COLM 04

Wake surveys are made in the two-dimensional wake behind a cylindrical body which is externally
supported in a uniform stream of incompressible fluid approaching the cylinder with velocity, U.
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The surveys are made at x locations sufficiently far downstream of the body so that the pressure across
the wake is the same as the ambient pressure in the fluid far from the body. The surveys indicate that, to
a first approximation, the velocity in the wake varies with lateral position, y, according to:

K:I—A(x)cos V4 Y where —l< Y <+l
U U b(x) 2 b(x) 2

The quantities A(x) and b(x) are the centerline velocity defect and wake width, respectively, both of
which vary with position, x. If the drag on the body per unit distance normal to the plane of the sketch is
denoted by D and the density of the fluid by p, find the relation for b(x) in terms of A(x), U, p, and D.
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BRIEF SOLUTION:

1. First apply the linear momentum equation to determine a relation between the various quantities.
Use a control volume that surrounds the cylinder, crosses the flow perpendicularly far upstream of
the cylinder where the velocity is uniform (call this cross stream distance, /), crosses the flow
perpendicularly downstream of the cylinder where the wake width is b(x), and follows streamlines
between the upstream to downstream locations along the sides of the control volume. Note that
there is no flow across a streamline. Be sure to include the force the cylinder exerts on the control
volume.

2. Apply conservation of mass to the same control volume described above to relate the upstream
cross flow width, 4, to the downstream cross flow width, b(x).
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DETAILED SOLUTION:

Apply linear momentum equation in the x-direction to the control volume shown below. Use the fixed
frame of reference indicated in the figure. Note that there is no flow across a streamline.
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cv cs
where
d
7 J u . pdV =0 (steady flow)
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y=+3ib
I u, (pu, -dA)=U(-pUh)+ u pudy
cs y=1b
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=—pUh+pU? b—ﬁ E
zU 202
2
= pU? —h+b—4—1ﬂ7+%
U 22U

Fy .. =0 (nobody forces in the x direction)

Fs . =-D (no pressure forces in the x direction)
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Substitute and simplify.
2
44b b4 } b

—heb- 2T

U o2 )

Now apply conservation of mass to the same control volume.

d
e par+ [ pug-aa=o 3)
cv cs
where

% .[ pdV =0 (steady flow)

il
y=+3b

=—pUh+ pUb[l - ﬁ}
U
Substitute and simplify.

0= —pUh+pUb[l—ﬁ}
U

h= b[l—ﬁ} 4)

U

Substitute Eqn. (4) into Eqn. (2) and solve for b(x).

2
U { b(l—ﬁj 44D b } b
T zU  2U?

D

pUzA(x){z—A(x)}

U 2U?

b(x) = (5)
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The rectangular control volume shown below could also have used. Note that there will be some mass
flow rate through the sides as indicated in the figure below (since the upstream mass flux is larger than
the downstream mass flux). The horizontal velocity through the sides will be U everywhere since the
boundaries are outside the wake.
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The linear momentum equation in the x-direction is:

di I uxpdV+ J- Uy (purel dA) = FB,x +FS,x (6)
tCV CS

where

% J u . pdV =0 (steady flow)
cv

y:+%b
I u, (pu, -dA)=U(-pUb)+ I upudy +2mgy U
CS y:—%b
2
= pU? _ddb bA 2mg U
U 2U?
Fy .. =0 (nobody forces in the x direction)
Fs . =-D (no pressure forces in the x direction)
Substitute and simplify.
44b b4’
-—

—} +2mg4 .U =—D (7)

U2
P U  2U*?

Now apply conservation of mass to the same control volume.

d
. J’ pdV+Ipurel~dA:0 8)
Cv CS
where

di I pdV =0 (steady flow)
fev
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y=+3b
J. Puy -dA =—pUb + J- pudy +2mgq.
s y=—1b

24
=—pb—+2m
T

side
Substitute and simplify.
side

0=—pb%+2m
z

pbA
Mgige = 7

Substitute Eqn. (9) into Eqn. (7)and solve for b(x).

b(x) = D2 A( ) (This is the same result as before!)
U2A(x)| = -2
a2 -4
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