NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

2.4. Buoyant Force and Center of Buoyancy

When an object is submerged in a fluid, the pressure acting on the object deeper in the fluid (i.e., in the
direction of gravity) will be larger than the pressure acting on the object shallower in the fluid. As a result,
there will be a net pressure force acting on the object. This net pressure force is known as the buoyant force.

To derive the value of the buoyant force, consider the vertical pressure forces acting on a narrow cylinder
with cross-sectional area dA within a fully-submerged object as shown in Figure 2.17.

V
dA
p *g

I —>| |— dA4

T(p+pgl)dA

FIGURE 2.17. Pressure forces on a thin cylinder of cross-sectional area dA and height [ from
within a fully-submerged object.

The net pressure force in the vertical direction on the narrow cylinder, assuming an incompressible fluid, is,
dFy et = (P + paviagl)dA — pdA = payiagldA  (acting opposite to gravity). (2.78)

The total net pressure force acting on the object is found by integrating these small bits of pressure force
over the entire cross-sectional area of the object,

Fp et :/ AFp et = / pauidgldA  (acting opposite to gravity). (2.79)
A A
Since the density and gravity are assumed constant here, they may be pulled outside the integral,

Fppet = pﬂuidg/ ldA (acting opposite to gravity), (2.80)

A
= pﬂuidg/ dV  (acting opposite to gravity), (2.81)

1%
Fpnet =Fp = pﬂuidgvsubmerged (acting opposite to gravity), (2.82)

object

where the integral is simply the volume of the submerged object. This net pressure force acting on the object
is referred to as the buoyant force.

Notes:

(1) Equation (2.82) states that the buoyant force is equal to the weight of the fluid that’s been displaced
by the submerged object. This relationship is also known as Archimede’s Principle.

(2) The same analysis can be used for partially submerged objects. In that case, the pressure acting
on the top of the object is atmospheric pressure while the pressure at the bottom is patm + pauiagl’,
where [’ is the length of the narrow cylinder that’s submerged in the fluid (Figure 2.18). After
integrating over the objects cross-sectional area (similar to Eq. (2.80), we would arrive at exactly
the same relation as in Eq. (2.82) except that the Viubmerged object refers to just that volume that is
submerged in the fluid.
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FIGURE 2.18. Pressure forces on a thin cylinder of cross-sectional area dA. The depth of
the cylinder below the free surface is I’.

(3) There is no net pressure force on the object in the directions perpendicular to gravity since the
pressure only varies parallel to the gravitational vector.

The resultant buoyant force acts at the center of buoyancy. The center of buoyancy is found by equating the
moment caused by the resultant buoyant force acting at the center of buoyancy to the distributed moment
caused by the distributed pressure forces. Consider moments about the z axis in Figure 2.19.
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FIGURE 2.19. Moments about the z axis due to the pressure forces acting on a thin cylinder
of cross-sectional area dA and height | from within a fully-submerged object.

zept X pgVi = / zt X pgldAj , (2.83)
—— A ——
buoyant net pressure force
force on cylinder
zoppgVk = pgk / zdV  (dV = 1dA), (2.84)
A
1
== dv, 2.85
vop =7 [ 2 (2.85)

which is the center of displaced volume. Performing similar analyses about the z and y axes produces similar
results. Thus, the center of buoyancy is located at the center of the displaced volume. This is true for both
fully submerged and partially submerged objects.
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2.5. Stable Orientation of a Submerged Object

Submerged objects will be in an equilibrium orientation when the forces acting on the object are such
that there is no net moment on the object. Considering only the object weight and a buoyant force, an
equilibrium orientation will only occur when the two forces are co-linear, as shown in Figure 2.20. Neither
object experiences a net moment.

oyant

\

fully submerged objects

weight

FIGURE 2.20. The buoyant force, acting at the center of buoyancy, and weight, acting at
the center of gravity, for two fully-submerged objects in equilibrium. The object on the left
is stable, but the object on the right is unstable.

The object on the left is in a stable equilibrium while the object on the right is in an unstable equilibrium.
The reason for the difference is that if each object is rotated slightly, the object on the left will experience a
moment that restores it back to its original configuration. However, a small perturbation to the right-hand
object will result in a moment that will cause the object to move away from its initial configuration.

The stability of partially submerged objects is a particularly important topic when considering the design
of ships. The Swedish ship Vasa is a famous example of a ship that was unstable and “turtled” shortly
after setting sail for the first time. Unfortunately, stability analysis of partially submerged objects can be
complicated since the submerged volume and center of buoyancy changes as the orientation of the object
rotates. For example, consider the stability of the simple shape shown in Figure 2.21 (CG is the center of
gravity and CB is the center of buoyancy). The initial configuration of the object (on the left) appears to be

4CC v . / v

tce tcB

FIGURE 2.21. The center of buoyancy and center of gravity for a partially-submerged object.
The center of buoyancy changes location as the submerged volume changes.

in unstable equilibrium with the center of gravity above the center of buoyancy. However, when the object
is tilted (on the right), the center of buoyancy shifts to one side such that it acts to restore the object to its
initial configuration. Hence, the object is actually initially in stable equilibrium.
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statics 02

A tank is divided by a wall into two independent chambers. The left chamber is filled to a depth of HL.=6m
with water (pr20=1000 kg/m?) and the right side if filled to a depth of Hr=5m with an unknown fluid. A
wooden cube (SGwood=0.6) with a length of L=0.20m on each side floats half submerged in the unknown
fluid. Air (pair=1.2 kg/m®) fills the remainder of the container above each fluid. The right container has a
pipe that is vented to the atmosphere while the left container is sealed from the atmosphere. A manometer
using mercury as the gage fluid (SGug=13.6) connects the two chambers and indicates that #=0.150 m.

a. Determine the density of the unknown fluid.

b. Determine the magnitude of the force (per unit depth into the page) acting on the dividing wall due
to the unknown fluid.

c. Determine the magnitude of the force (per unit depth into the page) acting on the dividing wall due

to the water.

mercury (SGug=13.6)

1k
h /
T vent to the atmosphere (pam = 101 kPa (abs))
v
J l_ wooden cube (SGwood=0.6)
of length L on a side
air air v
X U L |</
VoL
Ho water
unknown fluid Hr
dividing wall

SOLUTION:
Balance forces on the wooden cube.

D F, =0=puag(LL) L - pyooasl’ %))

| Phiid = 2Pwood = 285G 004 PH,0 (2
Using the given data:

SGwood = 0.6

p2o0 = 1000 kg/m?3

= [pia = 1200 kg/m]
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Now determine the force acting on the wall due to the unknown fluid.
y=Hp

Fp,R = J. (patm +pﬂuidgy)dy(l) [« (3)
R — e ——— R A
»=0 =p (abs) =d4
Fp,R = pathR +%pﬂuidgH122 (4)
Using the given data:

Patm =101 kPa (abs)

Hr =5m

puia = 1200 kg/m®

g = 9.81 m/s

= [F,x =506 KN/

Now find the pressure force due to the water.

y=H,
Fpr= J- (PL +pH20gy)dy(l) (%)
-
y:() =p (abS) =dA
S F =P +%szong Q)

where pr is the (absolute) pressure acting on the free surface of the water. This pressure may be found

using the manometer. mercury (SGig=13.6)

PL = Pam T Prag8h = Pam + SGrgp,  2h i @)
Substitute Eqn. (7) into Eqn. (6). h
. 2
SF, = (patm +SGng“20gh)HL +%pH20gHL T )
Using the given data:
Patm =101 kPa (abs) pL Patm
SGug =13.6
pmo = 1000 kg/m?
g =9.81 m/s’
h =0.150 m
H =6m
= [Fpr =903 kN/m
C. Wassgren 161 2021-12-15
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buoyancy 10

A hydrometer is a specific gravity indicator, the value being indicate by the level at which the free
surface intersects the stem when floating in a liquid. The 1.0 mark is the level when in distilled
water. For the unit shown, the immersed volume in distilled water is 15 cm®. The stem is 6 mm in
diameter. Find the distance, &, from the 1.0 mark to the surface when the hydrometer is placed in a
nitric acid solution of specific gravity 1.5.

SOLUTION:

Nitric
acid

Since the hydrometer is in equilibrium, its weight and the buoyant force should equal each other. When submerged

in distilled water,

W = pu209Vaispnzo = szoghgdz = h =

w

L —
PH20974%

(1

where A is the hydrometer’s cross-sectional area. The height 4 is the location where the mark is made for distilled

water.

When submerged in nitric acid,

w w

W= 2d?(h+ Ah) => h+ Ah = = —. 2
Punos9 ( ) PHN03974*  SGHNO;PH2097d* @
Combining Egs. (1) and (2),
S A— = 3
PH20974> SGHNO3PH2097d% ®)
w w
Ah = — — — 4
SGHNO3PH20974*  PH2097d> @)
A =—2— ( - 1)
PH20974* \SGHNO3 ’ )
AR = szongi;p,fzo( 1 1), ©)
PH20974 SGHNO3
_ Vdisp,H20 1 _
ah = Mo (S—GHN03 1). %
Using the given data,
Vaisp.i20 = 15 cm?,
d=0.6 cm,
SGunos = 1.5,
=> Ah=-17.7 cm|
The hydrometer moves upward a distance of 17.7 cm from where the distilled water mark is located.
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A uniform block of steel (with a specific gravity of 7.85) will “float” at a mercury-water interface as shown
in the figure. What is the ratio of the distances a and b?

steel block
SOLUTION:
Balance forces in the vertical direction,
ZFV =0=-W,u + FB,Hg + FB,HZO == Potock Vorock & T pHgV_bloI-cIk,g + szonlolsk,og 5 1
in Hg in H,f

where the buoyant forces are equal to the weights of the displaced fluids.

Re-writing in terms of the lengths a and b and the block’s cross-sectional area Aviock,

_pblockAblock (Cl + b) + pHgAblockb + pHZOAblocka = O ) (2)
_psteel(a+b)+pHgb+pH20a=O5 (3)
a a
_pHZOSGsteelb(Z + 1) + pHZOSGHg + pHZOb; =0, (4)
a a
—SGsteel(g+1)+SGag +Z:O’ 5)
SG,, —SG
E — Hg steel ) (6)
b SGsteel - 1
Using the given data,
SGue = 13.6
SGisteel = 7.85

= la/b =033

Note that we could also solve this problem by balancing the block’s weight with the pressure forces acting
on the top and bottom block surfaces.

ZFV =0=-"Wios T F, 1,0 + F, 11, = = Priock Abtock (a + b)g— pHZOg(H - a)Ablock + (pyzogH + pHggb)Ablock > 7
where H is the depth of the water-mercury interface. Simplifying this equation gives,

~Phiock (a+b)_pH20(H_a)+pH20H+pHgb:0 > )]

~Puoa (a+b)+ Piod+ Pyb =0, )

which is exactly the same as Eq. (3).
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Archimedes principle states that the buoyant force acting on a submerged object is equal to the weight of
the fluid displaced by that object. Is this true for compressible fluids?

SOLUTION:
Consider an arbitrary object immersed in a compressible fluid as shown in the figure below.
n

z
p2dA
Q
“
p1dA
Determine the net pressure force acting on a parallelpiped of the material with a differential cross-sectional
area,
dFp =(p —p,)dA. 1
where,
Z:Z1
P=pgt | pgdz, @)
z=0
and,
z=z,
Py=P.t f pgdz, 3
z=0

where p is the density of the fluid (not the object).

Equation (1) becomes,

=z 7=z,
dFp=\p,_o+ | pgdz—p,_o— | pgdz|d4, @)
z=0 z=0
Z:Zl
dF, = dA J’ pgdz. )
2222

The net pressure force acting over the entire object, i.e., the buoyant force, is,

z=Z
Fy :JdFP :j J- pgdzdA. (6)
A Az=z,
Assuming that the gravitational acceleration is constant (usually a good assumption),
Z:ZI
F,= gf J' pdzdA )
Az=z,

Note that the integrals in the previous equation give the mass of the fluid displaced by the object, i.e.,

Z:ZI

Mg displaced = J J pdzdA . 3

by object Az=z,

Thus, just as with the incompressible case, the buoyant force in a compressible fluid is equal to the weight
of the fluid displaced by the object,

Fp = Mﬂuid displacedg . (9)

by object
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Consider an ice cube with initial volume Viceo floating in a cup of water of
initial volume Vwatero. The specific gravity of ice is SGice. Show
mathematically that, as the ice cube melts, the water level in the cup
remains unchanged.

SOLUTION:

If a mass of ice, Amice, melts (Amice < 0), it will correspond to an equal increase in water, Amwater, i.€.,
Arnwater = _Amice : (1)

Expressed in terms of volumes,
pwaterAVwater = _piceAVice = _SGicepwaterAVice 4 (2)
AVwater = _SGiceAVice ) (3)

The volume of water displaced by the ice is found by equating the weight of the displaced water to
the weight of the ice (Archimedes Law),
pwaterVwater,dispg= piceViceg = SGicepwaterViceg 4 (4)
water,disp = SGiceVice ) (5)
Thus, if a volume of ice melts, AVice, then the amount of water displaced, in order to balance the new
ice weight, is,
AV =S5G, AV, . (6)

water,disp e
Note that if the ice melts (AVice < 0), less water needs to be displaced to support the (smaller) ice
Weight (AVwater,disp < 0)

Thus, the sum of the volume of water added due to melting and the change in displaced water volume
due to a change in the weight of the ice is,

AV, +AV, . =-SG_AV_+SG_AV, =0. 7)

water water,disp
The increase in water volume is exactly balanced by a decrease in the displaced water volume, which
means that the water level height won’t change!

This fact has important implications regarding the rise in sea level due to melting ice. Melting free-
floating ice, e.g., icebergs, won't result in an increase in sea level. However, ice that was originally
supported by land, e.g., glaciers, will contribute to an increase in sea levels.
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Consider the system shown below. A wooden sphere of radius R and specific gravity SGwood is half
submerged in an unknown liquid, referred to as liquid A. Liquid A, which has a depth H4, is separated
from a pool of water, which has a depth Hu20, by a hinged gate tilted at an angle & with respect to the
horizontal. The gate has a width b into the page.

hinge z

Il

liquid A

e e T e e

a. What is the density of liquid A, p4, in terms of the specific gravity of the wooden sphere (SGwood) and
the density of water (pm20)?

b. What is the pressure force liquid A exerts on the inclined gate in terms of (a subset of) p4, H4, g, b, and
g? Write this force as a vector.

c. Assuming the gate has negligible mass and the angle @is 90° so the gate is vertical (figure shown
below), at what height Hu20 will the gate just start to rotate about its hinge? Write this height in terms
of (a subset of) pu, pm0, Ha, g, and b.

1K

T .

Hmuoo

e

SOLUTION:

The density of liquid A may be found by balancing the weight of the wooden sphere with the buoyant force
acting on it,
FW=FB:>pwond%ﬂR3g=pA%%nR3g:>pA=2pw00d’ (1)
half of the

sphere is
submerged

|pA =25G ,004Pir20 | (2)

The force that liquid A exerts on the gate may be found by integrating pressure forces along the length of
the gate,

FAongaIc=J_pdA’ T (3)
A
where,
Hy
P =p.gy (gage pressure), (4)
dA = bdyi —bdyj, L (%)
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so that,
y=H,
Fy e = | ~(Pa2y)(belyi — bdxj) = pAgb(—l | yay+] j ydx] (6)
A y=0 x=0
Note that,
y=xtan@ and H,=Ltan6, @)
so that Eq. (6) becomes,
Ay:HA Ax:HA/tanG
F, onaue = pAgb[—i [ yay+i | xtanedx] : )
y=0 x=0
o H? ~
2% N
Aongate=_%pAngAl+%pAgbtanA9.] . (9)

Another approach to calculating the force on the gate is to balance forces on the triangular block of liquid
shown in the figure below.

y=H,

2F=0= [ ~(pigy)(dsbi) +pugHLH i+ Frucuns - (19
y=0 weight of fluid block force gate

pressure force on side of fluid block exerts on block

H, -
FadteonA 2pAng l 2pAg 4 bj ’
tan0
where Eq. (7) has been used. Note that since F4 on gate = -Fate on 4, the final result is the same as what was
found in Eq. (9)!

(11)

For the specific case when 8= 90° (figure shown below), the moments about the hinge are,

hinge X

<
A
e

l Hy

Huzo u l
v
Y'=Hyp y=H,
Y My =0== [ [ +(H, = Hyo) Py ) (b )+ [ y(pagy)(bdy). (12)
y'=0 y=0
y=Hno y=H,
0= gb(_pmo '[ [y,z +(HA - HHzo)y,]dy,"' Pa J- y? d)’] > (13)
y'=0 y=0
Pro [%H;zo %( H20)H5120:| %pAH: (14)
167 2021-12-15
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) (15)
pl—[20

Hyy ) R P L
H, ) 2
) 422] o]
HA 2 HA 2 pHZO

Hypo 3__ Hipg ’ Pa |_

)] ) @

This equation could be solved numerically for Hnz0/H4 given a value for pa/pu2. The following plot shows
example solutions.

1.0

0.9

A

« 08
£
So7
T
Zos
805
®
204
=
&=
@03
Q
<02
0.1

0.0
0.0 0.2 04 0.6 0.8 1.0

density ratio, rhoA/rhoH20

An alternate approach for deriving Eq. (17) is to sum moments about the hinge, but make note of the fact
that the center of pressure on each wall is one-third of the liquid depth from the bottom of the wall,

thinge;=0=_[(H _HH20)+lHHZO](%pHZOngE{ZO)+(%HA)(%pAng§)’ (18)
%pHZOHHZOH %pH2OHH20 %pA (19)
2 3
3(1‘11-[20) _(H}QOJ :2[ pA j’ (20)
HA HA pHZO
3 2
[H] _3(Hmo) +2( b, ]zo on
HA HA pHZO

which is the same as Eq. (17).
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statics 03

James Bond is trapped on a small raft in a steep walled pit filled with water as shown in the figure. Both
the raft and pit have square cross-sections with a side length of /=3 ft for the raft and L=4 ft for the pit. In
the raft there is a steel anchor (SGa=7.85) with a volume of ¥a=1 ft*>. In the current configuration, the
distance from the floor of the raft to the top of the pit is #=7.5 ft. Unfortunately, Bond can only reach a
distance of R=7 ft from the floor of the raft. In order for Bond to escape, would it be helpful for him to toss
the anchor overboard? Justify your answer with calculations. (Hint: The mass of water is conserved in

777777

,

anchor with volume Va and
/— specific gravity, SGa

James Bond

this problem.)
177+
Tlol—
H _IR
s
water
1177777//77
[—— | —>
SOLUTION:

Consider the cases when the anchor is in the raft and out of the raft as shown in the figures below.

7777777

o]
/

-

3
i

— O —»

11777777777,

—— | —>

(a)

A

7777777

A

H+AH

l5l
e
l—, -
Ve

11777777777,

D+ AD

—— | —>|

(b)

First consider the change in the position of the raft floor relative to the free surface of the water.

Case (a): (mraﬁ+Bond + ma.nchor )g = pHZOglzh (1 )
weight of raft & contents weight of displaced water
Case (b): (Mogiions ) = Pry o1 (H+ AR) @)
——
weight of raft & contents weight of displaced water
C. Wassgren 169 2021-12-15
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Subtract Eqn. (2) from Eqn. (1) and simplify.

(mrafﬁ-Bond + manchor )g - (mraﬂ+Bond )g = szoglzh - pHZUgZZ (h + Ah) (3)
manchor = _pHZOZZAh (4)
m
Ah _ __ _anchor (5)
pH2012
SG, Vnc or
e (©)

Note that since Vanchor > 0, Ak < 0 and thus the raft moves up relative to the free surface. However, the free
surface will also move so we still don’t yet know whether Bond moves up or down relative to the surface of
the pit.

We must now consider the movement of the free surface of the water.

Case (a): Veo= LD - Lh @)
: volume of H,O inpit ~ volume of raft in H,0
Case (b): Vyo=L(D+AD)= P(h+Ah) =V, ®)
2 | | SN
volume of H,O in pit ~ volume of raft in H,O
Since the volume of water is conserved, Eqns. (7) and (8) must be equal.
L (D+AD)=1*(h+Ah)=V, .. =L’D-I*h )
LZAD - leh - I/anchor = 0
PAh+V,
AD — Lz anchor (10)
(1 - SGanchcr ) I/anchnr .y
AD = 2 (where Eqn. (6) has been utilized) (11

Note that since SGanchor > 1, AD <0, i.e. the free surface moves downward.

Combine the expressions for Az and AD to determine the movement of the raft bottom relative to the pit

walls.
D+H—h=(D+AD)+(H +AH)—(h+Ah) (12)
1-
AH =— ( Sszl;or )I/anchor _ SGanchlo;Va.nchor (14)
v, r
S AH = L_;{SGh [1—1—2}1} (15)

Use the given data to determine AH.
Vanchor =1 ftS

L =41t
SGanchor = 7.85
l =3ft

= |AH = -0.44 ft (The raft moves closer to the top of the pit.)|

Recall that H="7.5 ft and Bond can only reach R = 7 ft. After tossing the anchor overboard, the bottom of
the raft is H + AH = 7.06 ft > R = 7 ft. Hence, Bond still can’t reach the top of the pit]
Goodbye, Mr. Bond.
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A cylindrical log of radius R and length L rests against the top of a dam. The water is level with the top of
the log and the center of the log is level with the top of the dam. You may assume that the contact point
with the dam is frictionless. Obtain expressions for

a. the mass of the log, and

b. the contact force between the log and dam.

Express your answers in terms of (a subset of) pn20, g, L, and R.

\V4 lgravity, g

) NN

SOLUTION:
The mass of the log, m, may be found by performing a force balance in the vertical direction,

Y F=0=mg+F, (1)
where g is the acceleration due to gravity. Note that the point of contact with the dam is assumed to be
frictionless.

F

The net vertical pressure force, Fp,y, is found by integrating the vertical component of the pressure force
around the log,

6=2r 0=2r
F,,= | psinddA= [ pgysindRd6(L), ©)
0= o= 2y —n
6=2m 6=2m
F,,= | pg(R-Rsin0)sinORdO(L)= pgR’L | (1-sin®)sin0de, 3)
A 6,
6=2r
F,,=pgR’L | (sin6—sin’0)do, (4)
0=
where p is the density of the water. Evaluating the integral in Eq. (4) gives,
6=2m . 0=21 -
F, = pngL{_cose oy~ %0—%sm(29)]9=% } = pgR’L[-1-1(2m-%)], (5)
F,,=—(1+3)pgR’L . (6)
Substituting into Eq. (1) and solving for m gives,
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m:(l—i—%)pRzL, (7)

An alternate, easier method for determining the vertical pressure force acting on the log is to note that the
vertical surface forces acting along a horizontal plane at the bottom of the log is,

Y F,=0=pg(2R)(2RL) —mg —pgL3(4R* —nR*)=4pgLR* —mg— pgL3(4R* - nR*), ®)
W log weight weight of water
at bottom -
mg:ngR2[4—%(4—ﬂ):|=ngR2[4—3+%77:], )
m= pRzL(H%ﬂj, (10)

which is the same result found in Eq. (7).

An even easier method is to use a buoyant force, although one must recognize the appropriate volume to
use to determine the displaced volume. A vertical force balance for the log gives,

F,

ZF),:O:—mg+FB = mz;B, (11)
where Fj is the buoyant force, which is the weight of the displaced fluid. Note that in this case, the
displaced volume of fluid is the volume of the log, plus the volume above the right, upper quadrant of the
log as shown in the figure below,

FB = pg‘/disp]aced = pg(%ﬂRz +R2)L = pngL(%+1) s (12)
Combining Egs. (11) and (12) gives the mass of the log,
m=pR’L(3Z+1), (13)

which is exactly the same result as found in the previous two methods.

C. Wassgren 172 2021-12-15
Page 2 of 3



NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS statics_17

Now consider a horizontal force balance for the log.
D F=0=-F,+F,,, (14)

where F is the horizontal force exerted by the wall on the wall and Fris the horizontal component of the
net pressure force acting on the log due to the water. The net horizontal pressure force is given by,

6=2m 6=2m 6=2m
F, = J —pcosOdA = J (=pgy)cos6(RAOL) = J —pg(R— Rsin®) |cosO(RAOL), (15)
=1/ o= 2 on e e
6=2r 6=2m
F, =—-pgR’L j (1-sinf)cosfdb =—pgR’L J (cos®—sinfcos0)do . (16)
0=, 0=,

Evaluate the integrals in Eq. (16),
_ 2 . 0=2n . 9 027 _ 5 .
F,.=-pgR L[sm@ ooty Lsin 9‘9:% ] =—-pgR L[sm@

=27 . 6=2m
o —dsine]) } 17)
F,,=—pgR’L[~1+1]=4pgR’L. (18)
Substitute into Eq. (14) and solve for the wall force.
F,=4pgR’L|. (19)

Another, much simpler method for finding the wall force is to note that the horizontal pressure force acting
on the log will simply be the pressure force acting on the horizontally projected area.

y=R y=R y=R
Fp, = J pdA= f (pgy)dyL = pgL J ydy=4%pgR’L, (20)
y=0 y=0  =p :J: y=0

which is precisely the same result found in Eq. (18). Note that the horizontal pressure force is only
evaluated from y = 0 to y = R since on the bottom half of the log, the pressure forces from either side of the
log cancel each other out.
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