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Dimensional Analysis – Buckingham-Pi Theorem and Method of Repeating Variables 

Basic Dimensions 
A dimension is a qualitative description of the physical nature of some quantity.  A basic dimension is 
one that is not formed from a combination of other dimensions, i.e., it is an independent quantity. 
Examples:  mass (M), length (L), time (T), temperature (q) 

 
 
 
Buckingham Pi Theorem 

(# of  P terms) = (# of variables) – (# of reference dimensions) 
 
• P terms are dimensionless terms. 
• Reference dimensions are the dimensions required to describe the variables in the equation.  These 

are usually the same as basic dimensions, but in some cases can be different.  For example, let A, 
B, and C be the variables in an equation with the following dimensions, 

[A]= M/L3 
[B] = M/(L3T2) 
[C] = MT/L3 
basic dimensions = M, L, T   (3 total) 
reference dimensions = (M/L3), T   (2 total) 

 
 
The Method of Repeating Variables 
 
1. List all of the independent variables involved in the problem. 

• e.g.,  y = fcn1(x, z, t, …) 
• This is the hardest step in a dimensional analysis. 

 
2. Express each variable in terms of basic dimensions. 

 
3. Determine the number of P terms using the Buckingham-Pi Theorem. 

 (# of P terms) = (# of variables) – (# of reference dimensions) 
• This is a unique number!  Everyone should get this same number. 
 

4. Select repeating variables where the number of repeating variables is equal to the number of reference 
dimensions. 
• Choose from the list of independent variables (the right hand side of the equation in Step 1). 
• All of the reference dimensions must be represented in the repeating variables. 
• This step is not necessarily unique.  Different people may select different repeating variables. 
 

5. Form a P term by multiplying one of the non-repeating variables by the product of the repeating 
variables, each raised to an exponent that will make the combination dimensionless. 
• Since the repeating variables are not necessarily unique, the P terms are not necessarily unique.  

Different people may have different P terms.  The number of P terms will be the same, however, 
because of the Buckingham-Pi theorem. 

 
6. Double-check that all P terms are indeed dimensionless. 

• This step can catch errors made in Step 5. 
 

7. Express the final form of the dimensional analysis as a relationship among the P terms. 
• e.g., P1 = fcn2(P2, P3, …) 
• Note that fcn1 in Step 1 and fcn2 in Step 7 are different functions, in general.  Dimensional 

analysis won’t tell us what these functions are.  Other analyses or experiments are required for 
that. 

• The equation in Step 7 in terms of P terms contains all of the same information as the equation in 
Step 1 in terms of dimensional variables. 



Dimensional Analysis – Buckingham-Pi Theorem and Method of Repeating Variables 

Example: 
Consider the ballistic equation, 

. 

a. How many dimensionless variables are required to describe this equation? 
b. What dimensionless terms can be used to describe this equation? 
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1. Dimensional Analysis 
 
Dimensional analysis is a method for reducing the number and complexity of variables used to describe a 
physical system.  It’s a technique that can be applied to all fields, not just fluid mechanics.  The mechanics 
of dimensional analysis are simple to learn and apply, and the benefits from using it are significant. 
 
Dimensional analysis can be used to present data in an efficient manner, reduce the number of experiments 
or simulations one needs to perform to investigate the relationship between variables, and scale results.  
However, dimensional analysis cannot tell us what the functional relationship is between variables.  
Additional experiments or theoretical analyses are required to determine this information. 
 
Motivating Example #1 
 
To motivate the use of dimensional analysis, let’s consider a simple example involving a 
ball falling under the action of gravity in a vacuum.  From basic physics, we know that 
the vertical position of the ball, y, is given by: 

21
0 02y gt y t y � � ��  (6.1) 

where g is the acceleration due to gravity, t is the time from when the ball was released, 
0y�  is the initial speed of the ball, and y0 is the initial position of the ball.  Note that Eqn. 

(6.1) is dimensional.  In other words, each term in the equation has dimensions of length 
[L].  For example, the dimension of the first term on the right hand side is length, [1/2gt2]  
= L, where the square brackets indicate “dimensions of”.  If we were to plot the position, y, as a function of 
time, t, for varying g, 0y� , and y0, we would have plots that look like the following. 
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Now let’s present the same information, but in dimensionless form.  Starting with Eqn. (6.1), divide all 
terms by y0 (a length), to make each term dimensionless: 
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or, in a slightly more compact form, 
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are the dimensionless position, initial speed, and time, respectively.  Note that Eqns. (6.3) and (6.1) are 
identical; they’re just written in dimensionless or dimensional form.  Now if we were to plot Eqn. (6.3) for 
all of the various combinations of variables, we would have the following plot. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This dimensionless plot contains all of the information that was contained in the previous dimensional 
plots.  As you can see, presenting data in dimensionless form is very efficient!  
 
Now let’s assume we didn’t know that Eqn. (6.1) existed and we had to perform a series of experiments to 
try to find the functional relationship between the variables 

� �1 0 0, , ,y fcn g t y y �  (6.5) 
where fcn1 is the unknown function we’re trying to determine.  Let’s say that we perform a series of 
experiments where we vary each of the variables independently five times.  Since we have four 
independent variables (g, t, 0y� , y0), this means we have a total of 54 = 625 experiments to perform!  Not 
only is this a lot of experiments, but some of these experiments are likely to be difficult and expensive to 
carry out (e.g. varying g is not trivial).   
 
Now if we instead performed a dimensional analysis on Eqn. (6.5) (which you will learn how to do later in 
this set of notes), we could show that Eqn. (6.5) can be written in dimensionless form as: 
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(Compare Eqn. (6.6) to Eqn. (6.2) to verify.)  Equation (6.6) contains only two independent variables, 
hence, varying each parameter five times gives a total of 52 = 25 total experiments.  Clearly, performing a 
dimensional analysis can reduce the number of experiments one needs to perform!  Not only are the 
number of experiments reduced, but the experiments can be much easier to perform.  For example, varying 
the two independent parameters in Eqn. (6.6) can be achieved by simply letting time vary, and varying the 
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