statics 19

Consider the system shown below. A wooden sphere of radius R and specific gravity SGwood is half
submerged in an unknown liquid, referred to as liquid A. Liquid A, which has a depth Hy, is separated
from a pool of water, which has a depth Hmz0, by a hinged gate tilted at an angle & with respect to the
horizontal. The gate has a width b into the page.

hinge z

liquid A

e e

a.  What is the density of liquid A, p4, in terms of the specific gravity of the wooden sphere (SGwood) and
the density of water (oH20)?

b. What is the pressure force liquid A exerts on the inclined gate in terms of (a subset of) p4, Ha, g, b, and
& Write this force as a vector.

c. Assuming the gate has negligible mass and the angle @is 90° so the gate is vertical (figure shown
below), at what height Hmo will the gate just start to rotate about its hinge? Write this height in terms
of (a subset of) p4, przo, Ha, g, and b.
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SOLUTION:

The density of liquid A may be found by balancing the weight of the wooden sphere with the buoyant force
acting on it,

3 3
FW=FB:>pwood%ﬂRg=pA%%n’Rg:>pA=2pwood7 (1)
—
half of the
sphere is
submerged
|pA =25G,004Pr0 | 2

The force that liquid A exerts on the gate may be found by integrating pressure forces along the length of
the gate,

FA on gate = j_pdA s (3)
A
where,
p=p,8y (gage pressure), “4)
dA = bdyi—bdxj, (5)
so that,
A.V=HA AX:L
By g gae = | ~(pagy)(bdyi - bdnj) = pAgb[—i [ yay+i| ydx] . ©)
A y=0 x=0
Note that,
y=xtan6 and H,=Ltan6, 7
so that Eq. (6) becomes,
Ay:HA Ax:HA/tanQ
FAongaleszgb[_i J ydy+j J xtan@dx], (8)
y=0 x=0
2% H; »
FAongaIc=_%pAngAi+%pAgbtanA0j' (9)

Another approach to calculating the force on the gate is to balance forces on the triangular block of liquid
shown in the figure below.

y=H

ZF 0= J pAgy)(dybl) +pAg%LHAbj+ FgateonA > (19)
y=0 m force gate

pressure force on side of fluid block exerts on block

2

H, -
FﬂaleonA ZPAng 1 ZpAg . b.] H (11)
tan0

where Eq. (7) has been used. Note that since F.1on gate = -Fgate on 4, the final result is the same as what was
found in Eq. (9)!
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For the specific case when 8= 90° (figure shown below), the moments about the hinge are,

hinge x

w

, Hy

Hio [P l
¥
¥'=Hup y=H,
P My =0== [ [/ +(H, = Hyo) J(Pro2 ) (bd)+ | ¥(pagy)(bdy), (12)
y'=0 y=0
y=Ho y=H,
Ong[_pmo J [y’z"'(H _HHZO)y,:Idy,+pA J yzdyJ, (13)
y'=0 y=0
szo[LHaz %( HZO) HZO]:%pAH;:ﬂ (14)

H20 é H20 H20 2_ pA
Josl-(m ) ) - 2 19
o | E H20 H20 3_&
( j 2( j [ H, j _pmo ’ (1o
Hyy | 5 Hino Pa |_
] ) ) ™

This equation could be solved numerically for Hu2o/H. given a value for p4/pmzo. The following plot shows
example solutions.
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density ratio, rhoA/rhoH20

An alternate approach for deriving Eq. (17) is to sum moments about the hinge, but make note of the fact
that the center of pressure on each wall is one-third of the liquid depth from the bottom of the wall,

thinge,zzoz_[(H _HH2O)+;HH2O:|(%pH2OngI?[2O)+(%HA)(%pAngi)’ (18)
%szoHl?]ZOH 6pH20H3120 $p.H (19)
2 3
S(HHZOJ _[Hmoj :2( Pa j’ (20)
H, H, Proo
3 2
[HHZOJ _3(HH20J +2( pA ]:0 (21)
H, H, Pro

which is the same as Eq. (17).
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