COLM 07

A jet of water is deflected by a vane mounted on a cart. The water jet has an area, 4, everywhere and is

turned an angle 0 with respect to the horizontal. The pressure everywhere within the jet is atmospheric.

The incoming jet velocity with respect to the ground (axes XY) is Vje. The cart has mass M. Determine:

a. the force components, Fx and Fy, required to hold the cart stationary,

b. the horizontal force component, Fx, if the cart moves to the right at the constant velocity, Vear
(Veart<Vijer)

c. the horizontal acceleration of the cart at the instant when the cart moves with velocity Veart (Vear<Vjer) if
no horizontal forces are applied

R ()
Iy sy
Fy
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COLM 07

SOLUTION:
Part (a):

Apply conservation of mass and conservation of linear momentum to a control volume surrounding the

cart. Use an inertial frame of reference fixed to the ground (X7).
Vout (this velocity is currently

an unknown quantity)

YT=X

J77777777 477777777
Fy
First apply conservation of mass to the control volume to determine Vout.
dij.pdV+J.purel-dA:0 (1)
Lev cs

77777

where

% j pdV =0 (the mass within the control volume doesn’t change)
cv

Sl =A Tl =A
[ Puc-da =| pViui-=ai |+| pVoy (cos6i+sin 6])- 4(cos 61 + sin 6
[}

left side right side

=—pV. A+ pV. A(cos20+sin20)

jet out
=1
= _ijetA + pVoutA
(Note that the jet area remains constant.)

Substitute and re-arrange.

=PV A+ pVouA=0
|4

out — V. (2)

jet
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Now apply conservation of linear momentum in the X-direction:

di J- uypdV + J- Uy Py dA =Fg v+ Fg y 3)
Ty cs
where

di I uypdV =0 (the momentum within the control volume doesn’t change with time)
v

Sty Sl =A =iy FUpel =A
j uy (puy -dA)= (Vjet ) pVigi-—Ai |+ (Vjet cos 49) PV (cos 6 +sin 03) . A(cos 6i +sin 49])
cs

left side right side

= —,oV2 A-i—,oV2 AcosH(0052 6 +sin’ 9)

jet jet
=l
= pViyA(cosf-1)
Fg x =0 (no body forces in the x-direction)
Fy x =—F, (all of the pressure forces cancel out)
Substitute and re-arrange.
PV A(cos6-1)=-F,

jet

F, = pViA(1-cos0)

jet

(4)

Now look at the Y-direction:

di I uypdV + '[ Uy PUyg -dA = Fpy + Fg y (%)
! cv cs
where

4 I uypdV =0 (the momentum within the control volume doesn’t change with time)
d cv
=uy =l =A
I uy (pu -dA) = (Vjet sin 6) PV (cos 6i +sin Hj) A (cos 6i +sin 6’])
cs

right side
= sz Asin 6’(c0s2 0 +sin’ 9)

jet
=1
= pV2 Asin@

jet
Fyy =—Mg (assume that the fluid weight in the CV is negligible compared to the cart weight)

Fgy =F, (all of the pressure forces cancel out)
Substitute and re-arrange.
pViyAsing =-Mg +F,

jet

2
F, = pVig

Asin 8 + Mg (6)
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Part (b):

Apply conservation of linear momentum to a control volume surrounding the cart. Use a frame of
reference fixed to the cart (xy). Note that this is an inertial frame of reference since the cart moves in a
straight line at a constant speed. In addition, in this frame of reference, the cart appears stationary and the
jet velocity at the left is equal to Viet-Veart.

Vout (this velocity is currently
an unknown quantity)

________

V]‘et - Vcart o " "0 00 0% 070 "0 e

7777777777777 W 77777777
Fy
First apply conservation of mass to the control volume to determine Vout

%Ipdmjpum.dA:o 7)
CvV CS

where

di j pdV =0 (the mass within the control volume doesn’t change)
fev
=l =A Sl =A
I pu, -dA = p(Vjet Vet )i —Ai [+ p Vout (cos 6i +sin 0]) A (cos O +sin 93)
cs

left side right side

= _p(Vjet —ch)A+pV0utA(cos2 6 +sin? 19)
=1
= _p(V'et _V;an)A"_pV A

] out

(Note that the jet area remains constant.)
Substitute and re-arrange.

=P (Viet =Veart ) A+ Vg A =0

out
Vout = Vjet - Vcart (8)

Now apply conservation of linear momentum in the x-direction:

di [uepdv+ [upuy-da=Fy, +Fs, ©)
! (6)% CS
where

di J. u, pdV =0 (the momentum within the control volume doesn’t change with time)
t
cv
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—u, SN —uy U -A
J. uy (puge -dA) = (Vjet - Vcart) P(Vjet - Can)i-—Ai + (Vjet ~Vart )c059 p(Vjet ~Vart )(cos&i +sin 93) -4 (cos 6 +sin 9])
CS
left side right side

2 2
= —P(Vjet - Vcart) A+ P(Vjet - ch) Acos 9(0052 6 +sin? 6)
=1
2
= P(Vjet —ch) A(cos0-1)
Fy . =0 (no body forces in the x-direction)
Fs . =—F, (all of the pressure forces cancel out)
Substitute and re-arrange.

2
p(V}et _Vcan) A(COSH—I) =—F,

E, =p(Vjet—ch>2A(l—Cosé’) (10)

Now solve the problem using an inertial frame of reference fixed to the ground (frame XY). From Eqn. (8)
we know that using a frame of reference fixed to the cart, the jet velocity on the right hand side is:

vV, =(V V. )(cos&i+sin¢9§) (11

out, jet — Pcart
relative to cart

Hence, relative to the ground the jet velocity on the right hand side is:

Vout, = Vout, + Vcart = (Vjet - Vcart )(COS i +sin 9]) + Vcartl (12)
relative to relative to
ground cart

Now consider conservation of linear momentum in the X direction.

di I ”XPdV+j”XP“rcl'dA:FB,XJFFS,X (13)
ey cs
where

di J- uypdV =0 (the momentum within the control volume doesn’t change with time)
t

(6\%
=uy U =A e =W —A
I ux (pue 'dA) =Viet P(Vjct - Vcan)i~—A§ + |:(Vjct - Vcart)cosg+ Vcart:| P(Vjct —Veart )(00593 +sin 93) . A(cosgi +sin 93)
CS
left side right side

2 29, 2
=_ijct(Vjct _Vcart)A+p|:(Vjct _Vcart) €08 6+ Veart (Vjct —Veart ):|A(COS 0 +sin 9)
=1

= P[—ijct +VietVeart + (Vjct —Veart )2 €086+ VoartViet — chart } A
= p[(Vjet —Veart )2 COSQ*(Vjet —Veart )2}4
= P(Vjct —Veart )2 (cosO-1)4

Fp x =0 (no body forces in the x-direction)

Fg y =—F, (all of the pressure forces cancel out)

Substitute and re-arrange.

2
p(Vjet _Vcart) A(COSH—I) = _E’c

2
F, = ,O(Vjet ~Veart ) A(l —cos 9) (Same answer as before!) (14)

Note that using a frame of reference that is fixed to the control volume is easier than using one fixed to the
ground. This is often the case.
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Part (c):

Apply conservation of linear momentum to a control volume surrounding the cart. Use a frame of
reference fixed to the cart (xy). Note that this is not an inertial frame of reference since the cart is
accelerating. As before, in this frame of reference the cart appears stationary and the jet velocity at the left
is equal to Vjet-Veart. Following the analysis given in part (b), conservation of mass indicates that the
velocity on the right of the control volume is Vet — Veart.

Vjet - Vcart

________

Vjet - Vcart I RO

TT777777777777/8 77777777

Fy
Apply conservation of linear momentum in the x-direction:
%_[uxpdV+qupurel'dA:FB,x+FS,x_J.ax/XpdV (15)
cv cs cv
where
d
— | u,pdV =0
= Jur
cv

(The cart has zero velocity in this frame of reference. The fluid in the control volume does accelerate
in this frame of reference; however, its mass is assumed to be much smaller than the cart mass. Hence,
the rate of change of the control volume momentum in this frame of reference is assumed to be zero.)

=u, =W —A Suy Sl =A
I uy (pupe -dA) = (Vjet - Vcart) P(Vjet - Vcan)i~—Ai + (Vjet ~Veart )cosH p(Vjet ~Veart )(cos@i +sin Hj) . A(cos 6 +sin Hi)
CS
left side right side

2 2
= —P(Vjct - Vcan) A+ P(Vjct - Vcart) Acos 6’(c052 6 +sin? 6‘)
=1
2
= p(Vjct - Vcart) A(coso-1)
Fg .. =0 (no body forces in the x-direction)

Fs, =0 (all of the pressure forces cancel out)

j a,;ypdV = Ma (the mass within the CV is approximately equal to the cart mass)

cv
Substitute and re-arrange.

2
p(Vjet _Vcart) A(COSH—]):_Ma

2
a:pO@—nm)Aa—amw 16
M
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Now solve the problem using an inertial frame of reference fixed to the ground (frame XY). The velocity
out of the right side of the cart is given by Eqn. (12). Conservation of linear momentum in the X direction
gives:

di [uxpav+ [ ugpu-da=Fy+Fy (17)
! (6\% CS
where

d

— | uypdV =~ M

dtJ. xP a
cv

(The mass within the control volume is approximately equal to the cart mass since the fluid mass is
assumed to be negligible.)

—u =u =u —
=uy rel —A X rel =A
I uy (purer - dA) = Viet P(Vjet - cart)i'_Ai +|:(Vjet - cart)°059+ ch} P(Vjet - Vcan)(cosHi+sin0j)~A(cosHi +sin6’j)
CS
left side right side

2 29 o2
:_ijet(Vjet_ cart)A+p (Vjet_Vcart) Cosg"'Vcart(Vjet_ cart) A(COS 6 +sin 9)
=1

2 2 2
= P[_Vjet +VietVeart + (Vjet - Vcan) cosf+ VeartViet = Vcart:|A

=p[(

2
:p(Vjet *Vcan) (cosO-1)4

Fy x =0 (no body forces in the x-direction)

Viet =Veart )2 cosf— (Vjet —Veart )2 :‘ 4

Fs x =0 (all of the pressure forces cancel out)

Substitute and re-arrange.

Ma+p(V-et -V )2A(cost9—1)=0

] cart

2
p\V.—V. A(l—-cosé
a= ( et Can]?/[ ( ) (Same answer as before!) (18)
As in part (b), using a frame of reference that is fixed to the control volume is easier than using one fixed to

the ground.
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