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Distributed Function Calculation and Consensus
using Linear Iterative Strategies

Shreyas Sundaram and Christoforos N. Hadjicostis

Abstract— Given an arbitrary network of interconnected
nodes, we develop and analyze a distributed strategy that enables
a subset of the nodes to calculate any given function of the node
values. Our scheme utilizes a linear iteration where, at each
time-step, each node updates its value to be a weighted average
of its own previous value and those of its neighbors. We show
that this approach can be viewed as a linear dynamical system,
with dynamics that are given by the weight matrix of the linear
iteration, and with outputs for each node that are captured by
the set of values that are available to that node at each time-step.
In networks with time-invariant topologies, we use observability
theory to show that after running the linear iteration for a
finite number of time-steps with almost any choice of weight
matrix, each node obtains enough information to calculate any
arbitrary function of the initial node values. The problem of
distributed consensus via linear iterations, where all nodes in
the network calculate the same function, is treated as a special
case of our approach. In particular, our scheme allows nodes
in networks with time-invariant topologies to reach consensus
on any arbitrary function of the initial node values in a finit e
number of steps for almost any choice of weight matrix.

Index Terms— Distributed function calculation, distributed
consensus, observability theory, structural observability, net-
worked control, multi-agent systems

I. I NTRODUCTION

In distributed systems and networks, it is often necessary
for some or all of the nodes to calculate some function of
certain parameters. For example, sink nodes in sensor networks
may be tasked with calculating the average measurement value
of all the sensors [1], [2]. Another example is the case of
multi-agent systems, where all agents communicate with each
other to coordinate their speed and direction [3], [4]. Whenall
nodes calculate the same function of the initial values in the
system, they are said to reach consensus. Such problems have
received extensive attention in the computer science literature
over the past few decades [5], leading to the development
of various protocols. The topic of distributed consensus has
also attracted the attention of the control community due to
its applicability to tasks such as coordination of multi-agent
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systems [3]. In these cases, the approach to consensus is to
use a linear iteration, where each node repeatedly updates its
value as a weighted linear combination of its own value and
those of its neighbors [6], [7], [8], [9], [10]. These works
have revealed that if the network topology satisfies certain
conditions, the weights for the linear iteration can be chosen
so that all of the nodes asymptotically converge to the same
value (even when the topology is time-varying). One of the
benefits of using linear iteration-based consensus schemesis
that, at each time-step, each node only has to transmit a single
value to each of its neighbors. However, almost all of the
linear iteration schemes currently present in the literature only
produce asymptotic convergence (i.e., exact consensus is not
reached in a finite number of steps).

In this paper, we study the general problem of calculating
functions in networks via a linear iteration, and treat the topic
of distributed consensus as a special case of this problem.
We approach the problem from the perspective of observabil-
ity theory, and show that the linear iteration-based scheme
can be modeled as a dynamical system. For networks with
time-invariant topologies, we utilize results that have been
developed for the analysis of structured system observability
to show that for almost any choice of weight matrix, each
node can calculate any desired function of the initial values
after observing the evolution of its own value and those of
its neighbors over afinite number of time-steps (specifically,
upper bounded by the size of the network). The topic of
finite-time consensus via linear iterations has received only
limited attention in the literature. Specifically, it was briefly
discussed by Kingston and Beard in [11], but the method
described in that paper requires the network to be fully-
connected (i.e., every node needs to be directly connected
to every other node) for at least one time-step, which is
a very strict condition. In contrast, our method applies to
networks with arbitrary (but time-invariant) topologies.Finite-
time consensus was also studied for continuous-time systems
in [12]. The approach in that paper was to have the nodes
evolve according to the gradient of a suitably defined function
of their values. The resulting protocol, which is nonlinear, does
not directly translate to discrete-time systems, and the author
of [12] only considered a restricted class of possible consensus
values. In contrast, our method achieves finite-time consensus
in discrete-time systems by running a simple linear iteration,
and allows the consensus value to be any function of the node
values.

The rest of the paper is organized as follows. In Section II,
we provide a more detailed background on linear iteration-
based consensus schemes, and introduce the key result in
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our paper. In Section III, we review some concepts from
observability theory that will be useful in solving the problem
of function calculation in networks. We use these concepts in
Section IV to design weight matrices that allow the desired
functions to be calculated at certain nodes. In Section V, we
discuss how to implement our scheme in a decentralized man-
ner. We present an example in Section VI, and we finish with
our conclusions and future research directions in Section VII.

In our development, we useei to denote the column vector
with a1 in its i–th position and zeros elsewhere. The symbol1

represents the column vector (of appropriate size) that hasall
entries equal to one. We will say that an eigenvalue of a matrix
W is simpleto indicate that it isalgebraically simple(i.e., it
appears only once in the spectrum ofW ) [13]. The notation
A′ indicates the transpose of matrixA. We will denote the
rank of matrixA by ρ(A), and we will denote the cardinality
of a setS by |S|.

II. BACKGROUND AND CONTRIBUTIONS

The interaction constraints in distributed systems and net-
works can be conveniently modeled via a directed graph
G = {X , E}, whereX = {x1, . . . , xN} is the set of nodes in
the system andE ⊆ X × X is the set of directed edges (i.e.,
directed edge(xj , xi) ∈ E if node xi can receive information
from nodexj). Note that undirected graphs can be readily
handled by treating each undirected edge as two directed
edges. All nodes that can transmit information to nodexi are
said to be neighbors of nodei, and are represented by the set
Ni. The number of neighbors of nodei is called the in-degree
of node i, and is denoted asdegi. Similarly, the number of
nodes that have nodei as a neighbor is called the out-degree
of nodei, and is denoted as out-degi.

Suppose that each nodei has some initial value, given by
xi[0]. At each time-stepk, all nodes update and/or exchange
their values based on some strategy that adheres to the con-
straints imposed by the network topology (which is assumed
to be time-invariant). The scheme that we study in this paper
makes use of linear iterations; specifically, at each time-step,
each node updates its value as

xi[k + 1] = wiixi[k] +
∑

j∈Ni

wijxj [k] ,

where thewij ’s are a set of weights. In other words, each node
updates its value to be a linear combination of its own value
and the values of its neighbors. For ease of analysis, the values
of all nodes at time-stepk can be aggregated into the value
vector x[k] =

[
x1[k] x2[k] · · · xN [k]

]′
, and the update

strategy for the entire system can be represented as

x[k + 1] =








w11 w12 · · · w1N

w21 w22 · · · w2N

...
...

. . .
...

wN1 wN2 · · · wNN








︸ ︷︷ ︸

W

x[k] (1)

for k = 0, 1, . . ., wherewij = 0 if j /∈ Ni (i.e., if (xj , xi) /∈
E).

Definition 1 (Calculable Function):Let f : R
N 7→ R

m

be a function of the initial values of the nodes (note that
f(·) will be a vector-valued function ifm ≥ 2). We say
f(x1[0], x2[0], . . . , xN [0]) is calculable by nodei if it can
be calculated by nodei after running the linear iteration
(1) for a sufficiently large number of time-steps. We call
f(x1[0], x2[0], . . . , xN [0]) a linear functional if it is of the
form Qx[0] for somem × N matrix Q.

Definition 2 (Distributed Consensus and Averaging):The
system is said to achieve distributed consensus if all nodesin
the system calculate the valuef(x1[0], x2[0], . . . , xN [0]) after
running the linear iteration for a sufficiently large numberof
time-steps. When

f(x1[0], x2[0], . . . , xN [0]) =
1

N
1
′x[0] ,

the system is said to performdistributed averaging(i.e., the
consensus value is the average of all initial node values).

Definition 3 (Asymptotic Consensus):The system is
said to reach asymptotic consensus iflimk→∞ xi[k] =
f(x1[0], x2[0], . . . , xN [0]) for each i, where
f(x1[0], x2[0], . . . , xN [0]) ∈ R.

When f(x1[0], x2[0], . . . , xN [0]) = c
′x[0] for some vector

c
′, the following result by Xiao and Boyd from [8] charac-

terizes the conditions under which the iteration (1) achieves
asymptotic consensus.

Theorem 1 ([8]): The iteration given by (1) reaches as-
ymptotic consensus on the linear functionalc

′x[0] (under the
technical condition thatc is normalized so thatc′1 = 1) if and
only if the weight matrixW satisfies the following conditions:

1) W has a simple eigenvalue at1, with left eigenvectorc′

and right eigenvector1.
2) All other eigenvalues ofW have magnitude strictly less

than1.

Furthermore, Xiao and Boyd showed that the rate of con-
vergence is determined by the eigenvalue with second-largest
magnitude. Consequently, to maximize the rate of conver-
gence, they formulated a convex optimization problem to
obtain the weight matrix satisfying the above conditions while
minimizing the magnitude of the second largest eigenvalue.

As mentioned in the previous section, a salient feature of
the analysis in [8], and of other linear iterations studied in
the literature (e.g., see [3], [4] and the references therein), is
that the focus is on asymptotic convergence. Clearly, reaching
consensus onc′x[0] requires that the linear functionalc

′x[0]
be calculable at all nodes, and in the case of asymptotic
consensus, the nodes take an infinite number of time-steps
in order to calculate this functional. While one might have to
settle for asymptotic consensus when the network topology
is time-varying, we will show in the sequel that in time-
invariant networks, nodes can calculate any arbitrary function
in a distributed fashion after running the linear iteration(1) for
afinitenumber of time-steps. Specifically, we will demonstrate
the following key result.

Theorem 2:Let G denote the (fixed) graph of the network,
and

Si = {xj | There exists a path fromxj to xi in G} ∪ xi .
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Then, for almost any choice of weight matrixW , node i
can obtain the valuexj [0], xj ∈ Si, after running the linear
iteration (1) for Li + 1 time-steps, for some0 ≤ Li <
|Si| − degi, and can therefore calculate any arbitrary function
of the values{xj [0] | xj ∈ Si}.

We will develop the proof of this theorem over the next
few sections. We will also show that the above theorem
immediately allows the nodes to obtain (finite-time) distributed
consensus on a much larger class of functions than permitted
by Theorem 1 (e.g., one does not have to restrict the consensus
value to be a linear functional). Moreover, since we focus
on the problem of function calculation rather than the more
specific problem of distributed consensus, our method can be
applied to a wide range of problems, including those where
only a subset of the nodes have to calculate a given function,
or where different nodes need to calculate different functions
of the initial values.

III. D ISTRIBUTED COMPUTATION OF L INEAR

FUNCTIONALS

We start by asking the question: after running the linear
iteration (1) with a given weight matrix1 W for Li + 1 time-
steps (for someLi), what is the set of all linear functionals
that are calculable by nodei? The following lemma provides
an answer to this question.

Lemma 1:DefineEi to be the(degi +1)×N matrix with a
single1 in each row, denoting the positions of the vectorx[k]
that are available to nodei (i.e., these positions correspond to
nodes that are neighbors of nodei, along with nodei itself).
Then, nodei can calculate the linear functionalQx[0] after
running the linear iteration (1) forLi + 1 time-steps if and
only if the row space ofQ is contained in the row space of
the matrix

Oi,Li
≡










Ei

EiW
EiW

2

...
EiW

Li










. (2)

Proof: Consider the linear iteration given by (1). At each
time-step, nodei has access to its own value and those of its
neighbors. From the perspective of nodei, the linear iteration
can then be viewed as the dynamical system

x[k + 1] = Wx[k]

yi[k] = Eix[k] , (3)

whereyi[k] denotes the outputs (node values) that are seen
by nodei during thek–th time-step. Sincex[k] = W kx[0],
we haveyi[k] = EiW

kx[0], and the set of all values seen by

1We will discuss ways to choose appropriate weight matrices in the next
section.

nodei over Li + 1 time-steps is given by










yi[0]
yi[1]
yi[2]

...
yi[Li]










=










Ei

EiW
EiW

2

...
EiW

Li










︸ ︷︷ ︸

Oi,Li

x[0] . (4)

The row space ofOi,Li
characterizes the set of all calculable

linear functionals for nodei up to time-stepLi. Suppose that
the row space of matrixQ is not contained in the row space
of Oi,Li

. This means that

ρ

([
Oi,Li

Q

])

> ρ (Oi,Li
) ,

and so there exists a nonzero vectorv such thatOi,Li
v = 0,

but Qv 6= 0. If x[0] = v, the values seen by nodei during the
first Li +1 time-steps of the linear iteration are all zeros, and
so nodei cannot calculateQv from the outputs of the system
(i.e., it cannot distinguish the initial value vectorx[0] = v

from the case where all initial values are zero).
On the other hand, if the row space ofQ is contained in

the row space ofOi,Li
, one can find a matrixΓi such that

ΓiOi,Li
= Q . (5)

Thus, after running the linear iteration (1) forLi + 1 time-
steps, nodei can immediately calculateQx[0] as a linear
combination of the outputs of the system over those time steps,
i.e.,

Γi








yi[0]
yi[1]

...
yi[Li]








= ΓiOi,Li
x[0] = Qx[0] . (6)

This concludes the proof of the lemma.
Remark 1:The above lemma showed (via equation (6))

that nodei can obtain the functionalQx[0] after running
the linear iteration forLi + 1 time-steps (for someLi,
and assuming thatQ is in the row space ofOi,Li

). Note
that node i does not necessarily have to store the entire
set of valuesyi[0], yi[1], . . . , yi[Li] in order to calculate the
quantity Qx[0] via (6). Instead, if we partitionΓi as Γi =
[
Γi,0 Γi,1 · · · Γi,Li

]
and allow nodei to havem extra

registers (wherem is the number of rows inQ), we can utilize
the following recursive strategy: we initialize the valuesof
the m registers withx̄i[0] = Γi,0yi[0] and update them at
each time-stepk as x̄i[k] = x̄i[k − 1] + Γi,kyi[k]. After Li

iterations,x̄i[Li] will hold the value ofQx[0].
The matrixOi,Li

in (2) is called theobservability matrixfor
the pair(W, Ei), and it plays an important role in linear system
theory [14]. Note that the rank ofOi,Li

is a nondecreasing
function of Li, and bounded above byN . Supposeνi is the
first integer for whichρ(Oi,νi

) = ρ(Oi,νi−1). This implies
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that there exists a matrixKi such that

EiW
νi = Ki








Ei

EiW
...

EiW
νi−1








.

In other words, the matrixEiW
νi can be written as a linear

combination of the rows inOi,νi−1. In turn, this implies that

EiW
νi+1 = EiW

νiW = KiOi,νi−1W = Ki








EiW
EiW

2

...
EiW

νi








,

and so the matrixEiW
νi+1 can be written as a linear

combination of rows inOi,νi
. Continuing in this way, we see

that

ρ(Oi,0) < ρ(Oi,1) < · · · < ρ(Oi,νi−1) =

ρ(Oi,νi
) = ρ(Oi,νi+1) = · · · ,

i.e., the rank ofOi,Li
monotonically increases withLi until

Li = νi − 1, at which point it stops increasing. In the linear
systems literature, the integerνi is called theobservability
indexof the pair(W, Ei), and can be upper bounded asνi ≤
min(D, N −ρ(Ei)+1), whereD is the degree of the minimal
polynomial2 of W [14]. Since Ei has rankdegi +1 in the
linear iteration model (3), the above bound becomes

νi ≤ min(D, N − degi) . (7)

The fact that the rank of the observability matrix stops
increasing after time-stepνi − 1 means that the outputs of the
systemyi[0], yi[1], . . . , yi[νi−1] contain the maximum amount
of information that nodei can possibly obtain about the initial
values, and future outputs of the system do not provide any
extra information. This immediately produces the following
lemma.

Lemma 2: If it is possible for nodei to obtain the necessary
information to calculate the linear functionalQx[0] via the
linear iteration (1), it will require at mostN−degi time-steps.

Remark 2:Note that the above lemma only provides an
upper bound on the number of time-steps required by any
node to calculate any desired functional. A lower bound on
the number of time-steps required by nodei can be obtained
as follows. LetFi denote the set of all nodes whose values
are required by nodei in order to calculate its function (if
nodei’s function depends on all initial values, the setFi will
contain all nodes in the graph). Pick a nodexj ∈ Fi that is
farthest away from nodei in the network, and let the distance3

between nodej and nodei be denoted byǫi. Since it takes
one time-step for a value to propagate along an edge, it will
take at leastǫi time-steps before nodei is able to obtain node

2Note that the degreeD of the minimal polynomial ofW is always smaller
than or equal toN [14].

3Recall that the distance between nodei and nodej in a graph is the
smallest number of edges in a path from nodej to nodei in the graph [15].

j’s value, and thus a lower bound on the number of time-
steps required for function calculation by nodei is ǫi. Note
that if Fi contains all nodes in the network,ǫi is simply the
eccentricity of nodei [15]. In particular, if ǫi = N − degi,
then nodei will take exactlyN −degi time-steps to calculate
its desired function (since the lower bound and upper bound
coincide in this case).

If the objective in the system is for some subset of the
nodes to calculate the linear functionalQx[0], one has to
choose the weight matrixW so thatQ is in the row space
of the observability matrices for all those nodes. More gen-
erally, suppose we require nodei to calculate the function
g(xt1 [0], xt2 [0], . . . , xtS

[0]), where{xt1 , xt2 , . . . xtS
} is some

subset of the nodes in the system. IfW can be designed
so that the matrixQ =

[
et1 et2 · · · etS

]′
is in the

row space ofOi,νi−1, node i can recover the initial values
xt1 [0], xt2 [0], . . . , xtS

[0] from yi[0], yi[1], . . . , yi[νi − 1], and
then calculateg(xt1 [0], xt2 [0], . . . , xtS

[0]). If ρ(Oi,νi−1) = N
(i.e., the identity matrix is in the row space of the observability
matrix), the pair(W, Ei) is said to beobservable. In this
case, nodei can uniquely determine the entire initial value
vectorx[0] from the outputs of the system and calculate any
function of those values. Based on this discussion, we see that
we can recast the function calculation problem as a weight
matrix design problem, where the objective is to make the
row space of the observability matrix for each node contain
some appropriate matrixQ. We describe how to do this in the
next section.

IV. D ESIGNING THEWEIGHT MATRIX

We will start this section by considering the problem of
reaching consensus on a linear functionalc

′x[0], for some
vectorc′. We will then broaden our focus in the second half
of the section, and show how to design the weight matrix to
maximize the set of functions that can be calculated by each
node after running the linear iteration for a sufficiently large
(but finite) number of time-steps.

A. Reaching Consensus on a Linear Functional

In the last section, we saw that if the vectorc
′ appears in

the row space of the observability matrix for every node, the
system can reach consensus onc

′x[0] after running the linear
iteration for a finite number of time-steps. We now develop
a set of weight matrices that ensures that this is the case. In
the process, we will show that this set contains all weight
matrices that satisfy the conditions in Theorem 1. To proceed
with the development, we will require the notion ofobservable
eigenvaluesof a pair(W, Ei) [16].

Definition 4 (Observable Eigenvalue):Suppose that the
distinct eigenvalues ofW are given byλ1, λ2, . . . , λr, where
1 ≤ r ≤ N . Eigenvalueλj is said to be an observable
eigenvalue of the pair(W, Ei) if

ρ

([
W − λjI

Ei

])

= N , (8)

and it is called an unobservable eigenvalue otherwise.
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With the notion of observable eigenvalues in hand, we now
present a theorem that guarantees that a certain class of vectors
will be in the row space of the observability matrix.

Theorem 3:The row space ofOi,νi−1 contains all left
eigenvectors ofW corresponding to observable eigenvalues
of the pair(W, Ei).

The proof of the above theorem is given in the Appendix.
The theorem provides a strategy for choosing the weight
matrix so that a vectorc′ will be contained in the row space of
the observability matrix for every node. Specifically, the task
will be to choose the weight matrix to have an eigenvalueµ
with a left eigenvectorc′, so thatµ is an observable eigenvalue
of the pair (W, Ei) for all i. To accomplish this, we first
provide a characterization of the observability of an eigenvalue
based on its right eigenvector.

Lemma 3:Supposeµ is a simple eigenvalue ofW , with
right eigenvectord. Thenµ is an observable eigenvalue of the
pair (W, Ei) if and only if Eid has at least one nonzero entry.

Proof: Supposeµ is a simple eigenvalue ofW . Then the
matrix W − µI has a single eigenvalue at zero, with a null
space spanned by the eigenvectord. This implies that the only
possible vector in the null space of the matrix

[
W−µI

Ei

]

is d.

If Eid has at least one nonzero entry, the matrix
[

W−µI
Ei

]

will have a null space of dimension zero, and thereforeµ will
be an observable eigenvalue of the pair(W, Ei). On the other

hand, if all entries ofEid are zero,
[

W−µI
Ei

]

will have a null
space of dimension one, implying thatµ is an unobservable
eigenvalue of the pair(W, Ei).

In light of the above lemma, suppose we consider the class
of weight matrices described in Theorem 1. Such matrices
have a simple eigenvalue atµ = 1, with a right eigenvector
d = 1 and left eigenvectorc′. Since eachEi matrix has a
single1 in each row, the vectorEid will be the all ones vector,
and so Lemma 3 indicates that the eigenvalueµ = 1 is an
observable eigenvalue of the pair(W, Ei) for all 1 ≤ i ≤ N .
Theorem 3 then indicates thatc

′x[0] will be calculable by all
nodes. Therefore, if we require the system to reach consensus
onc

′x[0], one strategy is to chooseW to satisfy the conditions
in Theorem 1. For example, if the graph is undirected and if
each node knowsN (or an upper bound forN ), it was shown
in [17] that each nodei can independently choose its weights
as

wij =







1
N

, if j ∈ Ni

0, if j /∈ Ni

1 −
∑

l∈Ni
wil, if i = j.

(9)

The resulting weight matrix is symmetric and satisfies the
conditions of Theorem 1 withc′ = 1

N
1
′. Many other choices

of weights exist that provide asymptotic consensus (e.g., see
[8], [3], [7], [10], [11]), and any of these weights can be
used in conjunction with our approach to obtain finite-time
consensus.

However, we do not necessarily need to restrict attention
to matrices that satisfy the conditions in Theorem 1. For
example, since Lemma 3 and Theorem 3 do not depend on the

magnitude of the eigenvalues, we can consider the weights

wij =







1, if j ∈ Ni

0, if j /∈ Ni

F − degi, if i = j ,
(10)

where F is any integer. These weights are obtained by
multiplying the weights in (9) byN , and then offsetting
each of the diagonal weights by a constant amountF − N .
The corresponding weight matrix has a simple eigenvalue at
µ = F , with right eigenvectord = 1 and left eigenvector
c
′ = 1

N
1
′. This choice of weight matrix also allows all

nodes to calculate the functionalc
′x[0], and has the appealing

feature of being an integer matrix, which could potentially
simplify the implementation of the consensus protocol. This
is a valid weight matrix in our scheme, but it is not allowed
in asymptotic consensus protocols since it will typically have
eigenvalues with magnitude larger than1.

While the analysis and weight matrices described in this
section are useful for reaching consensus on a linear func-
tional, it is not clear whether they allow the nodes to calculate
more arbitrary functions of the node values, or whether they
allow different nodes to calculate different functions. Wewill
now describe how to choose the weights to maximize the set
of functions that can be calculated by each node after running
the linear iteration for a finite number of time-steps. In the
process, we will obtain the proof of Theorem 2.

B. Characterization of All Calculable Functions for Each
Node

To determine the set of functions than can be calculated
by each nodei, we will first examine the maximum amount
of information that can be recovered about the initial values
after running the linear iteration. This essentially amounts to
maximizing the rank of the observability matrix for each node
i. To facilitate this investigation, recall the set

Si = {xj | There exists a path fromxj to xi in G} ∪ xi

(originally defined in Theorem 2), and let̄Si denote its
complement (G is the graph of the network). LetxSi

[k] denote
the vector that contains the values of the nodes inSi, and let
xS̄i

[k] denote the vector of values for the remaining nodes.
Without loss of generality, assume that the vectorx[k] in (3)
has the formx[k] =

[
x′

Si
[k] x′

S̄i
[k]

]′
(the vector can always

be arranged in this form by an appropriate permutation of the
node indices). Since there is no path from any node inS̄i to
nodei (and hence no path from any node in̄Si to any node
in Si), equation (3) takes the form

[
xSi

[k + 1]
xS̄i

[k + 1]

]

=

[
Wi,Si

0
Wi,SiS̄i

Wi,S̄i

] [
xSi

[k]
xS̄i

[k]

]

yi[k] =
[
Ei,Si

0
]
[
xSi

[k]
xS̄i

[k]

]

. (11)
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The outputs seen by nodei over the firstLi + 1 time-steps of
the linear iteration are given by








yi[0]
yi[1]

...
yi[Li]








=








Ei,Si
0

Ei,Si
Wi,Si

0
...

...
Ei,Si

WLi

i,Si
0








[
xSi

[0]
xS̄i

[0]

]

=








Ei,Si

Ei,Si
Wi,Si

...
Ei,Si

WLi

i,Si








xSi
[0] . (12)

This shows that nodei receives no information about any node
in the setS̄i, regardless of the choice of weight matrix, and
therefore cannot calculate any function of the node values
from that set. Furthermore, the matrix multiplyingxSi

[0] is
the observability matrix for the pair(Wi,Si

, Ei,Si
). Thus,

maximizing the rank of the observability matrix for nodei is
equivalent to maximizing the rank of the observability matrix
for the pair(Wi,Si

, Ei,Si
).

To choose a set of weights that accomplishes this, we
will use techniques from control theory pertaining tolinear
structured systems[18], [19], [20], [21]. Specifically, a linear
system of the form

x[k + 1] = Ax[k] ,

y[k] = Cx[k] ,

with state vectorx ∈ R
N and outputy ∈ R

p is said
to be structured if each entry of the matricesA and C
is either a fixed zero or an independent free parameter. A
structured pair(A, C) is said to bestructurally observable
if the corresponding observability matrix has full column
rank for at least one choice of free parameters. To analyze
structural properties (such as observability) of these systems,
one first associates a graphH with the structured pair(A, C)
as follows. The vertex set ofH is given byX ∪ Y, where
X = {x1, x2, . . . , xN} is the set of state vertices andY =
{y1, y2, . . . , yp} is the set of output vertices. The edge set of
H is given byEx ∪ Ey, whereEx = {(xj , xi)|Aij 6= 0} is the
set of edges corresponding to interconnections between the
state vertices, andEy = {(xj , yi)|Cij 6= 0} is the set of edges
corresponding to connections between the state vertices and
the output vertices. The following theorem characterizes the
conditions onH for the system to be structurally observable.
The terminologyY-topped pathis used to denote a path with
end vertex inY.

Theorem 4 ([21]): The structured pair(A, C) is struc-
turally observable if and only if the graphH satisfies both
of the following properties:

1) Every state vertexxi ∈ X is the start vertex of some
Y-topped path inH.

2) H contains a subgraph that covers all state vertices, and
that is a disjoint union of cycles andY-topped paths.

An appealing feature of structural properties is that they
hold generically. In other words, if the structured system is
observable for some particular choice of free parameters, it

will be observable for almost any choice of parameters (i.e.,
the set of parameters for which the system is not observable
has Lebesgue measure zero) [20], [21].

To apply the above results to the problem of maximizing the
rank of the observability matrix for the pair(Wi,Si

, Ei,Si
), we

note that matricesWi,Si
and Ei,Si

are essentially structured
matrices, with the exception that the nonzero entries inEi,Si

are taken to be1 rather than free parameters. However, this
is easily remedied by redefining the output available to node
i in (11) as

ȳi[k] =








λi,1 0 · · · 0
0 λi,2 · · · 0
...

...
. . .

...
0 0 · · · λi,degi +1








︸ ︷︷ ︸

Λi

yi[k]

= Λi

[
Ei,Si

0
]
x[k] ,

where theλi,j ’s are a set of free parameters. The matrix
ΛiEi,Si

has a single independent free parameter in each
row, and therefore qualifies as a valid structured matrix. The
observability matrix for the structured pair(Wi,Si

, ΛiEi,Si
) is








ΛiEi,Si

ΛiEi,Si
Wi,Si

...
ΛiEi,Si

WLi−1
i,Si








=








Λi 0 · · · 0
0 Λi · · · 0
...

...
. ..

...
0 0 · · · Λi















Ei,Si

Ei,Si
Wi,Si

...
Ei,Si

WLi−1
i,Si








,

and if the matrixΛi is invertible, the observability matrix
for the pair (Wi,Si

, ΛiEi,Si
) will have the same rank as the

observability matrix for the pair(Wi,Si
, Ei,Si

). Thus, for the
purposes of analyzing structural observability, we can assume
without loss of generality that the nonzero entries inEi,Si

are
all ones (i.e., takeΛi to be the identity matrix).

We can now use the above results on structured systems to
prove the key result in Theorem 2 (introduced at the end of
Section II).

Proof: [Theorem 2] From (12), we see that the output
available to nodei after Li + 1 time-steps is simply the
observability matrix for the pair(Wi,Si

, Ei,Si
) multiplied by

the vectorxSi
[0]. To prove the theorem, we only have to show

that the pair(Wi,Si
, Ei,Si

) is structurally observable, and to
accomplish this, we examine the associated graphH. In this
case,H is obtained as follows:

1) Take the subgraph ofG induced by the nodes inSi.
2) In this subgraph, add self-loops to every node to corre-

spond to the free parameterswjj on the diagonal of the
matrix Wi,Si

.
3) Add degi +1 output vertices (denoted by the setYi),

and place a single edge from nodei and each of its
neighbors to vertices inYi, corresponding to the single
nonzero entry in each row of the matrixEi,Si

.

Every node inH has a path to nodei (by definition of the set
Si), and therefore to an output vertex inYi (e.g., the output
vertex that has an edge from nodei). This satisfies the first
condition of Theorem 4. Furthermore, the self-loops on the
nodes form a set of disjoint cycles that covers every node in
H. This satisfies the second condition in Theorem 4, and so the
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pair (Wi,Si
, Ei,Si

) is structurally observable. This implies that
the observability matrix multiplyingxSi

[0] in (12) will have
full column rank for almost any choice ofWi,Si

(and hence for
almost any choice ofW ) for sufficiently largeLi. WhenW is a
square matrix withN columns, the bound in (7) indicates that
it will take at mostN − degi time-steps for the observability
matrix for the pair(W, Ei) to achieve its maximum rank.
Since the matrixWi,Si

has |Si| columns, we conclude that
the observability matrix for the pair(Wi,Si

, Ei,Si
) will take at

most|Si|−degi time-steps to become full column rank. Node
i can therefore recover the vectorxSi

[0] from the outputs of
the system over at most|Si| − degi time-steps.

Theorem 2 indicates that nodei can calculate any function
of the initial values of nodes that have a path to nodei, since
it can reconstruct those initial values after running the linear
iteration for a finite number of time-steps. Note that this is
the most general result that can be obtained for a given (time-
invariant) network, since if a nodej does not have a path
to node i in the network, it will be impossible for nodei
to calculate any function of nodej’s value (regardless of the
protocol). Since the above theorem holds for any nodei, and
for all but a set of weights of measure zero, we immediately
obtain the following corollary.

Corollary 1: Define the setS = ∩N
i=1Si, where

Si = {xj | There exists a path fromxj to xi in G} ∪ xi .

In other words,S is the set of nodes that have a path to all
nodes in the system. Then, for almost any choice of weight
matrix W , the nodes can reach consensus on any function of
the initial values of nodes inS after running the linear iteration
for at mostmaxi(|Si| − degi) time-steps.

Corollary 1 indicates that the nodes can reach consensus
after a finite number of iterations as long as the network has
a spanning tree (i.e., there is at least one node that has a
path to every other node). If the network is strongly connected
(i.e., there is a path from every node to every other node), the
nodes can reach consensus on any arbitrary function of the
initial values. This result is more general than those currently
existing in the literature (for time-invariant networks),which
typically focus on the nodes reachingasymptoticconsensus
on a linear functionalof the initial values (e.g., see [4], [3],
[8], and the discussion in Sections II and IV-A).

V. DECENTRALIZED CALCULATION OF THE

OBSERVABILITY MATRICES

In the previous sections, we saw that if the weight matrix
is chosen appropriately, the row space of the observability
matrix for each node will contain enough information for that
node to calculate the desired function of the initial values.
Specifically, there will exist a matrixΓi satisfying (5) for each
nodei, and nodei can use this matrix to calculateQx[0] from
(6). If required, it can then calculate more general (nonlinear)
functions ofQx[0]. However, findingΓi requires knowledge
of the observability matrixOi,νi−1. If the global topology of
the graph and all of the weights are knowna priori, thenΓi

can be calculated from the matrixOi,νi−1 and conveyed to
nodei. Note that in graphs with time-invariant topologies,Γi

only has to be computed once for eachi. However, in practice,
it may be the case that there is no opportunity to calculate the
Γi’s a priori, and therefore it will be necessary for the nodes
to calculate these matrices using only local information. In
this section, we show how each nodei can calculateΓi in
a decentralized manner. To accomplish this, we will assume
that the nodes knowN (or an upper bound forN ). We will
also assume that each node has a unique identifier, and that
the nodes know their position in an appropriate ordering of the
identifiers (e.g., the node with thej–th smallest identifier takes
its position to bej). We assume without loss of generality that
the vectorx[k] is consistent with this ordering (i.e.,xi[k] is
the value of the node whose position isi–th in the ordering).

As noted earlier, there are various ways for the nodes to
choose their weights so that the row spaces of the observability
matrices contain certain vectors. For example, if each node
independently chooses a random set of weights for its update
equation, the observability matrix will almost surely have
maximum possible rank. Alternatively, if the nodes are only
required to calculate the average of the initial values, they can
choose the weights in (10), (9) or any other similar set of
weights from the asymptotic consensus literature.

Once an appropriate set of weights is chosen, suppose the
nodes performN runs of the linear iteration, each forN − 1
time-steps. For thej–th run, nodej sets its initial condition to
be1, and all other nodes set their initial conditions to be zero.
In other words, ifx∗,j [k] denotes the vector of node values
during thek–th time-step of thej–th run, the nodes calculate
x∗,j [k + 1] = Wx∗,j [k], 0 ≤ k ≤ N − 2, 1 ≤ j ≤ N , where
x∗,j [0] = ej. Suppose that for each of theN runs, nodei
stores the values it sees over the firstN − degi time-steps.
Each nodei then has access to the matrix

Ψi,L =








yi,1[0] yi,2[0] · · · yi,N [0]
yi,1[1] yi,2[1] · · · yi,N [1]

...
...

. . .
...

yi,1[L] yi,2[L] · · · yi,N [L]








, (13)

for any 0 ≤ L ≤ N − degi −1, whereyi,j[k] = Eix∗,j [k].
Using (4), the above matrix can be written as

Ψi,L = Oi,L

[
x∗,1[0] x∗,2[0] · · · x∗,N [0]

]
,

and sincex∗,j [0] = ej , we see thatΨi,L = Oi,L. Node i
now has access to its observability matrix, and can find the
matrix Γi and the smallest integerLi such thatΓiOi,Li

= Q
(for the desired matrixQ). For future initial conditionsx[0],
node i can perform function calculation in the network by
running the linear iteration (1) forLi + 1 time-steps to obtain
the valuesyi[0], yi[1], . . . , yi[Li]. It can then immediately
obtain Qx[0] from (6), and use this to calculate the value
f(x1[0], x2[0], . . . , xN [0]) for any functionf : R

N → R
m

(note thatf can be completely arbitrary ifQ = IN ).
It is important to note that the above discovery algorithm

only needs to be run once (in time-invariant networks) in
order for the nodes to obtain theΓi matrices. After they
have obtained these matrices, they can use them to perform
function calculation for arbitrary sets of initial conditions. In
other words, the cost of discovering theΓi matrices will be
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amortized over the number of times they are used by the
nodes to perform function calculation. A full description of
the algorithm (including the initialization phase) can be found
in Fig. 1 and Fig. 2.

Remark 3: If the nodes only know an upper bound forN ,
the observability matrix obtained by each node will have one
or more columns that are entirely zero. This is because there
will be some runs of the linear iteration where all nodes set
their initial values to be zero, under the assumption that some
(nonexistent) node will be setting its value to1. In such cases,
the nodes can simply drop these zero columns from their
observability matrices, and continue as normal.

Remark 4:Note that the protocol described above for find-
ing the observability matrix requires each nodei to store
(degi +1) × N × (N − degi) values, because each output
vector yi,j [k] has degi +1 components, there areN − degi

outputs stored per run, and there areN runs in total. However,
it may be the case that the observability indexνi for nodei
is smaller thanN − degi, and so nodei may be storing more
values than required (since after time-stepνi, the rows of the
observability matrix are linear combinations of the previous
rows). This problem can be easily circumvented by having
the nodes run theN linear iterations inparallel, as opposed
to serially. In this way, the nodes construct the (observability)
matrix Ψi,L in (13) row-by-row, as opposed to column-by-
column. If nodei finds that the new rows of the observability
matrix do not increase its rank, or if the existing rows of
the observability matrix already contain the desired matrix
Q, node i can stop storing values. Note, however, that all
nodes still have to completeN − 1 time-steps of each run in
order to ensure that every node has an opportunity to find its
observability matrix. This slight modification of the protocol
would require each node to store at most(degi +1)×N × νi

values.
The communication cost incurred by the above protocol for

discovering the observability matrix can be characterizedas
follows. Since each node transmits a single value on each
outgoing edge at each time-step, and since there areN − 1
time-steps per run, withN runs in total, each nodei will have
to transmitN(N − 1)out-degi messages in order to run this
protocol. Summing over all nodes in the network, there will be
∑N

i=1 N(N−1)out-degi = N(N−1)|E| messages transmitted
in total (since

∑N
i=1 out-degi is equal to the number of edges

in the graph [15]). Note that in wireless networks, a single
transmission by nodei will be equivalent to communicating a
value along each outgoing edge of nodei (since all neighbors
of nodei will receive the message after just one transmission),
and thus each node would only have to transmitN(N − 1)
messages in order to run the protocol, for a total ofN2(N−1)
messages in the network.

Remark 5: It may be the case that the number of time-steps
required by each node to calculate its desired function will
vary from node to node (i.e., the value ofLi might be different
for different i’s). There are several different ways to handle
this. One option is to have the nodes run the linear iterationfor
a full N − 1 time-steps, even though they can calculate their
desired function afterLi + 1 time-steps (similar to what was
suggested in Remark 4). However, this could cause the linear

iteration to run for more time-steps than necessary (i.e., for
N − 1 time-steps, instead ofmaxi Li + 1 time-steps). To get
around this, one can have the nodes calculate the maximum of
all the Li’s after they have calculated theirΓi matrices. This
can be done via a simple protocol where each node starts
by broadcasting its own value ofLi, and then subsequently
maintains and broadcasts only the largest value it receivesfrom
a neighbor. After at mostN time-steps, all nodes will have
the maximum value ofLi [5], and then the nodes can run
subsequent linear iterations formaxi Li + 1 time-steps.

If the nodes are required to reach consensus, another option
to handle nonhomogeneousLi’s would be as follows. Each
nodei runs the linear iteration forLi + 1 time-steps, or until
it receives the consensus value from a neighbor. IfLi + 1
time-steps pass without receiving the consensus value, node i
can calculate the value and broadcast it its neighbors, along
with a flag indicating that it is the consensus value (and not
just the next step in the linear iteration). In this way, slower
neighbors of nodei will receive the function value at most
one time-step after nodei calculates it.

VI. EXAMPLE

6

5 4

3

1 2
-0.056

-1.075
0.427

1.801 1.565

1.048

-0.174

-1.926

1.286

-0.221

0.462

1.168

1.687
0.953

-1.295

-0.377

1.742

1.668

Fig. 3. Network with edge weights and self weights independently chosen
from a uniform distribution on the interval[−2, 2].

Consider the undirected network in Fig. 3. The objective
in this network is for the nodes to reach consensus on the
function

f(x1[0], x2[0], x3[0], x4[0], x5[0], x6[0]) =

x2
1[0] + x2

2[0] + x2
3[0] + x2

4[0] + x2
5[0] + x2

6[0] . (14)

The nodes do not know the entire topology, and there is no
centralized decision maker to calculate theΓi matrices for
each node. However, suppose that all nodes know that there
areN = 6 nodes in the system.

The first step is for the nodes to choose their weights.
Since the graph is undirected (and hence strongly connected),
Theorem 2 indicates that almost any choice of weights will
allow the nodes to reconstruct the valuesxj [0], 1 ≤ j ≤ 6
from the linear iteration (i.e., the matrixQ = I6 will be in
the row space of every observability matrix). The nodes can
then use these values to calculate the function (14). For this
example, we will have the nodes choose each of their weights
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Initialization Phase: Calculation of Network Parameters
INPUT: NetworkG, with N nodesx1, x2, . . . , xN , each with an ID and an associated functionfi : R

N → R
m.

1: Each nodei independently chooses a set of weightswij for the nodes in its neighborhood, and a weightwii for
itself.

2: for j = 1 to N
3: xj [0] = 1, xi[0] = 0 for all i 6= j.
4: for k = 0 to N-2
5: Each nodei updates its value as

xi[k + 1] = wiixi[k] +
∑

l∈Ni

wilxl[k].

6: Each nodei storesyi,j [k] = Eix[k].
7: end for
8: end for
9: Each nodei forms the matrixΨi,Li

in (13) and finds a valueLi and a matrixΓi satisfyingΓiΨi,Li
= Qi, for an

appropriate matrixQi which would allow nodei to calculatefi(x1[0], x2[0], . . . , xN [0]).
10: All nodes use a simple distributed protocol to determinemax1≤i≤N Li.
OUTPUT: Γi, Li and weightswij for each nodei, andmax1≤j≤N Lj .

Fig. 1. The initialization phase of the protocol. This phaseis used by the nodes to distributively determine the necessary information about the network in
order to later perform distributed function calculation.

Calculating Functions of Arbitrary Initial Conditions
INPUT: Network G, with N nodesx1, x2, . . . , xN , each with an (arbitrary) initial valuexi[0] and an associated
function fi : R

N → R
m. Each nodei knowsΓi, Li, weightswij andmax1≤j≤N Lj .

1: for k = 0 to max1≤j≤N Lj

2: Each nodei updates its value as

xi[k + 1] = wiixi[k] +
∑

l∈Ni

wilxl[k].

3: Each nodei storesyi[k] = Eix[k].
4: if k == Li for somei then
5: Nodei calculates

Γi








yi[0]
yi[1]

...
yi[Li]








= Qix[0] ,

which it uses to calculatefi(x1[0], x2[0], . . . , xN [0]).
6: end if
7: end for
OUTPUT: fi(x1[0], x2[0], . . . , xN [0]) for each nodei.

Fig. 2. The protocol to perform distributed function calculation via linear iterations. The inputs to this protocol canbe obtained by running the initialization
phase (given in Fig. 1), or can be calculated by a centralizedentity and provided to each nodei.

as an independent random variable uniformly distributed in
the interval[−2, 2]. These weights are shown in Fig. 3.

Next, the nodes use the protocol described in Section V
to discover their observability matrices. Specifically, they
run N = 6 different linear iterations, with initial condition
x∗,j [0] = ej for the j–th linear iteration. As discussed in
Remark 4, we will have the nodes run theN different linear
iterations in parallel, so that they compute the observability
matrix row-by-row. For instance, consider node1 in Fig. 3.

The matrixE1 in (3) is given by

E1 =





1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1



 .

After running theN = 6 different linear iterations for3 time-
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steps each, node1 has access to the matrix





y1,1[0] y1,2[0] y1,3[0] y1,4[0] y1,5[0] y1,6[0]
y1,1[1] y1,2[1] y1,3[1] y1,4[1] y1,5[1] y1,6[1]
y1,1[2] y1,2[2] y1,3[2] y1,4[2] y1,5[2] y1,6[2]



 =

















1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1

1.80 −1.08 0 0 0 0.43
−0.06 1.56 1.05 0 0 0
−0.38 0 0 0 1.74 1.67

3.14 −3.62 −1.13 0 0.74 1.48
−0.19 2.33 −0.38 1.35 0 −0.02
−1.31 0.41 0 2.94 4.57 0.37

















,

wherey1,j[k] is the output seen by node1 at time-stepk of
the j–th run. At this point, node1 finds that this matrix is of
full column rank, and so it does not need to store any further
values. However, it continues to perform the linear iterations
for 2 more time-steps (for a total ofN − 1 = 5 time-steps),
so that the observability matrix for every node in the system
is guaranteed to be of full column rank.

After all N runs are complete, each nodei has access to its
observability matrix, and can calculate the matrixΓi satisfying
ΓiOi,Li

= I6. We omit the values of theΓi matrices in the
interest of space. In this example, it is found thatLi = 2
for all i, and so all nodes can reconstruct all initial values
after Li + 1 = 3 time-steps. At this point, the nodes find
maxi Li = 2 via the protocol discussed in Remark 5, and so
they all agree to stop running subsequent linear iterationsafter
maxi Li + 1 = 3 time-steps.

Now that each nodei has access toΓi, it can use this matrix
to reconstruct any arbitrary set of initial values. Supposethat
on the next run, the initial values on the nodes are given by
x[0] =

[
−2 1 3 −1 0 2

]′
. In order to calculate the

function (14), the nodes run the linear iteration for three time-
steps. The values of the nodes over those time-steps are given
by

[
x[0] x[1] x[2]

]
=











−2 −3.823 −10.3214
1 4.821 0.1735
3 −7.238 11.6548

−1 −1.125 −3.9157
0 −4.277 −11.2704
2 4.090 0.8129











.

Using the outputs of the systemy1[0] = E1x[0], y1[1] =
E1x[1] and y1[2] = E1x[2], node1 can now reconstruct the
initial values as

Γ1





y1[0]
y1[1]
y1[2]



 =











−2
1
3

−1
0
2











.

It then substitutes these values into (14) to obtain a value of
19. All other nodes calculate the function in the same manner,
and the system reaches consensus in three time-steps.

Recall from Remark 2 that a lower bound on the number
of time-steps required by each node to calculate the function
(14) is given by the eccentricity of that node. Since both the
radius and the diameter of the graph in Fig. 3 are equal to
3, the eccentricity of every node is also equal to3 (i.e., for
every nodei, there is a nodej at distance3 from i), and
the linear iteration achieves the lower bound in this example.
In particular, no algorithm can achieve consensus in fewer
than three time-steps (assuming it takes one time-step for a
message to propagate along an edge), and so the linear iterative
strategy is time-optimal for this network. In contrast, suppose
we utilize a naive approach where all nodes send their values
to a single node, which then calculates the desired function
and broadcasts it back to all nodes. In the above network, this
approach would require at least six time-steps (three time-
steps for the central node to receive all values, and another
three time-steps for the result to propagate back to all nodes).

VII. SUMMARY AND FUTURE WORK

As we have seen from our development, in any given fixed
network, the nodes can calculate any function of the node
values by following a linear iterative strategy with almost
any choice of weights for a finite number of time-steps.
We provided a specific class of weights that can be used
to reach consensus on a linear functional of the values, and
demonstrated that any weight matrix that provides asymptotic
consensus (in time-invariant networks) also fits within this
class. Finally, we showed that it is not necessary for the entire
network topology to be knowna priori in order to use our
scheme, but that it is possible for the nodes to obtain the
necessary information about the network by running the linear
iteration with several different initial conditions.

There are a number of interesting directions for future
research, including finding ways to choose the weight matrix
to minimize the number of iterations required to calculate the
desired functions, and incorporating robustness to errorsin
the nodes and links (including an extension to time-varying
networks). We are actively pursuing these and other ideas in
our research.

APPENDIX

PROOF OFTHEOREM 3

Proof: Let Ri be a matrix whose rows form a basis
for the row space ofOi,νi−1. Thus,Ri represents all linear
functionals ofx[0] that can be obtained from the output of the
system (i.e., it completely characterizes all linear functionals
that are calculable by nodei). Define the matrix

Pi =

[
Ri

Ti

]

, (15)

whereTi is chosen to makePi square and invertible. If we
usePi to perform a similarity transformation on the system
(3) with output yi[k] = Eix[k], we obtain theobservable
canonical form

W̄ ≡ PiWP−1
i =

[
Wi,o 0
Wi,oō Wi,ō

]

, (16)

Ēi ≡ EiP
−1
i =

[
Ei,o 0

]
.
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In this form, the pair (Wi,o, Ei,o) is observable, and in
particular, all observable eigenvalues of the pair(W, Ei) are
contained in the submatrixWi,o [14], [16].

Let C̄i,o be the matrix whose rows contain all left eigen-
vectors ofWi,o corresponding to the observable eigenvalues of
the pair(W, Ei). Thus, we haveC̄i,oWi,o = Ji,oC̄i,o, where
Ji,o is the set of all Jordan blocks corresponding to observable
eigenvalues of the pair(W, Ei) [13], [14]. Now note that

[
C̄i,o 0

]
[

Wi,o 0
Wi,oō Wi,ō

]

= Ji,o

[
C̄i,o 0

]
.

From the definition ofW̄ in (16), we have
[
C̄i,o 0

]
PiW = Ji,o

[
C̄i,o 0

]
Pi ,

and using (15), we get̄Ci,oRiW = Ji,oC̄i,oRi. This implies
that the rows of the matrix̄Ci,oRi are the left eigenvectors
of W corresponding to observable eigenvalues of the pair
(W, Ei). Since the rows ofRi form a basis for the row space
of Oi,νi−1, we see that all left eigenvectors of the matrixW
corresponding to observable eigenvalues of the pair(W, Ei)
can be obtained as a linear combination of rows inOi,νi−1,
thereby completing the proof.

Remark 6:Note that the decomposition of the weight ma-
trix W in (11) has the same structure as the observable
canonical form (16). The difference between the two forms
is that the observable canonical form is obtained from a
similarity transformation of a particularnumerical weight
matrix, and furthermore, the similarity transformation matrix
Pi does not have to be a permutation matrix. In contrast the
decomposition in (11) is obtained by simply permuting the
rows and columns of astructuredweight matrix W . For a
given network, the size of the matrixWi,o in (16) will be no
larger than the size of the matrixWi,Si

in (11), and can be
smaller for certain choices of the weight matrix.
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