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Abstract— For any given fixed network of interconnected
nodes, with some nodes designated as sources and some nodes
designated as sinks, we investigate the problem of transmitting a
stream of values from every source node to all of the sink nodes
(possibly after some delay). We study linear iterative strategies
for transmitting this information through the network, whe reby
at each time-step, each node in the network transmits a value
that is a linear combination of the most recent transmissions
of its neighbors. We show that this linear iterative strategy
can be conveniently modeled as a linear dynamical system in
state-space form. We then use techniques from control theory
pertaining to dynamic system inversion and structured linear
systems to show that each sink node can reconstruct the data
streams if and only if there are node disjoint paths in the
network from the set of all source nodes to each sink node.
Furthermore, this reconstruction can be accomplished after a
delay of at mostN −|S|+1 time-steps (whereN is the number
of nodes in the network, and |S| is the number of sources).
This holds true for almost any choice of weights in the linear
iteration.

I. I NTRODUCTION

A common requirement in distributed systems and net-
works is to transmit streams of values between sets of nodes.
For example, in networked control systems, a set of sensors
measure certain quantities in a plant and send that informa-
tion through a network to controllers and actuators in order
to control the plant [1]. More generally, sensor networks
typically contain a set of nodes that periodically sense data
generated at sources (such as intruders [2], chemical or
biological plumes [3], etc.); these sensing nodes are then
required to send this stream of data through the network to
a set of base-stations (or sinks) which will then sound an
alarm or take other appropriate action [4].

Various protocols and algorithms have been developed
for information dissemination in networks by the computer
science, communication, and control communities [5], [6],
[7]. A particular strategy that has attracted a large amount
of attention in the control systems community is that of
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linear iterations; in this strategy, each node in the network
repeatedly updates its value to be a weighted linear combi-
nation of its own value and those of its neighbors (e.g., see
[8] and the references therein). These works have revealed
that if the network topology satisfies certain conditions, the
weights for the linear iteration can be chosen so that all of
the nodes asymptotically converge to the same value (usually
a weighted linear combination of the initial values of the
nodes). Recently, it was shown in [9], [10] that this linear
iterative strategy can actually be applied to the more general
function calculation problem, allowing any node in networks
with time-invariant topologies to calculate arbitrary functions
of the initial node values in a finite number of time-steps
(upper bounded by the size of the network), even when some
of the nodes are potentially malicious or faulty.

In this paper, we develop linear iterative strategies for
transmitting streams of values in networks (as opposed to the
above works, which were concerned with transmitting only
the initial values of the nodes). In this context, we show
that the linear iterative strategy can be viewed as alinear
dynamical system with unknown inputs. This insight allows
us to draw upon results from control theory pertaining to
dynamic system inversion[11] and structured systems[12]
to derive necessary and sufficient conditions on the network
topology in order for every sink node to be able to reconstruct
the source streams. Furthermore, our approach immediately
produces a decoding strategy for the sink nodes to follow in
order to reconstruct the input streams, along with an upper
bound on the delay required to do so. Later in the paper,
we will connect this approach tolinear network codesthat
have been developed in the communications literature for
transmitting information through networks.

II. N OTATION AND BACKGROUND

In our development, we useei to denote the column vector
with a 1 in its i-th position and0’s elsewhere. The symbol
IN denotes theN × N identity matrix. The transpose of
matrix A is denoted byA′. We will denote the cardinality
of a setS by |S|.

We will require the following graph-theoretic terminology.
Further background on graph theory can be found in standard
texts, such as [13]. A graph is an ordered pairG = {X , E},
whereX = {x1, . . . , xN} is a set of vertices (or nodes), and
E is a set of ordered pairs of vertices, called directed edges.
The nodes in the setNi = {xj |(xj , xi) ∈ E} are said to
be neighbors of nodexi, and the in-degree of nodexi is
denoted bydegi = |Ni|.



A path P from vertex xi0 to vertex xit
is a sequence

of verticesxi0 , xi1 , . . . , xit
such that(xij

, xij+1
) ∈ E for

0 ≤ j ≤ t − 1. PathsP1 and P2 are vertex disjointif they
have no vertices in common. A set of pathsP1, P2, . . . , Pr

are vertex disjoint if the paths are pairwise vertex disjoint.
Given two subsetsX1,X2 ⊂ X , a set ofr vertex disjoint
paths, each with start vertex inX1 and end vertex inX2, is
called anr-linking from X1 to X2.

III. PROBLEM FORMULATION

Consider a network modeled by the directed graphG =
{X , E}, whereX = {x1, . . . , xN} is the set of nodes in
the system andE ⊆ X × X represents the communication
constraints in the network (i.e., directed edge(xj , xi) ∈ E if
nodexi can receive information directly from nodexj). Let
S ⊆ X be a set ofsourcenodes, and letT ⊆ X be a set of
sink nodes (note thatS andT are not necessarily disjoint).
We assume that the operation of the network proceeds in a
series of time-steps. At each time-stepk, each source node
xi ∈ S senses new information from an entity external to the
network; for example, this new information could represent
measurements of the environment by the node. The goal
is for every source node to transmit this stream of values
(i.e., the value that it receives at each time-step) to each sink
node via the network. In order to disseminate information,
all nodes in the network can transmit a value at each time-
stepk based on some strategy that adheres to the constraints
imposed by the network topology; letxi[k] denote the value
transmitted by thei-th node at time-stepk. The scheme
that we study in this paper makes use of linear iterations;
specifically, the value transmitted by each nodexi at time-
stepk + 1 is given by

xi[k + 1] =
{

wiixi[k] +
∑

j∈Ni
wijxj [k] if xi /∈ S,

wiixi[k] +
∑

j∈Ni
wijxj [k] + ui[k] if xi ∈ S.

(1)

where thewij ’s are a set of weights, andui[k] is the new
value (information) obtained by source nodexi at time-
step k. If we let S = {xi1 , xi2 , . . . , xi|S|

} denote the
set of source nodes, and aggregate the values transmitted
by all nodes at time-stepk into the value vectorx[k] =[
x1[k] x2[k] · · · xN [k]

]′
, the transmission strategy for

the entire system can be represented as

x[k + 1] =





w11 w12 · · · w1N

w21 w22 · · · w2N

...
...

. . .
...

wN1 wN2 · · · wNN





︸ ︷︷ ︸
W

x[k]

+
[
ei1 ei2 · · · ei|S|

]
︸ ︷︷ ︸

BS





ui1 [k]
ui2 [k]

...
ui|S|

[k]





︸ ︷︷ ︸
uS [k]

(2)

for all nonnegative integersk. In the above equation, the
weight wij = 0 if xj /∈ Ni (i.e., if (xj , xi) /∈ E), and we
takex[0] to be the vector of all zeros.

At each time-stepk, sink nodexi ∈ T has access to its
own transmitted value as well as the values transmitted by its
neighbors. Lettingyi[k] denote the transmitted values seen
by nodexi during time-stepk, we obtain the equation

yi[k] = Cix[k], (3)

where Ci is a (degi +1) × N matrix with a single1 in
each row capturing the positions of the vectorx[k] that
are available to nodexi (i.e., these positions correspond to
neighbors of nodexi, along withxi itself). The valuesyi[k],
k = 0, 1, . . . , characterize the ability ofxi to reconstruct the
source values. In the next section, we will discuss conditions
on the network topology and ways to choose the weights for
each node so that each sink node inT can recover the source
vectoruS [k] based onyi[0],yi[1], . . . ,yi[k], . . . ,yi[k + L]
for k = 0, 1, . . . (i.e., with a delay ofL time-steps, for
someL). Specifically, we will demonstrate the following key
result.

Theorem 1:Let G denote the graph of a fixed network,
and letS denote a set of source nodes, andT denote a set of
sink nodes. Assume that each node in the network follows
the linear iterative strategy (2). Then a sink nodexi ∈ T
can reconstruct all of the streams of data originating at the
source nodes if and only if there exists a|S|-linking from
S to {xi} ∪ Ni. In addition, if this condition is satisfied for
every sink nodexi ∈ T , then each sink node can reconstruct
the input streams from all sources. The reconstruction delay
is at mostN − |S| + 1 time-steps and the iteration can be
performed with almost any choice of weight matrixW.

In the above theorem, the phrase “almost any” means that
the set of weights for which the theorem does not hold is of
Lebesgue measure zero.

IV. RECONSTRUCTION BYSINK NODES

To obtain the proof of Theorem 1, we start by making
the observation that the linear iterative strategy given by
equations (2) and (3) together form a linear system in state-
space form [14]. Since the quantityuS [k] in (2) is unknown
to the sink nodes, such systems are termedlinear systems
with unknown inputs(e.g., see [11]). Often, it is of interest
to “invert” the system in order to reconstruct the unknown
inputs; this problem has been studied under the moniker of
dynamic system inversion.

A. Background on System Inversion

Consider a linear system of the form

x[k + 1] = Ax[k] + Bu[k]

y[k] = Cx[k] , (4)

whereu[k] ∈ R
m is an unknown input,y[k] ∈ R

p is the
output of the system, andx[k] ∈ R

N is the system state



(with x[0] known). The output of the system overL + 1
time-steps (for some nonnegative integerL) is given by





y[k]
y[k + 1]
y[k + 2]

...
y[k + L]





︸ ︷︷ ︸
y[k:k+L]

=





C

CA

CA2

...
CAL





︸ ︷︷ ︸
OL

x[k]+ (5)





0 0 · · · 0
CB 0 · · · 0

CAB CB · · · 0
...

...
. . .

...
CAL−1B CAL−2B · · · CB





︸ ︷︷ ︸
ML





u[k]
u[k + 1]
u[k + 2]

...
u[k + L − 1]





︸ ︷︷ ︸
u[k:k+L−1]

.

The transfer function matrix of system (4) is given by
T(z) ≡ C (zI− A)

−1
B, and is ap× m matrix of rational

functions ofz.
Definition 1: The system (4) is said to have anL-delay

inverse if there exists a system with transfer functionT̂(z)
such thatT̂(z)T(z) = 1

zL Im; note thatT̂(z) is an m × p
matrix. The system is invertible if it has anL-delay inverse
for some finiteL. The least integerL for which anL-delay
inverse exists is called the inherent delay of the system.

In order for the system to be invertible, its transfer
function matrix must clearly have rankm over the field
of rational functions inz. If the system has anL-delay
inverse, it was shown in [11] (and other works) that one
can construct aninverse systemthat operates on the outputs
y[0],y[1], . . . ,y[k + L] and reconstructs the inputu[k]. In
fact, it was shown in [11] that this inverse system can be
designed purely in the time-domain with state-space models,
rather than having to manipulate rational transfer function
matrices. For instance, the following result from [11] and
[15] provides a test for invertibility directly in terms of the
system matricesA,B andC.

Theorem 2 ([11], [15]): For any nonnegative integerL,

rank(ML) − rank(ML−1) ≤ m (6)

with equality if and only if the system has anL-delay inverse
(note that rank(M−1) is defined to be zero). If the system is
invertible, its inherent delay will not exceedL = N −m+1.

Based on the form of the matrixML in equation (5),
note that condition (6) in the above theorem indicates that
the system is invertible if and only if the firstm columns of
ML are linearly independent of each other and of all other
columns in the matrix. We will discuss the construction of
the inverse system in more detail when we apply the above
result to design decoders for the sink nodes in the network.
For now, note from the above discussion that the problem of
transmitting streams of data via linear iterative strategies is
equivalent to that of linear system inversion. In particular, if
one can choose the weights in the weight matrixW such
that the linear system given by equations (2) and (3) is

invertible for eachxi ∈ T , then each sink node will be
able to recover the source vectoruS [k] for all k ≥ 0 by
constructing an inverse system. The question thus becomes:
When is it possible to choose the weight matrix to cause
the system to be invertible, and how should it be chosen?
To help answer this question, we make use of some results
from a branch of control theory known asstructured system
theory.

B. Structured Systems

A linear system of the form (4) is said to bestructuredif
each entry of the matricesA,B andC is either a fixed zero
or an independent free parameter [12]. Interestingly, such
systems have certain properties that can be inferred purely
from the zero/nonzero structure of the system matrices; these
properties will hold for almost any choice of free parameters
(i.e., the set of parameters for which the property does
not hold has Lebesgue measure zero [12]), and thus these
properties are calledgeneric. Of particular relevance to this
paper is thegeneric normal rankof the transfer function
matrix of a structured system, which is the maximum rank
(over the field of rational functions inz) of the transfer
function matrix over all possible choices of free parameters.

To analyze structural properties of linear systems, one
first associates a graphH with the structured set(A,B,C)
as follows. The vertex set ofH is given byX ∪ U ∪ Y,
whereX = {x1, x2, . . . , xN} is the set of state vertices,
U = {u1, u2, . . . , um} is the set of input vertices, and
Y = {y1, y2, . . . , yp} is the set of output vertices. The
edge set ofH is given byExx ∪ Eux ∪ Exy, whereExx =
{(xj , xi)|Aij 6= 0}, Eux = {(uj , xi)|Bij 6= 0}, andExy =
{(xj , yi)|Cij 6= 0}. The following theorem characterizes the
generic normal rank of the transfer function of a structured
linear system in terms of the associated graphH.

Theorem 3 ([12]): Let the graph of a structured linear
system be given byH. Then the generic normal rank of
the transfer function of the system is equal to the maximal
size of a linking inH from U to Y.

C. Reconstructing the Source Streams

To apply these concepts to the problem of transmit-
ting streams of values in networks, note that the tuple
(W,BS ,Ci) in equations (2) and (3) essentially defines a
structured linear system, with the only exception being that
the nonzero entries ofCi andBS are taken to be “1”, rather
than free parameters. However, this is easily remedied by
defining the matricesΛi = diag

(
λi,1, λi,2, . . . , λi,degi +1

)

andΓi = diag
(
γi,1, γi,2, . . . , γi,|S|

)
, where theλi,j ’s and the

γi,j ’s are a set of independent free parameters. If we form
the matricesC̄i = ΛiCi and B̄i,S = BSΓi, then matrix
C̄i has a single independent free parameter in each row, and
matrix B̄i,S has a single independent free parameter in each
column; these matrices therefore qualify as valid structured
matrices. The transfer function for the system given by the



tuple (W, B̄i,S , C̄i) is

T̄(z) = C̄i (zI− W)
−1

B̄i,S

= ΛiCi (zI− W)
−1

BSΓi ,

and if the matricesΛi and Γi are invertible, the transfer
function for the tuple(W, B̄i,S , C̄i) will have the same rank
as the transfer function for the tuple(W,BS ,Ci). Thus, for
the purposes of analyzing the generic normal rank, we can
assume without loss of generality that the nonzero entries
in BS and Ci are all ones (i.e., takeΛi and Γi to be the
identity matrices).

In order to transmit streams via linear iterative strategies,
the linear system with unknown inputs given by equations (2)
and (3) must be invertible for eachxi ∈ T , which means that
its transfer functionCi(zI − W)−1BS must have rank|S|
over the field of rational functions inz. In particular, this
requires that each of these transfer functions have generic
normal rank equal to|S|. To check this, we can construct
graphHi for each tuple(W,BS ,Ci), xi ∈ T , as follows:
first take the graph of the networkG, and adddegi +1
output vertices (denoted by the setYi) and|S| input vertices
(denoted by the setU). Next, place a single edge from the
set{xi} ∪ Ni to vertices inYi, corresponding to the single
nonzero entry in each row of the matrixCi, and a single edge
from each input vertex to each source node (corresponding
to the single nonzero entry in each column of the matrix
BS). Furthermore, add a set of self loops to every state
vertex to correspond to the nonzero entries on the diagonal
of the weight matrixW. Now, according to Theorem 3,
the structured system given by the tuple(W,BS ,Ci) is
generically invertible if and only if there exists a linking
of size |S| from U to Yi in the graphHi. Since each input
vertex connects to exactly one source node, and since each
output vertex connects to exactly one vertex in{xi}∪Ni, a
linking of size |S| from U to Yi corresponds to a linking of
size |S| from the source nodesS to {xi} ∪ Ni.

We are now ready to prove the main theorem of the paper
(Theorem 1, given at the end of Section III).

Proof: (Sufficiency.)Suppose that for everyxi ∈ T ,
the network contains a|S|-linking from S to {xi} ∪Ni. As
described above, the graphHi for the tuple(W,BS ,Ci)
will therefore contain an|S|-linking from the inputs to the
outputs, for everyxi ∈ T . For any particularxi ∈ T ,
Theorem 3 then indicates that for almost any choice of
weight matrixW, the transfer functionCi(zI − W)−1BS

will have rank |S|, and will therefore be invertible. Since
this property holds generically (with respect to the choiceof
weight matrixW), it will hold simultaneously for all sink
nodes inT . Using this fact, we can now construct a decoder
for each sink node as follows.

From (2) and (3), the values seen by sink nodexi over
Li+1 time-steps (for some nonnegative integerLi) are given
by

yi[k : k+Li] = Oi,Li
x[k]+Mi,Li

uS [k : k+Li−1] , (7)

where

yi[k : k + Li] =
[
y′

i[k] y′
i[k + 1] · · · y′

i[k + Li]
]′

uS [k : k + Li − 1] =
[
u′
S [k] · · · u′

S [k + Li − 1]
]′

Oi,Li
=

[
C′

i (CiW)′ · · · (CiW
Li)′

]′

Mi,Li
=





0 0 · · · 0
CiBS 0 · · · 0

...
...

. . .
...

CiW
Li−1BS CiW

Li−2BS · · · CiBS




.

From Theorem 2, there exists an integerLi (upper-bounded
by N −|S|+1) such that the first|S| columns in the matrix
Mi,Li

will be linearly independent of each other and of the
remaining columns inMi,Li

. Therefore, there exists a matrix
Ki for nodexi such thatKiMi,Li

=
[
I|S| 0 · · · 0

]
.

Left-multiplying (7) by Ki and rearranging, one obtains

uS [k] = Kiyi[k : k + Li] − KiOi,Li
x[k] , (8)

and substituting this into equation (2), one gets the state
update equation

x[k + 1] = (W − BSKiOi,Li
)x[k] + BSKiyi[k : k + Li].

(9)
Equations (9) and (8) together form the decoder for node
xi. If the decoder is initialized with statex[0] = 0, the
output equation (8) will produce the source valuesuS [k]
for eachk ≥ 0 (based on the transmissions seen by nodexi

up to time-stepk+Li). Each sink nodexi obtains a decoder
in this way, and can therefore reconstruct the source values
after a delay ofLi time-steps. This concludes the proof of
sufficiency.

(Necessity.)This part of the proof follows straightfor-
wardly from Theorem 3 and the fact that, if the transfer
function for the system given by (2) and (3) is not of
full column rank for somei, then there exists a nonzero
sequence of inputsuS [k], k = 0, 1, . . ., such thatyi[k] = 0,
k = 0, 1, . . .. These inputs are indistinguishable from the
input sequence consisting of all zeros, and thus nodexi

cannot uniquely identify the inputs to the system.
Remark 1:Note from Theorem 1 that the invertibility of

the system defined by the tuple(W,BS ,Ci) is dependent
solely on the existence of a sufficiently large linking from the
source nodes to the sink nodes (and their neighbors). This
implies that the self-weights on the diagonal of the weight
matrix are not strictly necessary in order to form an invertible
system (since they do not appear in the linking anyway). For
this reason, the self-weights can be set to zero, if desired.

V. COMPARISONS TOEXISTING WORK IN NETWORK

CODING

We now compare the results presented in this paper to
information transmission schemes that have been proposed
in the communications literature. The traditional approach
to information dissemination in networks has been to treat
data packets as distinct entities, and to route them through
the network without performing intermediate operations on
the packets (e.g., see the discussion in [16]). In recent years,



however, the concept ofnetwork codinghas generated a great
deal of interest, as it discards the notion of treating packets as
individual elements, and instead allows intermediate nodes
in the network to mathematically combine several packets
into a single packet for transmission [16], [17], [6], [18].
Of particular interest to this paper arelinear network codes,
where the packet that is transmitted by each node is a linear
combination of the incoming packets. It has been shown
that, for certain networks, network coding can be used to
achieve the transmission capacity of the network even when
traditional store-and-forward approaches fail [17].

When the network topology contains cycles, the input
packets to some nodes in the network could be functions
of previous output packets at those nodes. To deal with
this phenomenon, the network coding literature introduces
a delay parameterz into the network (e.g., by modeling
either the links or the nodes as having delays), and views
the packets generated by each node as a power series inz
[6], [18], [16], thereby producing aconvolutional network
code. Decoders for such codes are designed by forming
a transfer function matrix (with elements that are rational
functions inz) from the source stream to the sink nodes, and
then essentially inverting this matrix [6], [16]. For example,
[19] discussed an algorithm for choosing the weights for
convolutional codes so that the transfer function from the
source nodes to the sink nodes will have full rank; the
decoding procedure then involves solving a set of linear
equations in the delay variablez. However, a drawback
of these existing approaches is the need to construct and
manipulate (potentially large) matrices of rational functions.

In contrast, our decoding procedure is based on the linear
state-space model given by equations (2) and (3); inspired
by results pertaining to dynamic system inversion, we show
that every sink node only has to examine the values that
it receives over a certain length of time in order to decode
the source streams. Furthermore, the operations performed
by the sink node involve purely numerical matrices, and do
not require manipulation of transfer function matrices in the
delay variablez. Indeed, this was the main motivation that
drove the development of dynamic inversion schemes in the
control literature [11], and there are various results in this
area that can be leveraged to designsystem inverters(or
decoders, in our context) purely in the state-space domain
(e.g., see [11], [20]). This connection to the field of dynamic
system inversion also opens up various areas for future
research, some of which we now describe.

VI. POTENTIAL EXTENSIONS

There are a variety of interesting extensions that can be
pursued within the framework that we have developed in
this paper. For example, the decoding procedure specified
by the proof of Theorem 1 essentially requires each sink
node to reconstruct the values transmitted by all nodes in
the network at each time-step (i.e., the decoder for each sink
node has dimension equal to the number of nodes in the
system). However, based on the connections that we have
made in this paper between linear network coding and the

theory of dynamic system inversion, it may be possible to
design more efficient decoders by using results from the topic
of minimal dynamic inversion, which consider the problem
of designing system inverses of smallest possible dimension
[21], [22].

As another extension, one can investigate conditions on
the network topology that are needed for each sink node to
reconstruct only the streams fromsomeof the source nodes,
or more generally, some function of the source streams. In
this case, the condition that there exist an|S|-linking from
S to each sink node and its neighbors will no longer be
necessary; however, with this relaxation, each sink node will
no longer be able to determine the values transmitted by
all nodes in the system, and thus designing a decoder for
the sink nodes will become more complicated. One possible
way to handle this could be to make use of results onpartial
system inversion, which deal with the topic of constructing
a system inverse that recovers only some of the unknown
inputs to a linear system [23], [24]. Extending such results
and leveraging them to design decoders for the sink nodes
would be an interesting avenue for future research.

VII. E XAMPLE

x1 x2 x3

Fig. 1. Nodesx1 andx3 wish to exchange their streams of values viax2.

Consider the network with three nodes{x1, x2, x3} shown
in Fig. 1. The set of source nodes in the network is given
by S = {x1, x3}, and those nodes are also the sink nodes
in the network (i.e.,T = S). In other words, the objective
in the network is for nodesx1 andx3 to exchange streams
of values, via the intermediate nodex2. This is a standard
example used to demonstrate the benefits of network coding
in wireless networks (e.g., see [25]), and we revisit it here
in order to demonstrate our design procedure. In order to
transmit these streams, Theorem 1 indicates that there must
exist a linking of size|S| = 2 from the setS to nodex1 and
its neighborx2, and also fromS to nodex3 and its neighbor
x2. Both of these conditions are satisfied (e.g., a linking of
size2 from S to the set{x1, x2} is given by the single node
x1 and the edge(x3, x2)), and so nodesx1 andx3 will be
able to recover each other’s streams (and clearly their own
streams) for almost any choice of weight matrix in (2). For
this pedagogical example, it will suffice to simply take the
nonzero weights to be1, which produces the weight matrix
W =

[
0 1 0
1 0 1
0 1 0

]
; recall that the self weights on the diagonal

of W do not play any role in system invertibility (since
Theorem 1 is only concerned with the existence of a linking),
and so we can set those weights to be zero. To complete the
state-space model in (2), we note thatBS = [ 1 0 0

0 0 1 ]
′
.

Once the weight matrix for the code is chosen, one must
design the decoders for each sink node. For brevity, we will
focus on nodex1 in the network. Since nodex1 has access
to its own transmitted value, as well as that of its neighbor
(nodex2) at each time-step, we haveC1 = [ 1 0 0

0 1 0 ].



The next step is to determine the smallest delayL1

for which the system given by the tuple(W,BS ,C1) is
invertible. Following Theorem 2, we have to find the smallest
integerL1 for which rank(M1,L1

) − rank(M1,L1−1) = 2.
For L1 = 2, we have

M1,2 =




0 0

C1BS 0
C1WBS C1BS



 =





0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0
1 1 0 0




,

and we find that rank(M1,L1
) − rank(M1,L1−1) = 2 (i.e.,

nodex1 can recover both streams after a delay of2 time-
steps). The matrixO1,2 in (7) is given by

O1,2 =




1 0 0 1 1 0
0 1 1 0 0 2
0 0 0 1 1 0




′

.

The matrixK1 satisfyingK1M1,2 =
[
I2 0

]
is given by

K1 =

[
0 0 1 0 0 0
0 0 −1 0 0 1

]
.

The decoder for nodex1 is obtained by substituting the above
matrices into the decoder equations (9) and (8), withL1 = 2,
which produces

x[k + 1] =




0 0 0
1 0 1
0 0 0



x[k]+




0 0 1 0 0 0
0 0 0 0 0 0
0 0 −1 0 0 1








y1[k]

y1[k + 1]
y1[k + 2]





uS [k] =

[
0 −1 0
0 −1 0

]
x[k]+

[
0 0 1 0 0 0
0 0 −1 0 0 1

] 


y1[k]

y1[k + 1]
y1[k + 2]



 .

The decoder for nodex3 is found by following an identical
procedure.

VIII. S UMMARY

In this paper, we considered the problem of transmitting
streams of values in sensor networks via linear iterative
strategies. We showed that such strategies can be compactly
represented as a linear system with unknown inputs in state-
space form. We then used concepts pertaining to system
inversion and structured system theory to show that streams
can be transmitted if and only if there exist vertex disjoint
paths from the set of source nodes to each sink node and its
neighbors. Furthermore, we showed that if this topographical
condition is satisfied, then almost any choice of weights in
the linear iteration will allow the sink nodes to reconstruct
the source streams after a finite delay.
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