a small
amplitude, solitary wave front moving with speed, ¢, from right to left as shown in the figure below.
Neglect the effects of surface tension. The liquid is initially at rest but after the wave passes by, the fluid
behind the wave has a small velocity, dV, in the same direction as the wave.

Derive an expression for the wave speed, c. You may neglect the shear forces the channel bed and the
atmosphere exert on the liquid. Hint: Consider choosing a steady frame of reference when analyzing the
problem.

Measuring rods

BRIEF SOLUTION:

L. Use a frame of reference fixed to the wave so that the flow appears steady.
Apply the linear momentum equation using a control volume that is perpendicular to the upstream
and downstream flows where the velocities are uniform, along the bottom of the channel, and along
the free surface. Be sure to include the pressure forces on the upstream and downstream boundaries.
Note that the pressure increases linearly with depth from the free surface.

3. Apply conservation of mass to the same control volume.
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NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_IS

DETAILED SOLUTION:

Apply the linear momentum equation in the x-direction to the control volume shown below. Use a frame of
reference that is fixed to the wave. Since a constant wave velocity is assumed, the frame of reference will
be inertial.

d
E J. uxpdV+ I Uy (purel dA) = FB,x +FS,x
Ccv ()%

where

d
EC'[,MX pdV =0 (steady flow)

[ . (puy-dA)=c(=si)+(c =V )iir=—naV where si1=pch

CvV
Fy,=0
Fy . =Lpgh® —Lpg(h+dh) =—-pghdh—L pgdh® = —pghdh
H.OT.
Substitute and simplify.
—pchdV =—pghdh
cdV = gdh 1

Apply conservation of mass to the same control volume.
% J. pdV + J. pou,, -dA=0
cv cv
where

% j pdV =0 (steady flow)
cv

j pu,-dA=—pch+p(c—aV)(h+dh)=—pch+pch+ pedh— phdV — pdvih
cv ~HOT.
= pcdh— phdV
Substitute and simplify.
pcdh— phdV =0= cdh = hdV

hdv
C

dh 2

Substitute Eqn. (2) into Eqn. (1) and simplify.

cdV = ghd_V
C

e—Jah 3)
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NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_IS

As an example, consider the speed of a traveling wave in the deep ocean resulting from an undersea
earthquake for example (the wave amplitude is small compared to its wavelength). Assuming an ocean
depth of 1610 m (1 mile), the speed of the wave will be 126 m/s (280 mph)!
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_23

Two parallel plates of width, 24, (and unit depth) are separated by a gap of height, /, which changes with
time. The upper plate approaches the lower plate at a constant speed, V. The space between the plates is
filled with a frictionless, incompressible gas of density, p. Assume that the velocity is uniform across the
gap width (y direction) so that u=u(x, f).

Obtain algebraic expressions for:

a. the velocity distribution, u(x, f).

b. the pressure distribution in the gap, p(x, ). The pressure outside of the gap is atmospheric pressure.
Note: You do not need to use Bernoulli’s equation to solve this problem.

Y
L N
pam h 5 u(x, ) | v pam
T -
L a :L a ,||
SOLUTION:

Apply conservation of mass to the control volume shown below.

47 dx
;. MmT -
Pam A + V Pam
T | )
%Cj;pdV+é[Spurel dA =0
where
%Cj;pa’V:%(phdx)zp%dXZ—dex (1)

CIS pu,, -dA = —[(,Ouh)+a—i(puh)(—%dx)}+[(puh)+a—i(puh)(%dx)}

5 5 2
u
=—(puh)dx = p— hdx
Ox (,0 ) P Ox
Substitute and simplify.
—pVdx + pa—uhdx =0
Ox
ou_V
ox h
u= V%-ﬁ- f (t) where f(?) is an unknown function of time (Note: u = u(x, f).)
Since the velocity at the center line of the plate is always zero, i.e. u(x =0, £) = 0, then f{¢) = 0.
U= V% (Note: /= h(f) = u=u(x, 7).) 3)
C. Wassgren 407 2021-12-15

Page 1 of 4



NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNnamics ~ COLM_23

Now apply the linear momentum equation in the x-direction to the same control volume using the given
fixed frame of reference.

d
— | updV+|u (pu, -dA)=F, +F;,
dtC.[/ é[S ( l ) ’ ’

d dh  ou Ou
LN upav =L (uphdx) = px| u + h %\ = pax| —uv +n 4
jukp dt(up x)=p x(u o th P x( u atj 4)

[, (pu,,-dA)= —[(upuh)+%(upuh)(—%dx)}+[(upuh)+§(upuh)(%dx)i|

Cs (5)
=£(u uh)dx=2 uﬁ—uhdx
Ox P P Ox
Fy, =0 (6)
6 1 a 1
Fy, = (Ph)+a—(17h)(—idx) ~|(ph)+—-(ph)(3dx)
X ox %)
=—£(ph)dx=—a—phdx
Ox Ox
Substitute and simplify.
Ou ou op
dx| —uV +h— |+2pu— hdx =——hd. 8
px( uV + 8tj+ puax x o x ®)

Substitute for u using the expression derived from conservation of mass.

{—(ijrfw{rﬂ%ﬂu(ﬂj{ﬂjh:—la—ph )
h h n)U h D ox

p=—pV* 41 (1) (10)

The pressure at x = a is pam for all times, i.e. p(x = a, t) = pam:
2
a

P (11

2
Pan =PV 5 £ ()2 £ (1) = Pan + PV

Substituting and simplifying gives:
2 2

X a
p=—pV’ 7 P +pV? o

2ol (3]

(Note: h=h(t) = p=p(x, 1).) (12)
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Now let’s work the problem using the control volume shown below.

L MY -
Pam . IR Vv Patm

b )

|« a g »

Conservation of Mass:

d
ch parVJerspurel dA =0

where
d d dh
— dV =—| phx|=p—x=—pVx 13
tcfvp o] =p—rx=—p (13)
I pu, -dA = puh (Mass flux only through right side due to symmetry.) (14)
Cs
Substitute and simplify.
—pVx+ puh =0
u= V(%j This is the same result as before! (15)
Linear Momentum Equation in the x-direction:
— I u,pdV + j (pu, -dA)=F; +F;,
where
4 I Vpa’V—— I puhdx—— I p( fjhdx:pVi ‘Txdx =0 (16)
dt o, h de\ 71,
(The result from conservation of mass has been used in simplifying the previous expression.)
2
I u, (puy -dA) = pu’h=pV? % (Momentum flux only through right side due to symmetry.)  (17)
cs
(The result from conservation of mass has been used in simplifying the previous expression.)
F,, =0 (18)
FS,X sz:Oh_px:xh (19)
Substitute and simplify.
2
X
pV27: px:Oh_px:xh
px:x = x 0 sz h2 (20)
Since the pressure at x = a 1S pam, i.e. p(x = a, t) = pam:
2 2
patm:pxo pV h2:>pr0 patm pV hz (21)
a’ x’
2 2
p patm + pV h_z - V h2
- aY (xY
% =2 [—j - (—j This is the same result as before! (22)
LTV h h
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Note that since @ > x, (p — pam) > 0. Thus, a downward force must be applied to move the top plate
downward. Furthermore, as & decreases, this force increases since (p — pam) increases.
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A weir discharges into a channel of constant breadth as shown in the figure. It is observed that a region of
still water backs up behind the jet to a height a. The velocity and height of the flow in the channel are
given as V and A, respectively, and the density of the water is p. You may assume that friction and the
horizontal momentum of the fluid falling over the weir are negligible.

A

What is the height @ in terms of the other parameters?

SOLUTION:

Apply the linear momentum equation in the x-direction to the control volume shown below. Use the fixed
frame of reference shown in the figure.

Assume unit depth into the page.

Gage pressures are shown acting
on the control volume.

y

X . - ag

A A Y

4 I u pdV + j u,(pu-dA)=F; +F,
dt Ccv CS
where

d
— dV =0 (steady flow
&i%p (steady flow)

j u,(pu,-dA)=pV’h (assume incoming flow has negligible horizontal velocity)

CS

F,

B,x

=0

Fy, =%pga’—4pgh® (nethorizontal pressure forces)
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Substitute and simplify.

pVih=1%pga’ -5 pgh’ )
RN 2V%h
g

2
a=h 1+2V
gh

% =1+ 2F )
where Fr = V/(gh)"? is a dimensionless parameter known as the Froude number.
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