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(1) Equation (13.128) tells us what area we would need to contract to to get sonic conditions (Ma =
1, A = A*) given the current Mach number, Ma, and area, A.

(2) We could also interpret Eq. (13.128) as saying, given the area for sonic conditions, A*, the Mach
number, Ma, and area, A, are directly related for an isentropic flow. Recall that this relationship
results from Conservation of Mass and the assumption of an isentropic flow.

(3) Values for A/A* as a function of Mach number are typically included in compressible flow tables
found in the appendices of most fluid mechanics textbooks.

(4) What happens if we constrict the area to a value less than A*? For a subsonic flow, the new area
information can propagate upstream and downstream and, as a result, the conditions everywhere
change (i.e., the Mach numbers change according to Eq. (13.128) where the new area would be A*).
If the upstream flow is supersonic, then some non-isentropic process must occur upstream (a shock
wave) so that the constricted area is no longer less than A*.

(5) A plot of Eq. (13.128) is shown in Figure 13.20. Two important features can be observed in the
plot. First, the minimum value of A/A* is equal to one and this minimum occurs at Ma = 1, as
expected. Second, there are two values of Mach number for a given value of A/A* — a subsonic
value and a supersonic value.

*

Sonic area ratio, A/A

|
|
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|
|
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0.0 T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Mach number, Ma

FIGURE 13.20. A plot of the sonic area ratio A/A* as a function of Mach number for k = 1.4.

13.10. Choked Flow

Consider the flow of a compressible fluid from a large reservoir into the surroundings, as shown in Figure 13.21.
Let the pressure of the surroundings, called the back pressure, pg, be controllable.

When pg = pg there will be no flow from the reservoir since there is no driving pressure gradient. When
the back pressure, pp, is decreased, a pressure wave, i.e., a sound wave, propagates through the fluid in the
nozzle and into the tank (Figure 13.22). Thus, the fluid in the tank “is informed” that the pressure outside
has been lowered and a pressure gradient is established resulting in fluid being pushed out of the tank.
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F1GURE 13.21. An illustration showing flow from a large tank through a converging nozzle

into the surroundings.
([
pressure wave
propagating upstream

FIGURE 13.22. An illustration showing sound waves propagating upstream from the sur-
roundings into the tank.

Thus, when pg < pg, the fluid will begin to flow out of the reservoir. Furthermore, as pg/po ., Vir T, and
the mass flow rate increases. Note that the flow through the nozzle will be subsonic (Ma < 1) since the
fluid starts from stagnation conditions and doesn’t pass through a minimum area until reaching the throat.
Additionally, since the flow is subsonic, the pressure at the throat will be the same as the back pressure, i.e.,
ptr, = pp. That this is so can be seen by noting that if p;, > pp, then the flow would expand upon leaving
the nozzle and as a result, the jet velocity would decrease and the pressure would increase. Thus, the jet
pressure would diverge from the surrounding pressure. But the jet must eventually reach the surrounding
pressure so the assumption that p;;, > pp must be incorrect. A similar argument can be made for py, < pg.

As we continue to decrease pp/pg, we'll eventually reach a state where the velocity at the throat will reach
Ma =1 (Vy, = V* = ¢*). The pressure ratio at the throat will then be,

k
* k—1\TF
ptthB:pz(H) : (13.129)
Po Do Do 2
and the fluid speed will be,
Vi = V* = c* = VERT". (13.130)

Any further decrease in pg has no effect on the speed at the throat since the pressure information can no
longer propagate upstream into the reservoir. The fluid speed out of the tank is the same as the speed of
the sound wave into the tank so the pressure information can’t propagate upstream of the throat. Thus, all
flow conditions upstream of the throat will remain unchanged. As a result, we can no longer increase the
mass flow rate from the tank by changing the back pressure. This condition is referred to as choked flow
conditions. The maximum, or choked, mass flow rate will be the same as the mass flow rate at the throat

C. Wassgren 1207 2021-12-15



NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

where sonic conditions occur,

*

Mehoked = PV A" = %V*A*, (13.131)
* k *
=p RT*A ) (13.132)

where Eq. (13.130) has been used. Substituting the following relations,

* k—1\1*
pt= p—po = (1 + —) Po, (13.133)
Do 2
T* k—1\""
™" =—To=1+—5—| T 13.134
T, 0 ( + B ) 05 ( )
(13.135)
and simplifying results in,
1
X kE—1)\20-5 k .
Mchoked = (1 + T) Po R_TbA . (13.136)

Notes:

(1) The choked mass flow rate (Eq. (13.136)) is the maximum mass flow rate that can be achieved from
the reservoir.

(2) A quick check to see if the flow will be choked or not for the converging nozzle case is to check if
the back pressure is less than or equal to the sonic pressure, i.e.,

k

* 11—k *

28 <P (1 + E) " then the flow will be choked and 2 — £° (13.137)

Po ~— Po 2 Po Do

Note that the criterion for checking for choked flow in a converging-diverging nozzle is different, as is
discussed in Section 13.18. The key concept to keep in mind is, if the low anywhere in the channel
is equal to or greater than the speed of sound, then sound waves cannot propagate upstream into
the reservoir.

(3) What happens outside of the nozzle if the back pressure is less than the sonic pressure? In that
case the flow must eventually adjust to the surrounding pressure. It does so by expanding in a two-
dimensional process known as an expansion fan, a topic addressed in Section 13.24 (Figure 13.23).

Ma=1
Pw/Po=P po expansion fans

Pe/Po<p’Ipo

F1cure 13.23. Illustration and photograph showing an expansion fan downstream of the
exit of a converging nozzle. For this case, the back pressure is less than the sonic pressure
and, thus, the flow rapidly expands from sonic conditions at the throat to the surrounding
(lower) back pressure after leaving the nozzle.
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F1GURE 13.24. Plots showing how mass flow rate in a converging nozzle varies with the back
pressure to stagnation pressure ratio (upper left), throat pressure ratio varies with the back
pressure ratio (upper right), and pressure ratio within the nozzle to the position (bottom).

(4) The previously described processes are sketched in the plots shown in Figure 13.24. The upper left
plot shows that, as the back pressure ratio decreases from one, the mass flow rate decreases until
the back pressure reaches sonic conditions. At this point the mass flow rate equals, and remains, at
the choked mass flow rate since further decreases in back pressure can’t propagate upstream of the
throat, where the Mach number equals one.

The upper right plot shows that the pressure at the throat equals the back pressure as the back
pressure decreases (since the flow at the nozzle exit is subsonic) until the back pressure reaches the
sonic pressure. At this point the Mach number at the nozzle exit equals one. Further decreases in
the back pressure no longer change the conditions at or upstream of the throat since the pressure
information can’t propagate upstream of where the Mach number equals one (at the throat).

The bottom plot shows the pressure profile within the (converging) nozzle. As the back pressure
decreases, the pressure decreases moving toward the throat since for a subsonic flow, a decreasing
area results in an increasing speed and, from Bernoulli’s equation, a decreasing pressure. At the
nozzle exit the exit pressure equals the back pressure when the exit flow is subsonic. When the
back pressure is equal to the sonic pressure, the pressure at the nozzle exit is also equal to the sonic
pressure and the flow becomes choked. Further decreases in the back pressure aren’t propagated
upstream of the throat (where the Mach number is one) and, thus, the flow in the converging section
remains unchanged. However, once the flow leaves the nozzle exit, it must expand in order to come
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into equilibrium with the smaller back pressure. It does so through a phenomenon known as an
expansion fan, which is a topic covered in Section 13.24.
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NoTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS comp_02

A CO:z cartridge is used to propel a small rocket cart. Compressed COz, stored at a pressure of 41.2 MPa

(abs) and a temperature of 20 °C, is expanded through a smoothly contoured converging nozzle with a

throat area of 0.13 cm?. Assume that the cartridge is well insulated and that the pressure surrounding the

cartridge is 101 kPa (abs). For the given conditions,

Calculate the pressure at the nozzle throat.

Evaluate the mass flow rate of carbon dioxide through the nozzle.

Determine the force, F, required to hold the cart stationary.

Sketch the process on a 7T-s diagram.

For what range of cartridge pressures will the flow through the nozzle be choked?

Will the mass flow rate from the cartridge remain constant for the range of cartridge pressures you

found in part (e)? Explain your answer.

g.  Write down (but do not solve) the differential equations describing how the pressure within the tank
varies with time while the flow is choked.

e e o

Note: For COo, the ideal gas constant is 189 J/(kg-K) and the specific heat ratio is 1.30.
throat area =
CO: 0.13 cm?
F 41.2 MPa (abs) —_ surrounding pressure =
20 °C /— 101 kPa (abs)

///////\—’//////////’////////

SOLUTION:

First check to see if the flow is choked upon leaving the cartridge.

7 % _1\7
ﬁsp—:(HV—IJ = 0.5457 (using y=1.3) (1)
Po Py 2
Since
101*10° P ’ ,
2y 101710 Pa ) 4se10° < £ 205457 = The flow is choked! ®)
p, 41.2¥10° Pa P
Because the flow is choked, the throat (exit) pressure will be the sonic pressure:
py=p =0.5457p, =(0.5457)(41.2 MPa) 3)
- Py =225 MPa| )

The mass flow rate will be the choked flow mass flow rate:

m = mchoked = (1+VT’1)W pO %A* (5)
0
~m=1.52 kg/s (6)
where
y =13
po =412MPa

R =189 J/(kgK)
To =20°C=293K
A" =0.13 cm? = 1.3*10 m? (The throat area is the sonic area since the flow is choked there.)

C. Wassgren 1211 2021-12-15
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The force required to hold the cart stationary may be found using the linear momentum equation in the x-
direction applied to the control volume shown below using a fixed frame of reference.

_______________ throat area =

7 CO <. 0.13 cm?
F 4 41. ; MPa (abs) \' — surrounding pressure =
Y l'. 20 °C /— | 101 kPa (abs)

T

d

— [uypdV +[u,(puy-dA)=F, +F,, (7)
dt Ccv CS

where
% I u,pdV =0 (The CV is stationary so the fluid essentially has zero velocity in the CV.) ®)
Ccv

[y (pu-dA) =V, )
(&

F; » =0 (No gravity in the X-direction.) (10)
Fyy =F+(puw—Pr)A4; (Need to include pressure forces in the surface force balance.) (11)

Substitute and simplify.
VEm:F+(patm_pE)AE (12)

FZVEm+(pE_patm)AE (13)

L F=671N (14)
where

m = 1.52 kg/s (from part b)

pe = 22.5%10° Pa (from part a)

Pam = 101*10° Pa

Az =0.13 cm? = 1.3*10° m?

and
V., =c,Ma, =/yRT, =250 m/s (using y=1.3, R=189 J/(kg-K), and (15)
g
=1
T,=T"=T,(1+5') " =(293K)(0.8696) =255 K (16)

The T-s diagram for the process is:

Ta po
_______ e
-7 o Psurr
_____..:_;"'7_: Tsure
-m---os ,,_’___ ____________ T’k
-
s
C. Wassgren 1212 2021-12-15
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The flow will be choked when the back pressure is less than or equal to the sonic pressure:

*

Pun < P _ (5457 (using y=1.3) (17)
.~ py 2185 kPa | (using poack = 101 kPa) (18)

The mass flow rate from the cartridge will not, in general, be constant since the choked flow mass flow rate
depends both on the stagnation pressure and stagnation temperature, i.e.

gea =(1+51)"7 po, |4 (19)
0

The stagnation pressure and temperature in the cartridge will vary in time (as shown below).

From conservation of mass on the previously shown control volume:

am, . y-1\i5 Yoo Y1315 *
. = - =—(1+5)"" p, R_TOA =—(1+3) py \7RT, 4 (20)

_M,
Mo,

From conservation of energy on the same control volume:

%(M o Ty )+ (cpT 4 ) =0 (the cartridge is insulated so there is no heat transfer) (1)
where perfect gas behavior has been assumed and
T,=T"=1,(1+5)" (22)

V, = ¢ =+yRT" (23)

Equations (19) - (23) present a coupled set of ordinary differential equations which would be solved
numerically subject to the initial conditions:

To(t=0)=293 K (24)
Mo(t=0) = poVo = poVo/(RT0) (25)
C. Wassgren 1213 2021-12-15
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The stagnation pressure, po, and temperature, Ty, in a large tank (tank A) are maintained through a regulator
valve. Tank A exhausts into tank B through a converging nozzle. The exit of the nozzle is station 1. Tank
B exhausts through another converging nozzle to the atmosphere. The exit of that nozzle is station 2. The
atmospheric temperature and pressure are pum (1 atm) and Ty, (400 K). Determine Ma,, Ma,, py, p2, and
rir for the conditions stated below. Assume that the fluid is a perfect gas (air) and that the flow through the
converging nozzles is isentropic.

p0A=10 atm, ToA—l(XX) K, Al—O 01 m A2=0 03 m

pOA"4 atm, TOA—IOOO K, A1=0 01 m A2=0 03 m

Poa=10 atm, Tp,=1000 K, A;=0.03 m’ A2=0 01 m

PoA—l 5 atm, Toa=1000 K, A,=0.03 m?, A,=0.01 m’

ao o
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X
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A converging nozzle, with a throat area of 0.001 m’, is operated with air at a back pressure of 591 kPa
(abs). The nozzle is fed from a large plenum chamber where the absolute stagnation pressure and
temperature are 1.0 MPa and 60 °C. The exit Mach number and mass flow rate are to be determined.
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Air flows isentropically through a converging nozzle. At a section where the nozzle area is 0.013 {2, the
local pressure, temperature, and Mach number are 60 psia, 40 °F, and 0.52, respectively. The back pressure
is 30 psia. Determine:

a. the Mach number at the throat,

b. the mass flow rate, and

c. the throat area.

SOLUTION: wr oat
p» =30 psia

A=0.013 ft?

p =060 psia
T=40 °F =500 °R
Ma=0.52

First determine if the flow is choked by checking the pressure ratio at the exit.
A
Po
using p = 60 psia, y= 1.4, and Ma = (0.52.

:(1+77_1Ma2)';7 = po="72.15 psia 1)

*

=0.4158 <2 =0.5283 = The flow is choked! 2)

Py _ 30 psia
py 72.15psia Do

Since the flow is choked, and the throat area will equal the sonic area:
i
1+ Ma? |7 _
A_A_ VPR A =997*10° /) 3)
A A4 Ma

where 4 =0.013 ft2, y= 1.4, and Ma = 0.52.

r=1
1+2

The mass flow rate will be the choked mass flow rate:

I+y
; (12220 / Y ; _
Mg oked = (1+T) by EA = | Mypoked = 2.40 lbw/s, (4)
0

where y= 1.4, R = 53.3 (Ibpft)/(Ibm-°R), po = 72.15 psia = 1.04*10* Iby/ft>, 4" = 9.97*107 ft> and

-1
T1=(1+7T‘1Ma2) = Tv=527°R (Ma=0.52 and 7= 500 °R) (5)
0
Ta , Po
-------- ::*’:-------' TO
-7 /,/p
“““ g
""" TooAEeeeeee T
> 5
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropiclD_07

In wind-tunnel testing near Ma = 1, a small area decrease caused by model blockage can be important.

Suppose the test section area is 1 m?, with unblocked test conditions Ma = 1.10 and 7= 20 °C.

a.  What model area will first cause the test section to choke?

b. If the model cross section is 0.004 m? (0.4 % blockage), what percentage change in test section
velocity results?

SOLUTION:
PR AR

— @ model

R N B N e

First determine the area when the test section will choke. This area will be the sonic area.

7+

o
A4 1 [1+ZiMa? )
[2— (1)

A M| et

Using Ats = 1 m?, Ma = 1.10, and jir= 1.4, 4* = 0.992 m?. Thus, the model area that will cause the test
section to choke i Amodel = Ats — A* = (1 — 0.992) m? = |0.008 m?.

Using Eqn. (1) with 4 = (1 — 0.004) m? = 0.996 m? and A* = 0.992 m?, the Mach number in the test section
with the blockage is Ma = 1.07.

The velocity corresponding to a given Mach number is given by:

V =cMa=yRTMa @)
where the local temperature is found using:
_ -1
T=T(1+%5 Ma’ | 3)

The percent change in the test section velocity is:

% change Vit vlockage ~Viwio blockage _ Vi blockage !
(] = — _
Vo blockage Vo blockage

_ Maw/ blockage T, w/ blockage 1
1\/Iaw/o blockage T, w/ blockage
_1
y—1 2 2
1\/Iaw/ blockage { 1+ R Maw/ blockage J

y—1 2
1+ R Maw/o blockage

.. % change =

-1 4)

Awio blockage

Using Maw/ blockage = 1.07, Maw/o blockage = 1.10, and ir = 1.4, % change = -2.2%.|
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A tank having a volume of 100 ft? is initially filled with air at 100 psia and 140 °F. Suddenly the air is
allowed to escape to the atmosphere (14.7 psia) through a frictionless converging nozzle of 1 in. diameter.
The tank is to be considered as insulated perfectly against heat conduction and as having no heat capacity.
Plot the pressure in the tank as a function of time.

i po, To {L Assume perfect

—_ gas behavior.

SOLUTION:

First determine the range of tank stagnation pressures that will result in choked flow from the tank.
a
% _ 1-y
For 28 <P~ _ (1 +7—1] " —0.5283, the flow will be choked. (1)
Py Po
With ps = 14.7 psia, the flow will be choked when po > 27.8 psia. Thus, the flow from the tank is initially
choked.

The rate of change of mass within the tank can be found from conservation of mass applied to the control
volume shown in the figure.

4 '[ pdV + '[ Pu -dA=0
dt
cv cs
= thank . (2)
Ztank
dt
where 71 is the mass flow rate leaving the tank.

The mass flow rate for a choked flow is given by:

I+y
, y-1y oy
=[1+1== Lg% 3
Mepoked ( > ] Py RT, A3)

where the pressure po and 7o are the pressure and temperature inside the tank and A* is the area of the
nozzle exit area (for choked flow conditions, the nozzle exit area is the sonic area). Note that the derivation
for Eq. (3) assumes 1D, steady flow. In this problem we’ll assume that the steady form of the isentropic
flow relations can be used; however, unsteady effects will still be retained for determining the time rate of
change of properties within the tank. The pressure within the tank can be related to the temperature and
mass within the tank using the ideal gas law.

M
Py =pyRTy =— RT, )
Viank
Hence, Eqn. (3) becomes:
I+y
1\ M
mchoked :(1_'_7/2 j ( Vtank] J/RTE)A* (5)
tank
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropiclD_09

When the flow is unchoked, the mass flow rate can be found from the conditions at the nozzle exit.

1 1
y—lo 2|7 y-1ly2)?
=(1+TMaEJ pOMaE«/}/RTO(1+TMaE Ay

1+

vd
_ W0 M
m=(1+y—lMa§5J [ﬂ]MaE YRT, A,
2 v,
tank

The Mach number at the exit can be found by combining Eq. (4) with:

— =2
Pe _ (1 + yTlMazEj where pr = ps since the exit flow is subsonic
Po
to get:
=2
4
2
Ma, = Pz -1
V4 -1 Mtank RTE)
Vi

ank

(6)

Q)

®)

To determine the temperature in the tank, apply conservation of energy to the control volume shown in the

figure.
d o .
Z I epdV + I ho(pure] -dA) = 0o T Wor
v Cs cV.  Cv
d . e
= E(uM )tank + mho’ =0 (where u = cyT is the specific internal energy)

dM.

ar,
Mgy —0 e, T, — ok i(cpTy +1V2)=0 (where hos=crTs+ V)

dT; i 1
—___— 71 +—(yT +-LyRT_Ma? ): 0 (using Eqn. (2))
0 ET 2 EVE .
dt Mtank Mtank 2
dT, m m |: (y—l)c :| .
0 P 2 _
—— T, + YT, + T.Ma’, |=0 (using yR = (~1)cp)
0 E o, TEVEE
dt Mtank Mtank 2er
dT, i i -
_O_L% +L}/TE{1+}/—1M32:|=0
dt Mtank tank 2
dT, i i
4l _m TO + _m_ 772) =0
dt Mtank tank
dT,
5 L( -1)7,=0 )
dt Mtank
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropiclD_09

To solve for the tank pressure (po) as a function of time, use the following algorithm.
1. Determine the mass flow rate at time step 7.
a. Ifpo>27.8 psia:

I+y
. . Y —1 ) Mtank|
B =mch0ked=(l+7) - JYRT| 4* (10)

tank

b. Ifpo<27.8 psia:

m‘ = 1+7/—_1Ma2
n 2

1+

2(1777) M "
J V‘ik Ma,| JYRT)| 4, (11)

E

tank

where

Ma,| = |2 P 1 (12)

n
-1 Mtank |n

7R7;)|,,

tank

2. Determine the change in the tank temperature.

dT; . . . .
|, =Tl, +70 At (this is a simple Euler integration scheme) (13)
t n
where At is the time step (assumed sufficiently small for stability and accuracy) and
dar, 1
= —(1-vy)T 14
dt n Mtank ( Y) O‘n ( )

3. Determine the new mass within the tank.

aM
Mtank|n+1:Mtank|n+ ank At (15)
where
dM
tank .
— = =—m 16
i = (16)

and n'i‘n is the mass flow rate found in step 1.

4. Determine the new pressure in the tank.

Mtank| 1
Po n+l = - RTO|n+1 (17)

Vtank

5. Repeat the steps 1-5 until the tank pressure equals the back pressure, i.e., po = ps.

C. Wassgren 1224 2021-12-15
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropiclD_09

Use the following given data:

po(t=0) = 100 psia
To(t=0) = 140 °F =500 °R
V = 100 ft
AE = 5.45e-3 ft
DB = 14.7 psia
Yair = 1.4
Ruir = 53.3 (Ibrft)/(Ibm°R)
120
— 100
)
(72]
2
- 80
(o}
o
s 60
(/)]
(7))
o
o 40
=
c
1]
= 20
flow becomes unchoked o ———
at t=26.5 s.
O I I I I I
0 10 20 30 40 50 60
time, t [s]
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropicID_13

The large compressed-air tank shown in the figure exhausts from a nozzle at an exit velocity of Ve= 235
m/s. Assuming isentropic flow, compute:

a. the pressure in the tank
b. the exit Mach number
c. Now consider a case where the exit velocity is not given and the tank pressure is 300 kPa (abs). For

these conditions, determine the exit flow speed, V.

‘ . Yair= 1.4
aLr at 3((1). .C Ve Rair = 287 J/(kg-K)
tank conditions Cpair = 1005 J/(kg-K)

remain constant Cuair = 718 J/(kgK)

pam= 101 kPa (abs)

SOLUTION:

First determine the exit Mach number using:

The exit speed of sound, assuming ideal gas behavior, is given by:

¢, =IRT, @)

where, for an adiabatic flow:
2

=T+ 3)
2c,
Using the given data:
14 = 14
R = 287 J/(kg:K)
To = 30°C=303K
Ve = 235m/s
Cp = 1005 J/(kg-K)
= T. = 216K
= ¢ = 333m/s

= Ma = 071

Since the exit Mach number is subsonic, the exit pressure will be equal to the back pressure, i.e.
Pe=pam = 101 kPa (abs)

Assuming isentropic flow:

_1 %r
P =(1+_7 Maij @)
Po 2 r po
Using the givendata: | _______ y 2 To
= po = 141 kPa (abs) -7 L , De
Lo L EEEE
> 5
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropicID_13

Now consider the case where the exit velocity is not given, but the tank pressure is given as po = 300 kPa
(abs). First determine whether or not the flow is choked. For a converging nozzle, the flow is choked if,

* 1\
Py PF_ [ BV soes Q)
Py Do 2 k=14

Using the given data (po = 300 kPa (abs) and ps = 101 kPa (abs)), ps/po=0.3367. Thus, the flow is choked
for the given conditions and Mag = 1.

Since the exit is at sonic conditions, the speed of the flow there is,

VE=V*=C*M=\H€RT* 6)
=1
where
-

* _
T—=[1+uj = 0.8333 7
T bl

0 k=14

Using the given data (7o =303 K, k= 1.4, R =287 J/(kg.K)), T" = 253 K, and |[Vz = 319 m/s|.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcgisentropiclD_14

Air flows isentropically through a converging nozzle. At a section where the nozzle area is 0.013 {2, the
local pressure, temperature, and Mach number are 60 psia, 40 °F, and 0.52, respectively. The back pressure
is 30 psia. The Mach number at the exit, the mass flow rate, and the exit area are to be determined.

SOLUTION:

\}\e‘xit

—
I
1

p»=30 psia

\

A1=0.013 f?
p1=060 psia

71 =40 °F =500 °R
Mai = 0.52

First determine whether or not the flow is choked by checking the pressure ratio at the exit. In order to do
this, we must first determine the flow stagnation pressure (we’ll also calculate the stagnation pressure while
we’re at it). Note that the flow remains subsonic in the nozzle (subsonic Mach number and no minimum
area) so that there will be no shock waves in the flow to modify the flow’s stagnation pressure.

I
ﬁ:(lJ—Maf) (1)
Py 2
T _ -1
—1:(1+7—1Mafj )
2
0
Using the given data:
pi = 60 psia
I = 500°R
¥ = 14
Mar = 0.52
= po = 72.2 psia
= To = 3527°R

From the ideal gas law:

£, = 15_0 (where R = 53.3 (ft-1b)/(Ibm-°R) = 1716 f¥/(s>-°R)) 3)
0

= m = 121*107 slug/ft’

Now check to see if ps/po < p*/po.
Py 300psia 455 P _ 5083 o
D, 712.2psia Do

= The flow must be sonic at the exit, i.e., !
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcgisentropiclD_14

Since the flow is sonic at the exit, we know that the exit area must be the sonic area.

r+l

Page 2 of 2

y— 1 5 2r-1)
4 4 1 1+ = Ma; )
4, 4 Ma| [, 7-1
Using the given data:
14 = 14
A = 0.013 f?
Mai = 0.52
A =1.3034 = 4.=9.97*103 ft}
AE
Since the flow is choked, the mass flow rate is:
, y—1)"" -y
Mepoked = (H' B j Py R—TOA Q)
14 = 14
R = 53.3 (ft-1br)/(Ibm-°R) = 1716 ft*/(s*°R)
Ae = 9.97*10° f? (=4
po = 722 psia
To = 527°R
= |m=7.46*10" slug/s
We could have also found the mass flow rate using:
m = pGV(:‘AG
where 74 - po
= = - == _,7 Z----- T
V.=c.=\RT, g
T : Smmmmmsefm--- T
_ezT_=0.8333 - L ‘pgip*l
YE) 7;)* _______ P :_ ---T,= T“
Le P _0.6339
P Po > 5
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropiclD_17

A fixed amount of gaseous fuel is to be fed steadily from a heated tank to the atmosphere through a
converging nozzle. The temperature of fuel in the tank remains constant. A young engineer comes to you
with the following scheme: “Pressurize the tank to a pressure considerably higher than atmospheric
pressure. At the fuel nozzle outlet, the Mach number will then be equal to one. As long as the Mach
number is one at the nozzle outlet, we will have the same mass flow rate.” Do you agree with the young
engineer? Explain your answer.

-

po, To g Patm

e

If po >> pam, then the flow will be choked at the nozzle exit. Although the Mach number at the exit plane
will remain sonic (i.e., Mag = 1) while the flow is choked, the mass flow rate will not remain constant since
the stagnation pressure within the tank will decrease as mass leaves the tank. Over time, the mass flow rate
from the tank will decrease.

7+l

. -1 2(1*7) *
mchoked :(l+ }/2 J pO\/ R’);w A (1)
0

In this expression, 4" is the throat area (while the flow is choked) and 7o remains constant, as given in the
problem statement. However, the stagnation pressure decreases since,

SOLUTION:

M
tank
From Conservation of Mass applied to the tank,
aM
tank :
=—m 3
r A3)

Thus, as mass escapes from the tank, the tank mass decreases (Eq. (3)) and, from Eq. (2), the stagnation
pressure decreases. Thus, from Eq. (1), the mass flow rate decreases.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS isentropic1D_22

A large tank contains 0.7 MPa (abs), 27 °C air. The tank feeds a converging-diverging nozzle with a throat area of
6.45*10* m2. At a particular point in the nozzle, the Mach number is 2.

a. What is the area at that point?
b. What is the mass flow rate at that point?

SOLUTION:

Use the isentropic relations to determine the downstream Mach number.
k+1

2k-1)

A* L2 = [A=1.09¥103 m? (1)

where k=1.4, Ma =2, and A" = 6.45*10“ m? (the throat must be at sonic conditions since the flow goes from
stagnation conditions to supersonic conditions).

Since the flow is sonic at the throat, the mass flow rate is choked:
K+l

. k=1 \2(1-k ko« .
I I N o
0

where R = 287 J/(kg.K).
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NoTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS comp_16

A large tank supplies helium through a converging-diverging nozzle to the atmosphere. Pressure in the
tank remains constant at 8.00 MPa (abs) and temperature remains constant at 1000 K. There are no shock
waves in the nozzle. The nozzle is designed to discharge at an exit Mach number of 3.5. The exit area of
the nozzle is 100 mm?. Note that for helium the specific heat ratio is 1.66 and the ideal gas constant is

2077 J(kgK).

a. Determine the pressure at the exit of the converging/diverging nozzle.
b. Determine the mass flow rate through the device.
c. Sketch the flow process from the tank through the converging/diverging nozzle to the exit on a 7-s

diagram.

SOLUTION:

Ae
po, To
= Ma.

Po = 8.00e6 Pa (abs)
To = 1000 K

Ma. =3.5

Ae = 1.0e-4 m?

1% = 1.66

R = 2077 J/(kg.K)

Assume isentropic flow.

i
— 1-;
&:(1+771Ma§j " = pe=137kPd 1)
Po
-1
T _
—ff:(lﬂ—lMaﬁj = T.=198K @)
T, 2
p. =L = p=0332kg/m’ 3)
RT,
V,=Ma, [yRT, = V.=2890m/s 4)
m=pV,4, = |[m =9.59%-6kg/y (5)
T 4 ,’bpo
_____::_ /__/._:____ TO
Illr_(ifl_i:/ :'_/_f _____ T
e
mmm oo T.
C. Wassgren 1232 2021-12-15

Page 1 of 1



NoTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS comp_25

A rocket engine can be modeled as a reservoir of gas at high temperature feeding gas to a
convergent/divergent nozzle as shown in the figure below.

—

reservoir -

For the questions below, assume the following:
1. The temperature in the reservoir is 3000 K.
2. The exhaust gases have the same properties as air: y=1.4, R=287 J/(kg-K).
3. The exit Mach number is 2.5.
4. The rocket operates at design conditions (no shock waves or expansion waves present) where the
surrounding pressure is 1*10° Pa (abs).
5. The area of the exit is 1¥10™ m2,

Determine:

a. the temperature of the flow at the exit,
b. the pressure in the reservoir,

c. the throat area,

d. the mass flow rate out of the rocket,

e. the thrust produced by the rocket, and
f. sketch the process on a 7-s diagram.
SOLUTION:

First determine the exit temperature using the adiabatic flow relation for stagnation temperature:

%:(H%IMa;)* N (1)

0

using To = 3000 K, y= 1.4, and Mag=2.5.

Now determine the pressure in the reservoir using the isentropic stagnation pressure relation:

P _(1+5'Ma2 )7 = po=1.709%10° Pa (abs) )
Po
where pr = ps = 1*10° Pa (since the nozzle operates at design conditions, the exit pressure is equal to the
back pressure), y= 1.4, and Mag =2.5.

The throat area may be found using the isentropic sonic area ratio:
A 1 (1+%Ma2 V7 .

£ _ e 28 o g =y =3.79%10° m] 3)
A4 Ma, | 1+4

where Az = 1*10* m?, y= 1.4, and Mag = 2.5. Note that since the flow starts from stagnation conditions
and is supersonic at the exit, the throat area must also be the sonic area.

*
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NoTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS comp_25

The mass flow rate may be found by considering the conditions at the exit:
. P . ~
i=p,V, A, = [R—TEE](MaE,/yRTE J4, = [m=4776710" ke )

where pr = ps = 1*10° Pa (abs), R = 287 J/(kg'K), Tz = 1333 K, Mag = 2.5, y= 1.4, and 4z = 1.0*10"* m?.

The thrust on the rocket may be found by applying the linear momentum equation in the x-direction on the
control volume shown below.

1
! |
! 1
! 1
! 1
! 1
1
. 1
—_—) reservoir — [R—
' |
! |
! 1
! 1
! 1
! 1

d

- _[ uypdV + IMX (purel 'dA) = FB,X +FS,X 5)
dt CcvV CS

where
di I u,pdV =0 (most of the rocket mass inside the CV remains stationary) 6)
t cv

Jux(purel'dA)ZMVE:m(MaE\lyRTE) O]
CcS

F BX — 0 (®)
F;',X :F_pE,gageAE :F_(pE_palm)AE (9)

However, since the rocket is operating at design conditions, pe = ps = pam.

Substitute and simplify.
F =iV, =m(Ma,JyRT,) = (10)

where 7i1=4.776*107 kg/s, Mag = 2.5, y= 1.4, R =287 J/(kg-K), and Tr = 1333 K.

Ta
To
T
Te
> s
C. Wassgren 1234 2021-12-15

Page 2 of 2



comp_28

NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

Air flows isentropically in a converging-diverging nozzle, with exit area of 0.001 m®. The nozzle is fed
from a large plenum where the stagnation conditions are 350 K and 1.0 MPa (abs). The exit pressure is 954
kPa (abs) and the Mach number at the throat is 0.68. Fluid properties and area at the nozzle throat and the
exit Mach number are to be determined.

SoLvTION
M

b, - \,onW

To® 350K

Ae= 0.00In*
be © ASY iPa

- The wqo:..) A -H'lc Aaz—?;\L feias SULSDN.L SiAce J'Le.

_H,‘,.ML does Ao; I‘eac,[« sonic conbidions

B e

. \u’ 954 kP«
% )’(“e > 0.2b Ué"’j \,. = .0 MPy
- ¥« 14
T g -4
T (e al) _
° VS“"% M‘h} > 0.68
\’7’7; 320K To » 350¢
e 4
\-%
ﬂ' =(|+%/“,Ml‘:3 - o
e e \,5.,43 May = 068
o) 7 b
/”—-‘W
Y4)
. z(¥-1) i )’o
Atz,;_(w;wz:)‘ .
A+ Mag \+I24 . e T,
¥, 032510 m U b
2 A N B e
A y [ T May | 20 g S
AT My ( j+ 2
) °s
( 2 A-\» = 474010 Wt
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isentropic1D_06

NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

The control system for some smaller space vehicles uses nitrogen from a high-pressure bottle. When the
vehicle has to be maneuvered, a valve is opened allowing nitrogen to flow out through a nozzle thus
generating a thrust in the direction required to maneuver the vehicle. In a typical system, the pressure and
temperature in the system ahead of the nozzle are about 1.6 MPa (abs) and 30 °C, respectively, while the
pressure in the jet on the nozzle exit plane is about 6 kPa (abs). Assuming that the flow through the nozzle
is isentropic and the gas velocity ahead of the nozzle is negligible, find the temperature and the velocity of
the nitrogen ieR the nozzle exit plane. If the thrust required to maneuver the vehicle is 1 kN, find the area
of the nozzle exit plane and the required mass flow rate of nitrogen. It can be assumed that the vehicle is
effectively operating in a vacuum.

So-vTion) -

K
= (Te’ é,gKi /%z -éb.é‘; - €¢= ©.3249 %3

Mag Ce = Mag JY¥RTe

srqce_cmﬂ
[\A folv ¢ (ug/ﬁﬂém A)JS i F‘Sx "‘Fs,x

eandh |
where f;‘(uu,/ew = ( .SML‘:((; bas z«vudoab)
{ Ux/p(gru.':)éj d A"\ \/‘ ‘/ﬂc V:AL
(49

”/sx =0

>
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

Sol. vTion ...

T

b‘ + Fe \/¢7-

»

A

e

T= |xlo’AN
e* GXIOBPs
F‘ z 0,3?.'\ kg/""

Ao - §.3yno‘3,“‘? Ve ? 708"%

;4 = &V¢A€
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyNAMIcsisentropiclD_12

SOLUTION:

Ar=0.01 m?

- ®*Ma=4.0

po=72 MPa_(_%s)/_\
To=1100 K

At the section where Ma = 4.0:

T -1 -
—:£1+7—M32 — T=2619K
T 2 e

0

where y=1.4, To = 1100 K, and Ma = 4.0.

The velocity at the section may be found from the Mach number and speed of sound.

V=cMa=.yRTMa =

where R =287 J/(kg-K).

That mass flow rate is given by:

m=pVA=[%]VA — |i=87.6 kg/s

where

P _ (1+—_1Ma2j = p=4.742%10* Pa (using po = 7.20 MPa)

Py 2
_ 5
4 147 a2
2 = A=0.107 m? (using 4" = 4, = 0.01 m?)
A Ma| | r-1
Ty

Air, at a stagnation pressure of 7.20 MPa (abs) and a stagnation temperature of 1100 K, flows isentropically
through a converging-diverging nozzle having a throat area of 0.01 m?. Determine the speed and the mass
flow rate at the downstream section where the Mach number is 4.0.

)

@

3)

“)

®)

An alternate method for determine the mass flow rate is to use the choked flow mass flow rate expression.

N o
= (1 + YT] Dy %A = |m=87.7 kg/s (Same result as before, within numerical error!) (6)
0

T, _-Dpo
To F-----cs T .
- ”’//,p*
T---- - - :______,_
-7 //’ p
Th----- == 2l -
> 5
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