COLM 43

A model solid propellant rocket has a mass of 69.6 gm, of which 12.5 gm is fuel. The rocket produces 1.3
Ibr of thrust for a duration of 1.7 sec. For these conditions, calculate the maximum speed and height
attainable in the absence of air resistance. Plot the rocket speed and the distance traveled as functions of
time.
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SOLUTION:

Assume that the mass flow rate from the rocket is constant. Also assume that the thrust remains constant
over the burn duration.

Apply the linear momentum equation in the y-direction to the CV shown using a frame of reference
attached to the rocket.

d
— I u,pdV + Iuy (pu,, -dA)=F, +F;, — j a,,,pdV
dtCV CcS

CV
where

4 u, pdV =0 (Most of the fluid has zero velocity in this frame of reference.
TR

cv

[u,(pu,,-dA)=—V,(pV,4,)=-pV 4,
CS

Fy,,=-M.g (weight)

Fy, =(P.=Pun)A. (The exit pressure may be different from atmospheric pressure.)
j a,ypdV =aM., (We're using an accelerating frame of reference.)

CcvV

Substituting and simplifying:
_peI/eer = _MCVg + (pe ~ Pum )Ag _MCVa

p)VzA +(p,—pt )A,
e e e e atm e 1
g+ v (1)

cv
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Note that the thrust, 7, is the force required to hold the rocket stationary (neglecting gravity).

4 I u pdV + J.ux (pu,, -dA)=F, +F;,
dt cv cs
where
% I u pdV =0 (Most of the fluid has zero x-velocity.)
cv

J‘ ux (puré’l dA) = VL’ (pel/eAe) = peVeer

CcS

FB,)czo

FS,X = _(pe _patm)Ae +T
Substituting and simplifying:
peVeer = _(pe _patm )Ae +T
T=pV A, +(P = Pun) A )

Substitute Eqn. (2) into Eqn. (1):
3)

a=-g+
£ MCV

Apply COM to the same CV:
4 I pdV + J‘(pun,, dA)=0
dt Ccv CS

where

dr ) dr

I (purel dA) = pereAe =m
(&)
Substituting and simplifying:
aM
L tm=0 4
dt

Assuming the mass flow rate is a constant, solve Eqn. (4) subject to initial conditions:
My t

[ dM, =-m|dt
M, 0

M., =M,—mt (5)
where Mo is the initial mass of the CV.
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Substitute Eqn. (5) into Eqn. (3) and solve the differential equation for the velocity:
dUu T

aqa=——= +
dt g M, —mt

dU = j—gdmiMoT ‘_”mt

0
M, —mt]

0

ce—C

U :—gt—zln[
m

U=—gt—£1n[l—itj ©)

m 0

Solve the differential equation given in Eqn. (6) for the height of the rocket.

M
h=—tgrt+ L Moo M| 1o |y 7
m| m M, M,

Note that Eqns. (3), (5), (6), and (7) are written specifically for when the fuel is burning. When the fuel has
been expended, the rocket equations of motion are:

B, ®)
U=U_ -g(t-1) ©
h=-Lg(t—-t)y +U_ (t—t')+h_, (10)

where ¢’ is the time at which the fuel has been expended.

For the given problem we’re told:
Mo=69.6¢g
Mua=125¢g
T=131br=579N
t’=1.7 sec

giving a mass flow rate of:

M
m=—24 =735 g/sec = 7.35%107 kg/sec
t
The maximum velocity will occur at the moment the fuel has been expended (neglecting the velocities as
the rocket falls back to the ground). The maximum height will occur when the velocity is zero.

Unax =U(t=¢t"=1.7sec)=1392m/s (h(t=1t")=114m)
hmax = h(t =tm=15.9 sec) = 1100 m

The maximum height occurs when:
U=U_,—-g(t,-t')=0

¢ =i de
g
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The rocket speed and height are plotted below:
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