bernoulli 12

The device shown in the figure below is proposed for measuring the exhalation pressure and volume flow
rate of a person (the device is known as a “peak flow meter”). A circular tube, with inside radius R, has a
slit of width w running down the length of it (a cut-out in the cylinder). Inside the tube is a lightweight,

freely moving piston attached to a linear spring (with spring constant k). The equilibrium position of the
piston is at x = 0 where the slit begins.
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Derive equations for:
a. the volumetric flow rate, O, and
b. the gage pressure in the tube, pgage,
in terms of (a subset of) the piston displacement, x, as well as the tube radius, R, slit width, w, spring
constant, k, and the properties of air. Assume that the slit width, w, is so small that the outflow area is
much smaller than the tube’s cross-sectional area, TR?, even at the piston’s full extension.
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SOLUTION:

Apply conservation of mass to the control volume shown below.
VOL\t
A

Patm

d
— [ pdv+{ pu,,-dA =0 (1)
dt cv CS

where
4 I pdV =0 (at steady state) 2)
dt &
[ pu-dA =—pO+ pV,, wx (3)
Cs

Substitute and simply to get:
—pQ+ pV, wx =0 )
Q = I/out wx (5)

where Vou is the speed of the air flowing out of the slit. This speed may be found by applying Bernoulli’s
equation from a point located within the tube (1) and a point just at the slit exit (2).

(p+ipr?) =(p+ip7?), (6)
where

P1 = Dgage (7)

P2 =0 (patm,gage = 0) (®)

Vi =0/(nR?) )

V2= Vou (10)

Since the slit area is much smaller than the outlet area, V1 << V>, Eqn. (6) becomes

2
Vi = |22 (11
P

Substituting into Eqn. (5) gives:
2
Q —wx V4 gage (12)
P

The pressure, pgage, may be found by balancing forces on the piston:

Panee ™R —kx =0 (13)
K
TR’
Note that we could have used the linear momentum equation in the x-direction on the same control volume
to arrive at this expression (see below).

Poage = (14)

Combining Eqns. (12) and (14) gives:

, [ 2k
| 15
‘Q wx pﬁRz‘ (15)
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Thus, by measure the displacement of the piston on the simple device shown in the figure, lung functions
such as pressure and volumetric flow rate can be easily determined.

Note that we could have also worked out Eq. (14) of this problem using the linear momentum equation in
the x-direction applied to the same control volume.

d

EC{/uxpdV+(Jsux(purel dA)= FB,x+FS,x (16)
where

d

— dV =0 (steady fl 17

. j up (steady flow) (17)

0 O o’ .
ulpu  -dA)= —p——nR" |=—p—— (no x-momentum flux out through side 18

é[ x(p rel ) 7'L'R2 pﬂ:Rz pﬂ:Rz ( g ) ( )

FB,X = 0 (19)

FS,x = pgageﬂ:R2 - kx (20)
Substitute and simplify.

2
P EQRZ = Dy TR — hex 1)

Substituting from Eq. (12),

(77

p—— e p AR —kx (22)

2
wx
_HW) “]”Rngage ——x @3)

But since wx < 7R?,

D, = hx which is the same as Eq. (14)! (24)
gage TERZ
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