NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS

2.2. Pressure Measurements using Barometers and Manometers

As noted in the previous section, differences in elevation can be used to measure differences in pressure. This
is the principle by which barometers and manometers operate.

2.2.1. Barometers

Let’s first consider a barometer, which is most often used to measure atmospheric pressure. A sketch of a
barometer is shown in Figure 2.4. A barometer consists of a tube that is open on one end. The tube is
filled with a working liquid, often mercury or water, which is then immersed in a large bath of the liquid and
turned upside down and lifted out of the bath to the configuration shown in the figure. Using this method,
the weight of the liquid in the tube is balanced by the pressure difference between the external pressure
(normally atmospheric pressure, patm) and the pressure at the top of the column of liquid column, which is
the vapor pressure of the liquid (p,).

EN

Patm

FIGURE 2.4. A sketch of a simple barometer.

Using Eq. (2.10),
Pv = Patm — ng = Patm = Pv T ng (220)

Thus, atmospheric pressure can be measured by measuring the height of the column of liquid in the barometer
and knowing the liquid density and vapor pressure.

Notes:

(1) Vapor pressure varies with temperature. Thus, it’s important to also measure the temperature when
using a barometer for obtaining accurate results. Since the vapor pressure is often much smaller
than atmospheric pressure, it is sometimes neglected in Eq. (2.20), but doing so does introduce
some inaccuracy into the atmospheric pressure calculation.

(2) At a standard atmospheric pressure and temperature of 101.3kPa (abs) and 15°C, respectively,
the height of a column of mercury (p = 13600kg/m3, p, = 1.11 x 10~*kPa (abs)) is 760 mm,
which is a reasonable height to have in a laboratory setting. Using water, (p = 1000kg/m?,
py = 1.71kPa (abs)), the height is 10.2m, which is more challenging to accommodate. Hence, most
barometers still use mercury as a working liquid even though mercury is toxic.

2.2.2. Manometers

A manometer is similar to a barometer in that the height difference in a working liquid is used to measure
pressure differences. However, a manometer does not have one end of the working liquid at vapor pressure.
An example of a U-tube manometer is shown in Figure 2.5.
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FIGURE 2.5. A sketch of a U-tube manometer.

In this figure, there are two incompressible fluids, fluid 1 and fluid 2 with corresponding densities p; and ps.
Let’s determine the pressure at A starting with the pressure at C using Eq. (2.10), which depends only on
elevation differences in a given fluid,

PC = Patm; (2.21)
pg =pc + p1gHpe (moving through fluid 1), (2.22)
pa =pB — p2gHap (moving through fluid 2), (2.23)

= pa = Patm + p19Hpc — p2gHap O pa — Patm = prgHpc — p2gHap. (2.24)

Thus, by measuring differences in height, it’s possible to measure differences in pressure.

Another common type of manometer is known as an inclined tube manometer and is shown in Figure 2.6.
This type of manometer is used most often when small differences in pressure are to be measured since small
elevation differences correspond to large differences in length in the inclined arm, especially for small angles
0. As before, determine the pressure at A starting with the pressure at C,

FIGURE 2.6. A sketch of an inclined-tube manometer.

Pc = Patm,
pB =Dpc + p1gHpe (moving through fluid 1),
pa =pp — p2gHap (moving through fluid 2),
= PA = Patm + P19HBc — p2gHap Or pa — Patm = pr1gLsind — pogHap,
where,
Hpc = Lsin6. (2.29)
Thus, for small 6, small variations in Hpc will be magnified into large variations in L.

Notes:

(1) If a gas is used as one of the fluids in the manometer, then the pressure in that gas can be reasonably
assumed to remain constant with elevation.
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(2) One of the reasons we use gage pressures instead of absolute pressures is because if one of the ends
of the manometer is open to the atmosphere, then the pressure at the other end can be treated as
a gage pressure, such as in Eqgs. (2.24) and (2.28).

(3) A good approach to working through manometer pressures is to start at one end of the manometer
and calculate the pressure at each fluid interface until reaching the other end of the manometer, as
done in the previous two examples. Moving down in the fluid adds pressure (to support the weight
of the fluid above it) while moving up in the manometer subtracts pressure (less weight to support).
Note that moving horizontally in the same fluid does not change the pressure.

(4) There are other styles of manometers, but they all operate on the same principle: pressure differences
are measured using differences in fluid elevations.

(5) Nowadays, the use of electronic pressure transducers is common for measuring pressures. Pressure
transducers have much faster response times than manometers and can more accurately measure
small pressure differences. Nevertheless, manometers are still useful since (a) they are simple and
cheap and (b) need not be calibrated.
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manometry_12

When a weight W is placed on a piston with an area A, fluid in an inclined manometer moves from point 1 to point
2. What is Win terms of the fluid density p, gravitational acceleration g, the displacement L, the piston area A, and

the tube arm angle &?

piston area 4 J------m—m -
l¢

fluid density p

SOLUTION:
Analyzing the manometer after the weight is applied,
Patm = Ppiston — pgLsin®,

where the (absolute) pressure in the fluid just below the piston is,
w
Ppiston = Patm T+ 2

Combine both equations and solve for W,
w .
Patm = Patm +— — pgLsing,

W = pgLAsin 6|

(1)

(2)

(3)
(4)
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Determine the gage pressure at point A.

Patm
‘\pl
SOLUTION:
Pa = Patm t P19H; + pogHy, (1)
’pA,qaqe = Pa — Parm = P19H1 + p29H2|- (2)
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NoTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS manometry_07

Water flows downward through a pipe inclined at a 8= 45° to the horizon as shown in the figure. The pressure
difference p4 — ps is due partly to gravity and partly to viscous dissipation. Determine the pressure difference if L =
5mand 2 =6 cm. Mercury is the working fluid in the manometer.

SOLUTION:

The pressure at B may be written in terms of the pressure at A using,

Py = Ps+ Pyog(LsinO+1+h)—p, eh—p, gl (1
pB—pA=szog(Lsin9+h)—pHZOSGHggh )
Pa= Py = Puo8| SGuh—(Lsin+h)] 3
Pa=Pa=Puo8| (SGy ~1)h~Lsin | )

Using the given data,
pH20 = 1000 kg/m?

g =9.81 m/s?
SGug =13.6

h =0.06 m

L =5m

o = 45°

=  |pi—ps=-27.3kPd|
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Determine the pressure difference between points X and Y in the system shown below.

SOLUTION:

First indicate some reference points in the manometer system as shown in the figure below.

fluid B fluid D
Now determine the pressure at the various reference points.
PL=DPx +Pagh (M
P> =P —Pegh 2
P :Pz_ch(hs_hz) 3)
Py =D3 +ng(h3 ‘h4) “)
Py = P4~ Ppghs ©)

Now combine Eqns. (1) - (5).
S Py = Px + Pagh — pegh, — ch(h3 —hy ) +Png (h_; —hy ) — P ghs (6)
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Compartments A and B of the tank shown in the figure below are closed and filled with air and a liquid
with a specific gravity equal to 0.6. If atmospheric pressure is 101 kPa (abs) and the pressure gage reads
3.5 kPa (gage), determine the manometer reading, .

©3.5 kPa (gage)

A B open to the atmosphere
‘L 2.0 cm
! | v

i i 4
) ¥ 3.0cm
air v _f
\
liquid with a water

mercury with a

specific gravity of 0.6 specific gravity of 13.6

SOLUTION:

open to the atmosphere

@ 3.5 kPa (gage)
A B
4

air

T 1ol _t
* L
It

.o . water
liquid with a

) . mercury with a
specific gravity of 0.6

specific gravity of 13.6

First determine the pressure at 2 in terms of the pressure at 1.

P2 = D1~ Pug&ly (1)
Now determine the pressure at 3 in terms of the pressure at 2.

P3 = P2~ Piiquid& (h+Ly) (2)
Now determine the pressure at 4 in terms of the pressure at 3.

P4 = D3+ Prpogh 3)

Combine Eqns. (1)-(3).
P4 = D1~ Pug&li — Piiquia& (h+Ly)+ progh
Py=DP1— pHZOSGHgng - PﬂzoSGliquidg (h +L, ) + Proogh
Py —P1="Pu& [SGHng +8Gjiquiah + SGiiquia L — h]

p—p
U SGHng - SGliquidLZ =h (SGliquid - 1)
PH208
1 —
h=7———=| SGug Ly + SGiiguia L PP 4
(1 - SGliquid ) Pr208
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Using the given data:

pi = 101 kPa (abs) = 0 Pa (gage)
)2 3.5 kPa (gage) = 3500 Pa (gage)
SGug = 13.6
SGiiquid 0.6
g = 9.81 m/s’
pmo = 1000 kg/m?
Li = 3.0cm=3.0¥*102m
L> = 2.0cm=2.0%*102m
Solving Eqn. (4) for A gives:
I = 19m
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS manometry_10

A reservoir manometer has vertical tubes of diameter D and d. When the pressure at the liquid surfaces in
both tubes is the same, the liquid levels in each tube are at the same elevation. When an additional pressure
Ap is applied to the left tube, the liquid layer in that tube drops a distance x while the liquid in the right tube
rises a distance L. Develop an algebraic expression for the liquid deflection L in the small tube when the
additional pressure Ap is applied to the large tube.

Patm+ A

equilibrium level

SOLUTION:
Relate the pressure at the liquid surface in the left tube to the pressure at the liquid surface in the right tube
using manometry,

Do = (P +80)—pa(x+1), (1)
x+L:£. )
Py

The distances x and L may be related by noting that the liquid mass remains the same in the system.
Assuming that the liquid is incompressible (a good assumption), the volume displaced in the left tube will
equal the volume gained in the right tube,
D* d*
LTt 3)
4 4

_[d)
X_L(DJ . “4)

Now substitute Eq. (4) into Eq. (2) and solve for L,

X

L(i] +L=£, (5)
D Pg
Ap 1
L=—"———— 6
P9\ 1+(d/D) ©
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NoOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DyYNAMICS manometry 04

Determine the deflection, 4, in the manometer shown below in terms of A1, A2, Ap, g, and pu20. Determine
the sensitivity of this manometer. The manometer sensitivity, s, is defined here as the change in the
elevation difference, 4, with respect to a change in the applied pressure, Ap:

dh

d(4p)
Manometers with larger sensitivity will give larger changes in /4 for the same Ap.

S =

P P pHAp p
A1 > e A>
a4
h
T
g l mercury
water
SOLUTION:
First analyze the initial system.
p p
A1 > e A
2
1
L;
L l
l L

Py = P+ Pino&Ly = Prno8Ly — Piyp8ls

—_— =

= =p

L =Ly = SGyyLs )
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Now analyze the displaced system.

pHAp 4

At

L

1 L»

N
:

Py= P +pH20g(L] _AL])_pHZOg(L2+h)_pHggL3
— -
=p =p+tip

Ap
- :(Ll_ALl_LZ_h)_SGHglG

Pr208
Substitute Eqn. (1) into Eqn. (2).

Ap

- =(L—AL =Ly = h)—=(L - L,)

@

(©)
Note also that the displaced volume will also be conserved.
AL 4y = hd,

A
AL =h—%
4

“
!
Substitute Eqn. (4) into Eqn. (3).

A—p — ﬁ +h
PH208& 4

; 1 Ap
( J ®
4, Pu20&
1+ /1 H20

Note that the density of the secondary fluid (i.e., mercury) does not factor into the displaced height.
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NOTES ON THERMODYNAMICS, FLUID MECHANICS, AND GAS DYNAMICS manometry 04

The manometer sensitivity, s, is defined as the change in the elevation difference, 4, with respect to a
change in the applied pressure, Ap.
dh

d(4p)
Manometers with larger sensitivity will give larger changes in 4 for the same Ap. Using Eqn. (5), the
sensitivity of this manometer is:

P [—1 j )
1A g
1+ Al H20

To increase the manometer’s sensitivity, one should decrease the area ratio, 42/41, and use a lower density
fluid than water.

(6)

S =

Why doesn’t Eqn. (5) involve the properties of mercury? In fact, the properties of the secondary fluid (i.e.
the mercury) do influence the system. Consider the change in potential energy of the water during the
displacement as shown in the plots below.

L 5 _1_ 1_:: _fAh
| - | Lf
I

APE, 110 = Prno 4 (Ll - ALl)g%(Ll - ALI)_ PrzohLy 8 %Ll
g —— &

=Lentpetore

“Mafier :LCM,aﬁer “Myefore
2 2
= %pHZOgAl (Ll - ALI) - %szogA1L1
2
=3 P04 (_2L1AL1 +AL )

APE 1100 = Proo‘b (Lz + h)g%(Lz + h)_ PrzohL, & %_VLE
%{—/ | — —

M fier =Lemater “Myefore =Lenbefore
_ 2 2
=7 Pno&4, (Lz + h) —= 5 P& L,
2
=1 Py (21,114 1)

2 2
APE 11120 =5 Prino & (_ZLlALl +AL ) +3 P& (2L2h +h )
=1 Phog (2L AL A + AL A + 2Ly, + 1 4y )
Substitute Eqn. (4).

2
A A
APE, 1m0 = %szog —2L]h72A1 +h’ [72] A +2L,h4, +h2A2
| |

A
APE 1m0 = %PﬂzogAthhL %l)h + 2(L2 -1 )} (®)
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The change in potential energy of the water will depend not only on /4, but also on the initial state of the
water, L»>-L1. From Eqn. (1) we see that Li-L2 is related to the specific gravity of the secondary fluid.

Another way to solve the problem is to apply the 1% Law of Thermodynamics to the system (consisting of
the fluids within the manometer):
AE, =Y + Won system (9)

system into system

where Qinto system = 0 (assuming adiabatic conditions — a reasonable assumption) and the only work on the
system is the pressure work causing the displacement:

Wpressure = (p + Ap) AIALI - pAZh (10)
on system
Note that using Eqn. (4), Eqn. (10) becomes:
I/Vpressure = ApAl ALl (1 1)
on system

The total change in the system’s energy (which is the potential energy) is:
APE i = Pygy (L~ AL g 3(Ly = AL )= pypy ALy g 3L,
—_— ——
=M fier =Lemater “Myefore =Lentpefore
_1 2 212
—EszoA1g(L1 —2LAL + AL _Ll) (12)
2
_%pHZOAlg(‘?’LlALl —AL )

APE ;1 pH20A2(L + h)g 2 (L + h) P L83 Ly + Prg Ay Lgh
—APE,, APE

Hg

=L Py o L+ 2Ly + = I3 )+ pyyy Ay Lygh

=L Py g (2114 2 )+ pyy Ay L

APEsystem = MEleft +M’E right
1 2\, 1 > (13)
= _EpHZOAlg(2L1AL1 —AL )+EPH20A2g(2L2h +h )+pHgA2L3gh
Substitute Eqns. (11) and (13) into Eqn. (9) gives:
—%PHzoAlg(leALl —AL%)+%pH20A2g(2L2h +h2)+pHgA2L3gh = ApA AL (14)
A
Y g +1AL +—2L(L2h+%h2 +SGyyL3h) (15)
Pu208 4 ALy
Substitute Eqn. (1).
A
Ap =-L+1 +—2L(L2h+%h2+L1h—Lzh)
Pu208 4 ALy (16)
A4, W A
=-L+iAL + 14 h° 4 L
2 A AL, 4 AL
Substitute Eqn. (4) and simplify:
2
Ap =—L1+%hﬁ+lé B A Lk =-L %h—+ h+L, = %(HA/)h (17)
PH208 4 2 4 hé 4 hﬁ
4 4
2 A ..
Sh= —(—pj (This is the same as Eqn. (5)!)
1+ A% P08
4
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