statics_17

A cylindrical log of radius R and length L rests against the top of a dam. The water is level with the top of
the log and the center of the log is level with the top of the dam. You may assume that the contact point
with the dam is frictionless. Obtain expressions for

a. the mass of the log, and

b. the contact force between the log and dam.

Express your answers in terms of (a subset of) o0, g, L, and R.
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SOLUTION:
The mass of the log, m, may be found by performing a force balance in the vertical direction,
N F,=0=mg+F,, (1)

where g is the acceleration due to gravity. Note that the point of contact with the dam is assumed to be
frictionless.

N\

The net vertical pressure force, Fp,y, is found by integrating the vertical component of the pressure force
around the log,

6=2m 6=2m
F,,= [ psingdA= | pgysindRd6(L), )
0= 0=y i
0=2r 6=2r
F,,= [ pg(R-Rsin0)sin6RdO(L)=pgR’L | (1-sin®)sin6do , 3)
6=2r
F,,=pgR’L | (sin@-sin’0)d, (4)
=7
where p is the density of the water. Evaluating the integral in Eq. (4) gives,
6=2rm . 6=21 -
F,, = pngL{—cose o, — 30— %s1n(20):|6=”/2 } = pgR’L[-1-4(2m-%)], (5)
F,,=—(1+3%)pgR’L. (6)
Substituting into Eq. (1) and solving for m gives,
m=(l+%Tﬂ)pR2L, (7)
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An alternate, easier method for determining the vertical pressure force acting on the log is to note that the
vertical surface forces acting along a horizontal plane at the bottom of the log is,

Y F,=0=pg(2R)(2RL) —mg ~pgL3(4R* —wR*)=4pgLR’ —mg— pgL3(4R* - nR*), (8)
W log weight weight of water
at bottom
mg=ngR2[4—%(4—7r):|=ngR2[4—3+%n’], 9)
m= pRzL(1+%j, (10)

which is the same result found in Eq. (7).

An even easier method is to use a buoyant force, although one must recognize the appropriate volume to
use to determine the displaced volume. A vertical force balance for the log gives,
F,
NF=0=-mg+F, = m==%, (11)

’ 8
where Fp is the buoyant force, which is the weight of the displaced fluid. Note that in this case, the
displaced volume of fluid is the volume of the log, plus the volume above the right, upper quadrant of the
log as shown in the figure below,

FB = ngdisplaced = pg(%ﬂ:R2 +R2)L = pgR2L(%T”+]) s (12)
Combining Egs. (11) and (12) gives the mass of the log,
m=pR’L(Z+1), (13)

which is exactly the same result as found in the previous two methods.
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Now consider a horizontal force balance for the log.
ZF;f=O=_Ev+FP,x7 (14)

where F'v is the horizontal force exerted by the wall on the wall and Frxis the horizontal component of the
net pressure force acting on the log due to the water. The net horizontal pressure force is given by,

6=2rm 6=2m 6=2m
F,,= | -pcostdA= [ (-pgy)cosd(RdOL)= [ |-pg(R—Rsin6) |cosO(RAOL). (15)
=% A a6
0=2m 0=2m
F, =-pgR’L j (1-sinf)cosHdf =—pgR’L .[ (cos6—sinBcosO)do . (16)
=7 0=

Evaluate the integrals in Eq. (16),
F,, = —pngL[siHG oo —sin?6]) } = —pngL[sinQ

6=2rm . 2 o027
2% _Lsin e\gz%], (17)

F, =—pgR’L[-1+%]=1pgR’L. (18)
Substitute into Eq. (14) and solve for the wall force.
F,=3pgR’L| (19)

Another, much simpler method for finding the wall force is to note that the horizontal pressure force acting
on the log will simply be the pressure force acting on the horizontally projected area.

y=R y=R y=R
F,.= | pdA= | (pgy)dyL=pgL | ydy=14pgR’L, (20)
" }!0 )'.!‘0 T :}T y‘:[) ’

which is precisely the same result found in Eq. (18). Note that the horizontal pressure force is only
evaluated from y = 0 to y = R since on the bottom half of the log, the pressure forces from either side of the
log cancel each other out.
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