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Abstract

We consider the problem of selecting an optimal set of sensors to estimate the states of linear dynamical systems. Specifically,
the goal is to choose (at design-time) a subset of sensors (satisfying certain budget constraints) from a given set in order to
minimize the trace of the steady state a priori or a posteriori error covariance produced by a Kalman filter. We show that
the a priori and a posteriori error covariance-based sensor selection problems are both NP-hard, even under the additional
assumption that the system is stable. We then provide bounds on the worst-case performance of sensor selection algorithms
based on the system dynamics, and show that greedy algorithms are optimal for a certain class of systems. However, as a
negative result, we show that certain typical objective functions are not submodular or supermodular in general. While this
makes it difficult to evaluate the performance of greedy algorithms for sensor selection (outside of certain special cases), we
show via simulations that these greedy algorithms perform well in practice.
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1 Introduction

One of the key problems in control system design is to
select an appropriate set of actuators or sensors (either
at design-time or at run-time) in order to achieve cer-
tain performance objectives [33]. For the objective of es-
timating the state of a given linear Gauss-Markov sys-
tem, there has been a growing literature in the past few
years that studies how to dynamically select sensors at
run-time to minimize certain metrics of the error covari-
ance of the corresponding Kalman filter. This is known
as the sensor scheduling problem, due to the fact that a
different set of sensors can be chosen at each time-step
(e.g., see [9,12]).

⋆ This paper was not presented at any IFAC meeting.
Some of the results in this paper appeared in preliminary
form in [36]. This material is based upon work supported
by a grant from Intel Corporation. Corresponding author:
Shreyas Sundaram. Telephone of the corresponding author:
1-(765)-496-0406.

Email addresses: h223zhan@uwaterloo.ca (Haotian
Zhang), raid.ayoub@intel.com (Raid Ayoub),
sundara2@purdue.edu (Shreyas Sundaram).

The design-time sensor selection problem (where the set
of chosen sensors is not allowed to change over time) has
been studied in various forms, including cases where the
objective is to guarantee a certain structural property of
the system [26], to optimize energy or information the-
oretic metrics [29,17], or to compute the optimal sens-
ing matrix under a norm constraint [2]. 1 Various sensor
selection heuristics have also been proposed for estima-
tion of static random variables (e.g., see [13,6,24]); how-
ever, the corresponding results do not directly translate
to the case of estimating the (vector) state of dynamical
systems.

In [8], the authors studied the design-time actua-
tor/sensor selection problem for continuous-time linear
dynamical systems using the sparsity-promoting frame-
work from [20,27]. For the sensor selection problem, the
objective is to design a Kalman gain matrix to minimize
the resultingH2 norm from the noise to the predicted es-
timation error. Sparsity is achieved by adding a penalty
function for non-zero columns of the gain matrix. In con-
trast to the formulation in [8], in this paper, we directly

1 There have also been various recent studies of the dual
design-time actuator placement problem (e.g., see [32,27]).
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focus on minimizing functions of the steady state error
covariances of discrete-time Kalman filters, and impose
a hard constraint on the set of sensors to be chosen.

In [30,31], the authors studied the design-time sensor se-
lection problem for discrete-time linear time-varying sys-
tems over a finite horizon. They assumed that each sen-
sor directly measures one component of the state vector,
and the objective is either to minimize the estimation
error with a cardinality constraint or to minimize the
number of chosen sensors while guaranteeing a certain
level of performance. Different from the formulation in
[30,31], we consider general measurement matrices and
focus on minimizing the steady state estimation error of
the Kalman filter.

In [34], the authors considered the same problem as the
one we considered here, namely the design-time sensor
selection problem for Kalman filtering in discrete-time
linear dynamical systems with hard constraints. They
showed that the sensor selection problem can be ex-
pressed as a semidefinite program (SDP). However, the
results in [34] can only be applied to systems where the
sensor noise terms are uncorrelated, and no theoretical
guarantees were provided on the performance of the pro-
posed heuristics.

In this paper, we consider the design-time sensor selec-
tion problem for optimal filtering of discrete-time linear
dynamical systems. Specifically, we study the problem of
choosing a set of sensors (under certain constraints) to
optimize either the a priori or the a posteriori error co-
variance of the corresponding Kalman filter; we will refer
to these problems as the priori and posteriori Kalman
filtering sensor selection (KFSS) problems, respectively.
Note that the priori KFSS problem is applicable for set-
tings where a prediction of system states is needed and
the posteriori KFSS problem is suitable for applications
where the estimation can be conducted after receiving
up-to-date measurements [1].

Our contributions are threefold. First, we show that it is
NP-hard to find the optimal solution of cost-constrained
priori and posteriori KFSS problems, even under the
assumption that the system is stable. It is often claimed
in the literature that sensor selection problems are
intractable [13,11]; however, except for certain prob-
lems with utility or energy based cost functions (e.g.,
see [32,3]), to the best of our knowledge, there is still
no explicit characterization of the complexity of the
optimal-filtering based sensor selection problems con-
sidered in this paper.

Our second contribution is to provide insights into what
factors of the system affect the performance of sensor se-
lection algorithms by using the concept of the sensor in-
formation matrix [11]. For the priori KFSS problem, we
show that when the system is stable, the worst-case per-
formance can be bounded by a parameter that depends

only on the system dynamics matrix, and that the per-
formance of a sensor selection algorithm cannot be arbi-
trarily bad if the system matrix is well conditioned, even
under very large noise. For the posteriori KFSS problem,
we show that for a given system, the worst-case perfor-
mance of any selection of sensors can be upper-bounded
in terms of the eigenvalues of the system noise covari-
ance matrix and the corresponding sensor information
matrix.

Since it is intractable to find the optimal selection of
sensors in general, a reasonable tradeoff is to design ap-
propriate approximation algorithms. In [12], the authors
considered various cost functions for the (run-time) sen-
sor scheduling problem. They showed that one of these
considered cost functions is submodular while the oth-
ers are not; for the submodular cost function, a certain
greedy algorithm can be applied to obtain guaranteed
performance. Greedy algorithms have also drawn much
attention for other forms of sensor selection problems,
e.g., see [28,29,17,31]. Thus, our third contribution is
the study of greedy algorithms for the priori and pos-
teriori KFSS problems. We first show that greedy algo-
rithms are optimal (with respect to the corresponding
KFSS problems) for a certain class of systems. How-
ever, for general systems, as a negative result, we show
that the cost functions of both the priori and posteriori
KFSS problems (and the other cost functions studied in
[12]) do not necessarily have certain modularity prop-
erties. This precludes the direct application of classical
results from the theory of combinatorial optimization
and implies that the underlying structures of the KFSS
problems are different from the other types of sensor se-
lection problems. Nevertheless, we show via simulations
that greedy algorithms perform well in practice. More-
over, compared to the algorithms in [34], the greedy al-
gorithms provided in this paper can be applied to a more
general class of systems (where the sensor noises are cor-
related), are more efficient and (in simulations) provide
comparable performance.

The rest of the paper is organized as follows. In Sec-
tion 2, we formulate the (design-time) sensor selection
problems. In Section 3, we analyze the complexity of
the priori and posteriori KFSS problems. In Section 4,
we provide worst-case guarantees on the performance of
sensor selection algorithms. In Section 5, we propose and
study two greedy algorithms for sensor selection, and il-
lustrate their performance and complexity in Section 6.
We conclude in Section 7.

1.1 Notation and Terminology

The set of integers, real numbers and complex numbers
are denoted as Z, R and C, respectively. For a square
matrixM ∈ Rn×n, letMT , trace(M), det(M), {λi(M)}
and {σi(M)} be its transpose, trace, determinant, set of
eigenvalues and set of singular values, respectively. The
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set of eigenvalues {λi(M)} ofM are ordered with nonde-
creasing magnitude (i.e., |λ1(M)| ≥ · · · ≥ |λn(M)|); the
same order applies to the set of singular values {σi(M)}.
A positive semi-definite matrix M is denoted by M ≽ 0
andM ≽ N ifM−N ≽ 0; the set of n by n positive semi-
definite (resp. positive definite) matrices is denoted by
Sn+ (resp. Sn++). The identity matrix with dimension n is
denoted by In×n. For a vector v, let diag(v) be the diag-
onal matrix with diagonal entries being the elements of
v; for a set of matrices {Mi}qi=1, let diag(M1, · · · ,Mq) be
the block diagonal matrix with the i-th diagonal block
being Mi. For a random variable w, denote E[w] as its
expectation.

2 Problem Formulation

Consider the discrete-time linear system

x[k + 1] = Ax[k] + w[k], (1)

where x[k] ∈ Rn is the system state, w[k] ∈ Rn

is a zero-mean white Gaussian noise process with
E
[
w[k](w[k])T

]
= W for all k ∈ N, and A ∈ Rn×n is

the system dynamics matrix. We assume throughout
that the pair (A,W

1
2 ) is stabilizable.

The set of sensors to be installed on the system must
come from a given set Q consisting of q sensors. Each
sensor i ∈ Q provides a measurement of the form

yi[k] = Cix[k] + vi[k], (2)

where Ci ∈ Rsi×n is the state measurement matrix
for that sensor, and vi[k] ∈ Rsi is a zero-mean white
Gaussian noise process. For convenience, we define

y[k] ,
[
(y1[k])

T · · · (yq[k])T
]T

, C ,
[
CT

1 · · · CT
q

]T
and v[k] ,

[
(v1[k])

T · · · (vq[k])T
]T

. Then the mea-

surement equation corresponding to the output of all
sensors is

y[k] = Cx[k] + v[k]. (3)

Denote E
[
v[k](v[k])T

]
= V and take E

[
v[k](w[j])T

]
=

0 for all j, k ∈ N. We assume that the pair (A,C) is
detectable.

Each sensor i ∈ Q has an associated cost bi ∈ R≥0, repre-
senting, for example, monetary costs of purchasing and
installing that sensor or the energy consumption of that

sensor. Define the cost vector b , [b1 · · · bq]T . We also
assume there is a sensor budget B ∈ R≥0, representing
the total cost that can be spent on sensors from Q.

For any given subset of sensors that is installed, the
Kalman filter provides the optimal estimate of the state
using the measurements from those sensors (in the sense
of minimizing mean square estimation error, under the

stated assumptions on the noise processes). Let z ∈
{0, 1}q be the indicator vector of the installed sensors,
i.e., zi = 1 if and only if sensor i ∈ Q is installed. Define
the selection matrix Z , diag(z1Is1×s1 , · · · , zqIsq×sq )

and denote C̃ , ZC and Ṽ , ZV ZT . Let Σk|k−1(z) and
Σk|k(z) be the a priori error covariance matrix and the
a posteriori error covariance matrix (at time-step k) of
the Kalman filter when the set of sensors indicated by
the vector z are installed, respectively. If the pair (A, C̃)

is detectable (and given the stabilizability of (A,W
1
2 )),

both Σk|k−1(z) and Σk|k(z) will converge to unique lim-
its [1]; denote the limits of Σk|k−1(z) and Σk|k(z) by
Σ(z) and Σ∗(z), respectively. We will also use Σ(S) and
Σ∗(S) to denote these quantities for a specific set of sen-
sors S ⊆ Q.

The limit Σ(z) of the a priori error covariance sat-
isfies the following discrete algebraic Riccati equation
(DARE) [1]:

Σ(z) = AΣ(z)AT +W−
AΣ(z)C̃T (C̃Σ(z)C̃T + Ṽ )−1C̃Σ(z)AT . (4)

Define Σ̃(z) , AΣ∗(z)AT +W . The limit Σ∗(z) of the a
posteriori error covariance satisfies the following equa-
tion [5]:

Σ∗(z) = Σ̃(z)− Σ̃(z)C̃T
(
C̃Σ̃(z)C̃T + Ṽ

)−1
C̃Σ̃(z). (5)

Using the matrix inversion lemma [10], the DARE (4)
and the equation (5) can also be written as

Σ(z) = W +A(Σ−1(z) +R(z))−1AT , (6)

and

Σ∗(z) =
(
(AΣ∗(z)AT +W )−1 +R(z)

)−1
, (7)

respectively, where the matrix R(z) , C̃T Ṽ −1C̃ is the
so-called sensor information matrix corresponding to the
indicator vector z. 2 Note that Σ(z) and Σ∗(z) are cou-
pled as follows [5]:

Σ∗(z) = (Σ−1(z) +R(z))−1. (8)

Further note that the inverses in the equations (4)-(8)
are interpreted as pseudo-inverses if the arguments are
not invertible. 3

2 Note that the sensor information matrix is different from
the Fisher information matrix, which is the inverse of the
error covariance matrix [1].
3 For the special case of V = 0, the matrix inversion lemma
does not hold under pseudo-inverses (unless z = 0) and thus
we compute Σ(z) and Σ∗(z) by equations (4) and (5).
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Definition 1 (Feasible Sensor Selection) The sen-
sor selection z ∈ {0, 1}q is said to be feasible if the cost
constraint is satisfied (i.e., bT z ≤ B) and both Σk|k−1(z)
and Σk|k(z) converge to finite limits (denoted by Σ(z)
and Σ∗(z), respectively) which do not depend on Σ0|0(z)
as k →∞.

We will use the following well-known result on Kalman
filtering [1].

Lemma 1 When the pair (A,W
1
2 ) is stabilizable, the

indicator vector z satisfying bT z ≤ B is feasible if and
only if the pair (A, C̃) is detectable.

We now propose the following priori and posteriori
Kalman filtering sensor selection (KFSS) problems.
Denote s =

∑q
i=1 si.

Problem 1 (Priori KFSS Problem) Given a system
dynamics matrix A ∈ Rn×n, a measurement matrix C ∈
Rs×n, a system noise covariance matrix W ∈ Sn+, a
sensor noise covariance matrix V ∈ Ss+, a cost vector
b ∈ Rq

≥0, and a budget B ∈ R≥0, the priori KFSS prob-
lem is to find a sensor selection vector z that solves

min
z

trace(Σ(z))

s.t. bT z ≤ B

z ∈ {0, 1}q

where Σ(z) is given by equation (4), or else determine
that no feasible sensor selection exists.

Problem 2 (Posteriori KFSS Problem) Given a
system dynamics matrix A ∈ Rn×n, a measurement
matrix C ∈ Rs×n, a system noise covariance matrix
W ∈ Sn+, a sensor noise covariance matrix V ∈ Ss+, a
cost vector b ∈ Rq

≥0, and a budget B ∈ R≥0, the posteri-
ori KFSS problem is to find a sensor selection vector z
that solves

min
z

trace(Σ∗(z))

s.t. bT z ≤ B

z ∈ {0, 1}q

where Σ∗(z) is given by equation (5), or else determine
that no feasible sensor selection exists.

Note that the only difference between Problem 1 and
Problem 2 is the objective function (the former is to
minimize trace(Σ(z)) and the latter is to minimize
trace(Σ∗(z))). Further note that other types of sensor
selection problems also consider the same constraints
(e.g., [13,24,23]), but with different objective functions.

In the following sections, we will discuss the complexity
of the two KFSS problems and investigate approaches
to address these problems.

3 Complexity of the Priori and Posteriori KFSS
Problems

In this section, we show that the priori and posteriori
KFSS problems are both NP-hard. To do this, we will
relate them to the problems described below.

Problem 3 Given a matrix A ∈ Rn×n, the problem of
finding a diagonal matrix M ∈ Rn×n with the fewest
nonzero elements such that the pair (A,M) is control-
lable (resp. stabilizable, detectable) is referred to as the
minimum controllability (resp. minimum stabilizability,
minimum detectability) problem.

Theorem 1 The priori KFSS problem and the posteri-
ori KFSS problem are NP-hard.

PROOF. We first give a reduction from the minimum
detectability problem to the priori KFSS problem (resp.
posteriori KFSS problem). GivenA ∈ Rn×n for the min-
imum detectability problem and some p ∈ {1, . . . , n},
the instance for the corresponding priori KFSS problem
(resp. posteriori KFSS problem) with parameter p is the
system matrix A, the set Q of n sensors with the mea-
surement matrix C = In×n, the system noise covariance
matrix W = In×n, the sensor noise covariance matrix
V = In×n, the cost vector b = [1 · · · 1]T and the budget
B = p. 4 Suppose there is an algorithm A that outputs
a sensor selection vector z that minimizes trace(Σ(z))
(resp. trace(Σ∗(z)) ) and satisfies bT z ≤ B, or outputs a
flag if there is no feasible sensor selection. If the output
of algorithm A is a subset of sensors (rather than the
flag), by Lemma 1, we know that the solution to the min-
imum detectability problem (i.e., the minimum number
of nonzero entries of the diagonal matrix M ∈ Rn×n

such that (A,M) is detectable) is at most p. In order
to solve the minimum detectability problem, we need to
call algorithm A at most n times (i.e., increase p from
1 to n). Thus, if the minimum detectability problem is
NP-hard, then the priori KFSS problem (resp. posteriori
KFSS problem) is also NP-hard.

The NP-hardness of the minimum detectability prob-
lem follows from the proof of NP-hardness of the mini-
mum controllability problem in [25]. Specifically, given
n1, n2 ∈ Z≥1 and a collection C of n1 nonempty subsets
of {1, · · · , n2}, letA(C) = U−1 diag(1, · · · , n1+n2+1)U ,
where U is some invertible matrix related to C. 5 In
[25], the author proved that C has a hitting set with
cardinality s if and only if there exists a diagonal ma-
trix M with no more than s nonzero entries such that
(A(C),M) is controllable. Since the hitting set problem

4 Note that here s = n (i.e., si = 1,∀i).
5 Note that U is constructed based on the incidence matrix
of C; we omit the construction details and refer to the proof
of Theorem 1.1 in [25].
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is NP-hard, the minimum controllability problem is also
NP-hard. Note that the set of eigenvalues of A(C) is
{1, · · · , n1 + n2 + 1}, which are all unstable. Thus, to
find a matrix M such that (A(C),M) is stabilizable is
equivalent to finding a matrix M such that (A(C),M)
is controllable, which implies that the minimum stabi-
lizability problem is NP-hard. By the duality of stabi-
lizability and detectability, the minimum detectability
problem is also NP-hard, completing the proof. 2

Note that the above result shows that it is NP-hard to
find a feasible solution for the priori and posterior KFSS
problems, even when all sensors have identical costs.
The following result shows that the priori and posterior
KFSS problems are still NP-hard if the system dynamics
matrix A is stable (so that all sensor selections satisfy-
ing the cost constraint are feasible), but when the sensor
costs can be arbitrary.

Theorem 2 The priori KFSS problem and posteriori
KFSS problem are NP-hard even under the additional
assumption that the system dynamics matrix A is stable.

PROOF. We show the result by giving reductions from
the optimization form of the 0-1 knapsack problem [14]
to the priori and posteriori KFSS problems. Through-
out this proof, we assume that the measurement of each
sensor is a scalar (i.e., si = 1, ∀i). For the steady state
a priori error covariance Σ (resp. a posteriori error co-
variance Σ∗), when A = aIn×n with 0 < a < 1 being
some constant (resp. when A = 0), C = In×n, V = 0,
and W = diag([w1 · · ·wn]), we know that Σ (resp. Σ∗)
is diagonal with Σii = wi (resp. Σ

∗
ii = 0) if zi = 1 and

Σii =
wi

1−a2 (resp. Σ∗
ii = wi) if zi = 0. Thus, the reduc-

tion of the a priori (resp. a posteriori) estimation error

by adding sensor i is Σii(zi = 0)−Σii(zi = 1) = a2

1−a2wi

(resp. Σ∗
ii(zi = 0)− Σ∗

ii(zi = 1) = wi), ∀i.

Given the number of items n, the set of values {αi}, the
set of weights {βi} and the weight budget β̄ for the 0-
1 knapsack problem, the corresponding instance for the
priori (resp. posteriori) KFSS problem is the stable sys-
tem matrix 6 A = 1

2In×n (resp. A = 0), the set Q of n
sensors with the measurementmatrixC = In×n, the sys-
tem noise covariance matrix W = diag([w1 · · ·wn]) with

wi =
1−a2

a2 αi = 3αi (resp. wi = αi), the sensor noise co-

variance matrix V = 0, the cost vector b = [β1 · · ·βn]
T

and the budget B = β̄. Then we can see that an indi-
cator vector z for the 0-1 knapsack problem is optimal
if and only if it is optimal for the corresponding priori
(resp. posteriori) KFSS problem. Since the optimization
form of the 0-1 knapsack problem is NP-hard, the priori
and posteriori KFSS problems are NP-hard even under

6 Note that here we take the constant a = 1
2
.

the additional assumption that the matrix A is stable,
completing the proof. 2

Remark 1 The above results complement the few works
in the literature that explicitly characterize the complex-
ities of sensor selection problems, such as [3] where a
utility-based sensor selection problem is shown to be NP-
hard, and [32] where the NP-hardness of an energy met-
ric based sensor selection problem is established.

In the rest of this paper, we focus on the case where
the pair (A,Ci) is detectable, ∀i ∈ {1, · · · , q}. Note that
in this case, any choice of sensors satisfying the cost
constraint (except z = 0 if A is unstable) is feasible.

4 Upper Bounds on the Performance of Sensor
Selection Algorithms

In this section, we study worst-case bounds on the per-
formance of sensor selection algorithms for the priori and
posteriori KFSS problems. Specifically, we consider the
following ratio r(Σ):

r(Σ) , trace(Σworst)

trace(Σopt)
,

where Σopt and Σworst are the solutions of the DARE
corresponding to the optimal selection of sensors and the
worst-case feasible selection, respectively, and also the
ratio

r(Σ∗) , trace(Σ∗
worst)

trace(Σ∗
opt)

,

which is defined similarly. Note that for any a priori
covariance (resp. a posteriori covariance) based sensor
selection algorithm, the performance of that algorithm
is within r(Σ) (resp. r(Σ∗)) times the optimal perfor-
mance. In other words, the quantities r(Σ) and r(Σ∗)
characterize the ‘spectrum’ of the performance of all fea-
sible selections.

Note that since it is difficult in general to obtain the an-
alytical solution of the DARE (4) (and also the steady
state a posteriori error covariance from equation (8)),
the problem of providing bounds for the DARE solution
has been studied extensively in the literature; see [18]
and the references therein. However, the existing upper
bounds on the DARE solution typically assume that the
system is stable [19] or that the corresponding sensor
information matrix is nonsingular [15,16]; the latter as-
sumption is restrictive in the context of sensor selection.
Thus, in this section, we focus on the case where the sys-
tem is stable to obtain more insights into the factors that
affect the performance of sensor selection algorithms.

4.1 Upper Bound for r(Σ)

We first derive an upper bound on the ratio r(Σ) for the
priori KFSS problem when the system is stable. We will
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be using the following results.

Lemma 2 ([16]) ForΣ(z) ≽ 0 satisfying the DARE (6)
withW ≻ 0, we have Σ(z) ≽ A(W−1+R(z))−1AT +W .

Lemma 3 ([35,10]) For Hermitian matrices M,N ∈
Cn×n, we have λn(M + N) ≥ λn(M) + λn(N),
λ1(M +N) ≤ λ1(M) + λ1(N), and λn(M) trace(N) ≤
trace(MN) ≤ λ1(M) trace(N).

Lemma 4 ([21]) A square matrix A ∈ Rn×n is Schur
stable if and only if there exists a nonsingular matrix P
such that σ1(PAP−1) < 1.

Remark 2 Note that in the above lemma, the ma-
trix P can be constructed by using the eigenvalues and
(generalized) eigenvectors of A [21]. Thus, for any
stable square matrix A, there exists some positive con-

stant αA , σ2
1(P )

σ2
n(P )(1−σ2

1(PAP−1))
which only depends

on A, where the matrix P is nonsingular and satisfies
σ1(PAP−1) < 1. This constant αA will be used to es-
tablish the performance upper bounds in the rest of this
section.

To incorporate the nature of the sensor setQ, our results
will use the sensor information matrix R(z) from (6)

which encapsulates both the measurement matrix C̃ and
the sensor noise covariance matrix Ṽ corresponding to
the indicator vector z.

Theorem 3 For a given cost vector b and budget B, let
R = {R(z)} be the set of all sensor information matrices
such that the constraint bT z ≤ B is satisfied. Denote
λmax
1 , max{λ1(R)|R ∈ R}. Then for the system (1)

with stable A and W ≻ 0,

r(Σ) ≤ αA(1 + λmax
1 λn(W )) trace(W )

nσ2
n(A)λn(W ) + (1 + λmax

1 λn(W )) trace(W )
,

(9)
where αA is some positive constant that only depends on
A, as defined in Remark 2.

PROOF. We first provide an upper bound for
trace(Σworst). Consider the case where z = 0 (i.e.,
no sensors are chosen). Note that since A is stable,
z = 0 is feasible (in the sense of Definition 1). In this
case, the DARE (4) becomes the Lyapunov equation
Σ(0) = AΣ(0)AT + W . Define Σ̄ = PΣ(0)PT and
W̄ = PWPT , where P is nonsingular and satisfies
σ1(PAP−1) < 1. Note that since the matrix A is stable,
by Lemma 4, such a matrix P always exists.

Let D = PAP−1. Then we get Σ̄ = DΣ̄DT +
W̄ . By Lemma 3, we know that trace(DΣ̄DT ) =
trace(DTDΣ̄) ≤ σ2

1(D) trace(Σ̄) and thus trace(Σ̄) ≤
trace(W̄ )
1−σ2

1(D)
. Since W,Σ ≽ 0 and the matrix PTP is

symmetric, by Lemma 3, we know that trace(Σ̄) =
trace(PTPΣ(0)) ≥ σ2

n(P ) trace(Σ(0)) and trace(W̄ ) =
trace(PTPW ) ≤ σ2

1(P ) trace(W ). Combining the above
analysis, we obtain

trace(Σworst) ≤ trace(Σ(0))

≤ σ2
1(P )

σ2
n(P )

trace(W )

1− σ2
1(D)

= αA trace(W ),

where the last equality is due to Lemma 4 and Remark 2.

Next we derive a lower bound for trace(Σopt). Specifi-
cally, for any given z, we have

trace(Σ(z)) ≥ trace(A(W−1 +R(z))−1AT +W ) (10)

≥ λn(A
TA) trace((W−1 +R(z))−1)

+ trace(W ) (11)

= σ2
n(A)

n∑
i=1

1

λi(W−1 +R(z))
+ trace(W )

≥ nσ2
n(A)

λ1(W−1 +R(z))
+ trace(W )

≥ nσ2
n(A)

λ1(W−1) + λ1(R(z))
+ trace(W ) (12)

≥ nσ2
n(A)

1
λn(W ) + λmax

1

+ trace(W ).

Note that inequality (10) is due to Lemma 2 and inequal-
ities (11) and (12) are due to Lemma 3. Further note
that the derived lower bound for trace(Σ(z)) holds for
any sensor selection z and thus holds for trace(Σopt).

The result follows by combining the upper bound for
trace(Σworst) and the lower bound for trace(Σopt). 2

The above result also yields a simpler upper bound for
r(Σ) which highlights the role of the system dynamics
matrix A.

Corollary 1 If the given system (1) is stable, there exists
a constant αA (given by Remark 2) which only depends
on the matrix A such that r(Σ) ≤ αA. Furthermore, if
the matrix A is stable and normal (i.e., ATA = AAT ),
then r(Σ) ≤ 1

1−λ2
1(A)

.

PROOF. The proof of the first part (i.e., r(Σ) ≤ αA)
immediately follows by noting that the denominator
in (9) is lower bounded by (1 + λmax

1 λn(W )) trace(W ).
When A is normal, the set of singular values of A coin-
cides with its eigenvalues [10] (i.e., σi(A) = |λi(A)|, ∀i).
Since A is stable, we know that σ1(A) = |λ1(A)| < 1.
Thus, in Lemma 4, we can choose the transformation
matrix P to be the identity matrix (i.e., P = I). Then
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by Remark 2, we have r(Σ) ≤ αA = 1
1−λ2

1(A)
, complet-

ing the proof. 2

Remark 3 Note that for fixedA andW , the upper bound
of r(Σ) in (9) approaches αA as λmax

1 gets bigger. In other
words, when the measurement (from the past time-step)
is more accurate, the worst-case difference among all fea-
sible sensor selection algorithms is mainly determined by
the system dynamics. Since there exists an upper bound
for r(Σ) which only depends on the system dynamics ma-
trix A, no sensor selection algorithm will provide arbi-
trarily bad performance as long as A is well conditioned,
regardless of the statistics of the noise processes and the
nature of the sensor set Q. In particular, if A = 0, then
the state x[k + 1] in (1) is uncorrelated with x[k], and
thus measurements of the current state are not useful in
predicting the next state. This is corroborated by the fact
that r(Σ) = 1 in this case.

4.2 Upper Bound for r(Σ∗)

Next, we provide an upper bound on the ratio r(Σ∗) for
the posteriori KFSS problem when the system is stable.
We will use the following result.

Lemma 5 ([10]) For matrices M,N ∈ Sn+, if M ≽ N ,
we have M−1 ≼ N−1.

Theorem 4 For given cost vector b and budget B, let
R = {R(z)} be the set of all sensor information matrices
such that the constraint bT z ≤ B is satisfied. Denote
λmax
1 , max{λ1(R)|R ∈ R}. Then for the system (1)

with stable A and W ≻ 0,

r(Σ∗) ≤ αA

(
λ1(W )

λn(W )
+ λmax

1 λ1(W )

)
, (13)

where αA is some positive constant that only depends on
A, as defined in Remark 2.

PROOF. Wefirst give an upper bound for trace(Σ∗
worst).

Since R(z) ≽ 0,∀z, by Lemma 5 and equation (8),
we know that Σ∗(z) ≼ Σ(z), ∀z. Thus, a simple
upper bound for trace(Σ∗

worst) is trace(Σ∗
worst) ≤

trace(Σworst) ≤ αA trace(W ) ≤ nαAλ1(W ), where αA

is defined in Remark 2.

Next we give a lower bound for trace(Σ∗
opt). For conve-

nience, define the following notation:

X1(z) , (A(W−1 +R(z))−1AT +W )−1 +R(z),

X2(z) , A(W−1 +R(z))−1AT +W.

Note thatX2(z) is the matrix lower bound for Σ(z) given
in Lemma 2 and X1(z) = X−1

2 (z) + R(z). Thus, by

Lemma 5 and equation (8), we have Σ∗(z) = (Σ−1(z) +
R(z))−1 ≽ (X−1

2 (z) + R(z))−1 = X−1
1 (z). Moreover, it

is easy to see that X2(z) ≽ W and thus λn(X2(z)) ≥
λn(W ).

Then for any given z, we have

trace(Σ∗(z)) ≥ trace(X−1
1 (z))

=
n∑

i=1

1

λi(X1(z))
≥ n

λ1(X1(z))

≥ n

λ1(X
−1
2 (z)) + λ1(R(z))

(14)

≥ n
1

λn(X2(z))
+ λmax

1

≥ n
1

λn(W ) + λmax
1

.

Note that inequality (14) is due to Lemma 3. Since the
above lower bound holds for any sensor selection z, it
also holds for trace(Σ∗

opt).

The result follows by combining the upper bound for
trace(Σ∗

worst) and the lower bound for trace(Σ∗
opt). 2

Remark 4 As argued in Remark 3, when the system is
stable, r(Σ) can be upper bounded by a constant which
only depends on the systemmatrixA. However, the above
result suggests that r(Σ∗) depends on both the system
noise covariance matrixW and the achievable ‘quality’ of
measurements (which is characterized by λmax

1 ). In par-
ticular, when C = In×n, V = v̄In×n and W = w̄In×n,
where v̄, w̄ > 0 are some constants, we have λ1(W ) =
λn(W ) = w̄, λmax

1 = 1
v̄ and r(Σ∗) ≤ αA(1 + w̄

v̄ ); thus,
for a fixed matrix A, the worst-case difference among
all feasible sensor selection algorithms becomes smaller
if the system noise gets smaller (i.e., w̄ gets smaller) or
the measurements become more inaccurate (i.e., v̄ gets
bigger).

5 Greedy Algorithms

In this section, we explore simple greedy algorithms to
solve the priori and posteriori KFSS problems, given as
Algorithm 1 and Algorithm 2, respectively. We focus on
the case where the cost vector b = [1 · · · 1]T and the
budget B = p for some p ∈ {1, · · · , q} (i.e., our goal is
to choose p sensors out of the total q sensors to optimize
the performance of the Kalman filter). In other words,
an indicator vector z is valid if z ∈ Zp where Zp is
defined to be the set of indicator vectors with no more
than p nonzero elements. The basic idea of the greedy
algorithms is to iteratively pick sensors that provide the
largest incremental decrease in the steady state (a priori
or a posteriori) error covariance.

It is easy to show that if the influence of each sensor is
“separable”, then greedy algorithms output the optimal
solution. Specifically, if the systemmatricesA andC and
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Algorithm 1 A Priori Covariance based Greedy Algo-
rithm

Input: System dynamics matrix A, set of all sensorsQ,
noise covariances W and V , and constant p

Output: A set S of chosen sensors
1: k ← 0, S ← ∅
2: for k ≤ p do
3: for i ∈ Q ∩ S̄ do
4: Calculate trace(Σi,S) , trace(Σ(S ∪ {i}))
5: end for
6: Choose j with trace(Σj,S) = mini trace(Σi,S)
7: S ← S ∪ {j}, Q ← Q \ {j}, k ← k + 1
8: end for

Algorithm 2 A Posteriori Covariance based Greedy
Algorithm

Input: System dynamics matrix A, set of all sensorsQ,
noise covariances W and V , and constant p

Output: A set S of chosen sensors
1: k ← 0, S ← ∅
2: for k ≤ p do
3: for i ∈ Q ∩ S̄ do
4: Calculate trace(Σ∗

i,S) , trace(Σ∗(S ∪ {i}))
5: end for
6: Choose j with trace(Σ∗

j,S) = mini trace(Σ
∗
i,S)

7: S ← S ∪ {j}, Q ← Q \ {j}, k ← k + 1
8: end for

the covariance matrices W and V are of the following
form:

A = diag(A1, · · · , Aq),W = diag(W1, · · · ,Wq),

C = diag(Cd
1 , · · · , Cd

q ), V = diag(V1, · · · , Vq),

where Ai,Wi ∈ Rs′i×s′i , Cd
i ∈ Rsi×s′i , and Vi ∈

Rsi×si ,∀i, then Algorithm 1 and Algorithm 2 are op-
timal for the priori and posteriori KFSS problems,
respectively. Note that Ci ∈ Rsi×n is the set of rows of
the matrix C corresponding to sensor i and Cd

i contains
s′i columns of Ci. Further note that

∑
i s

′
i = n.

In the rest of this section, we will show that the greedy
algorithms are optimal (with respect to the correspond-
ing KFSS problem) for another class of systems where
the set of information matrices is totally ordered. How-
ever, for general systems, we provide a negative result
showing that the trace of the steady state a priori error
covariance and a posteriori error covariance (and other
related metrics) do not satisfy certain modularity prop-
erties in general, which precludes the direct application
of classical results on submodular function optimization.

5.1 Optimality of Greedy Algorithms for a Class of Sys-
tems

First note that when the sensor noises are uncorre-
lated (i.e., E

[
vi[k1](vj [k2])

T
]
= 0, ∀i ̸= j, k1, k2), then

the sensor noise covariance matrix V is block diag-
onal; in this case, let V = diag(V1, · · · , Vq) where
Vi = E

[
vi[k](vi[k])

T
]
. Then the sensor information ma-

trix R(z) can be written as R(z) =
∑q

i=1 ziRi where

Ri , CT
i V

−1
i Ci is the sensor information matrix asso-

ciated with sensor i. The following result characterizes
the relationship between the partial orders on informa-
tion matrices to the partial orders on the corresponding
a priori and a posteriori error covariances.

Lemma 6 ([11,34]) For two selections of sensors z and
z′, if R(z) ≽ R(z′), then we have Σ(z) ≼ Σ(z′) and
Σ∗(z) ≼ Σ∗(z′).

In other words, when R(z) ≽ R(z′), then trace(Σ(z)) ≤
trace(Σ(z′)) and trace(Σ∗(z)) ≤ trace(Σ∗(z′)), and thus
the sensor selection associated with z is better than the
one associated with z′. The following result shows that
when the sensor noises are uncorrelated and the set of
information matrices {Ri} is totally ordered, then Al-
gorithm 1 and Algorithm 2 are optimal (with respect to
the corresponding KFSS problems).

Proposition 1 If the sensor noises are uncorrelated and
the set of information matrices {Ri} is totally ordered
with respect to the order relation of positive semidefi-
niteness, then the optimal solution of the priori and pos-
teriori KFSS problems with b = [1 · · · 1]T and B = p
is the set of sensors P ⊆ Q such that |P| = p and
Ri ≽ Rj , ∀i ∈ P, j ∈ Q \ P. Furthermore, both Algo-
rithm 1 and Algorithm 2 output this optimal set of sen-
sors.

PROOF. We first show that the optimal solution of
the priori and posteriori KFSS problems is the specified
set of sensors P. Denote zP as the indicator vector as-
sociated with set P. Since the set of information matri-
ces {Ri} is totally ordered, we have R(zP) ≽ R(z), ∀z ∈
Zp. Thus, by Lemma 6, we know that trace(Σ(zP)) ≤
trace(Σ(z)) and trace(Σ∗(zP)) ≤ trace(Σ∗(z)), ∀z ∈ Zp,
which implies that the set of sensors P is the optimal
solution of the priori and posteriori KFSS problems.

Next we show by induction that the output of Al-
gorithm 1 and Algorithm 2 is the set of sensors
P. Without loss of generality, let R1 ≽ · · · ≽ Rq.
Then P = {1, · · · , p}. By Lemma 6, we know that
Σ({1}) ≼ Σ({i}), ∀i (resp. Σ∗({1}) ≼ Σ∗({i}),∀i); thus,
after the first loop, the output of Algorithm 1 (resp.
Algorithm 2) is to choose the first sensor. Assume that
Algorithm 1 (resp. Algorithm 2) outputs the first k
sensors after the k-th loop. By Lemma 6, we know that
Σ({1, · · · , k, k + 1}) ≼ Σ({1, · · · , k, i}), ∀i > k (resp.
Σ∗({1, · · · , k, k + 1}) ≼ Σ∗({1, · · · , k, i}), ∀i > k);
thus, the output of Algorithm 1 (resp. Algorithm 2) is
{1, · · · , k, k + 1} after the (k + 1)-th loop. Thus, after
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the p-th loop, the final output of both algorithms is the
set of sensors P, completing the proof. 2

Remark 5 Note that in [34], the authors showed that for
a given p, under the same conditions as in Proposition 1,
the optimal solution of the posteriori KFSS problem is
the set of p sensors with ‘largest’ information matrices.
However, their algorithm is a special case of Algorithm 2
and they do not consider the priori KFSS problem.

5.2 Lack of Submodularity of the Cost Functions

Outside of the special case discussed in Proposition 1,
there are few tools available to give performance guaran-
tees on greedy algorithms. One such tool is the concept
of submodularity, which has been used in the analysis
of greedy algorithms for the sensor scheduling problem,
as mentioned in the beginning of this section. Specifi-
cally, in order to solve the problem of maximizing a sub-
modular cost function (which also satisfies certain other
properties), one can obtain an approximation of the op-
timal solution within a factor of 1− 1

e by using a greedy
algorithm; see [22] for a comprehensive discussion. The
definition of submodularity is as follows.

Definition 2 (Submodularity) Consider a set E and
a set function f : 2E → R. The set function f is sub-
modular if for every X,Y ⊆ E with X ⊆ Y and every
x ∈ E \ Y , f(X ∪ {x}) − f(X) ≥ f(Y ∪ {x}) − f(Y ),
and is supermodular if −f is submodular.

For the priori or posteriori covariance matrices induced
by the set of indicator vectors in Zp, we will consider the
problem ofmaximizing three different performance met-
rics: F1(·) = − trace(·), F2(·) = − log det(·) and F3(·) =
−λ1(·), where F2 captures the volume of the confidence
ellipsoid andF3 captures the worst-case error covariance.
Note that maximizing F1 is equivalent to minimizing
−F1 as in the priori and posteriori KFSS problems. In
[12], the authors showed that the metric F2 is submod-
ular for the single-step sensor scheduling problem while
F1 and F3 are neither submodular nor supermodular.
One question of interest is whether any of these metrics
is submodular or supermodular for the priori and poste-
riori KFSS problems. However, the following counterex-
amples show that these metrics are neither supermodu-
lar nor submodular in general.

Example 1 (Lack of submodularity of Fi(Σ)) For
metric Fi(Σ) and two sets of sensors X and Y , let the
change of utility by adding Y to X be ∆Fi(Y |X), i.e.,
∆Fi(Y |X) = Fi (Σ(X ∪ Y )) − Fi (Σ(X)). Consider an

instance of the priori KFSS problem with A =

[
0.3 0.4

0.2 0.6

]
,

C =

[
1 0.5 0.7 0 0.3

0 0.5 0.3 0.7 0.7

]T

, W = I2×2, V = I5×5,

si = 1,∀i, b = [1 · · · 1]T and B = 4. Note that A is sta-
ble and thus all selections of sensors are feasible. One
can check that ∆Fi({1}|{2, 3}) < ∆Fi({1}|{2, 3, 4}) and
∆Fi({1}|{2}) > ∆Fi({1}|{2, 3}), i ∈ {1, 2, 3}, which
contradicts the submodularity and supermodularity of
the corresponding metrics, respectively.

Example 2 (Lack of submodularity of Fi(Σ
∗))

For metric Fi(Σ
∗) and two sets of sensors X and Y , let

the change of utility by adding Y to X be ∆∗
Fi
(Y |X),

i.e., ∆∗
Fi
(Y |X) = Fi (Σ

∗(X ∪ Y )) − Fi (Σ
∗(X)). Con-

sider the same instance in Example 1 for the posteriori
KFSS problem. One can check that ∆∗

Fi
({2}|{1, 3}) >

∆∗
Fi
({2}|{1, 3, 4}), i ∈ {1, 2, 3}, which contradicts the

supermodularity of the corresponding metrics. More-
over, ∆∗

Fi
({5}|{2, 3}) < ∆∗

Fi
({5}|{1, 2, 3}), i ∈ {1, 3},

which contradicts the submodularity of the corresponding
metrics. Finally, consider another instance as follows:

A =

[ 0.4 0.9 0.8 0.9 1.1
0.2 0.1 −0.4 0.4 −0.5
−0.1 2.1 0.7 1.7 1.3
−0.9 −0.8 −0.8 −1.3 −1
0.4 −1.7 0.2 −1.3 −0.3

]
,W =

[
6.3 1.6 1.6 0.9 0.6
1.6 9.2 1.1 1.6 1.2
1.6 1.1 6.6 1.5 1.8
0.9 1.6 1.5 5.5 1
0.6 1.2 1.8 1 5.9

]
,

C =

[−3 10 7 −3 2
−1 −7 3 −6 0
−8 3 3 3 5
−2 5 −3 2 −10
0 4 −3 5 1

]
, V =

[
2.3 0.2 0 0 0
0.2 0.7 0 0 0
0 0 2.3 0 0
0 0 0 2.5 0
0 0 0 0 2.3

]
,

si = 1, ∀i, b = [1 · · · 1]T andB = 4. Note that A is stable.
One can check that ∆∗

F2
({1}|{2}) < ∆∗

F2
({1}|{2, 3, 4}),

which contradicts the submodularity of F2(Σ
∗).

The above negative results imply that one may not be
able to use classical results from combinatorial optimiza-
tion to analyze Algorithm 1 and Algorithm 2; despite
this, our simulations in Section 6 show that these greedy
algorithms perform well in practice.

6 Simulation

In this section, we provide simulation results for the
performance of the a priori covariance based greedy al-
gorithm (Algorithm 1) and the a posteriori covariance
based greedy algorithm (Algorithm 2).

In order to illustrate the performance of the greedy algo-
rithms considered in this paper, we will compare them
with the following sensor selection strategies:

• Sparse optimization (abbr.: SparseOpt) approach for
the priori KFSS problem from [27,8], where sparsity is
achieved by adding a penalty function on the columns
of the gain matrix. Since there is in general no sys-
tematic method to choose the weight of the penalty
function, we fix the weight in the simulations and se-
lect the sensors corresponding to the columns of the
gain matrix with largest l1 norm.
• Priori convex relaxation (abbr.: PriConRe) approach
for the priori KFSS problem from [34]. Note that we
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modify the algorithm in [34] for packet-dropping chan-
nels to handle the case of reliable channels (corre-
sponding to the priori KFSS problem considered in
this paper).

• Posteriori convex relaxation (abbr.: PostConRe) ap-
proach for the posteriori KFSS problem from [34].

• A random selection (abbr.: Random) of sensors for
both the priori and posteriori KFSS problems. We use
this as a benchmark.

We randomly generate 300 systems all having dimen-
sion 5 (i.e., n = 5). For each system, the goal is to
choose 5 sensors out of a total of 20 (i.e., p = 5, q = 20,
b = [1 · · · 1]T and B = p) and the measurement of each
sensor is a scalar (i.e., si = 1,∀i). For each system, the
system matrix A is unstable and the pair (A,Ci) is de-
tectable, ∀i ∈ {1, · · · , q}. The results are summarized in
Table 1. From Table 1a, we see that for the priori KFSS
problem, the priori convex relaxation approach from [34]
provides a set of sensors with smaller trace than the
other algorithms in a plurality of cases. However, this
algorithm also exhibits larger variance than the other
algorithms (with high worst case deviation from opti-
mality). On average, the sparse optimization approach
from [27,8] outperforms all the other algorithms, and this
approach has the smallest variance. As illustrated in Ta-
ble 1a, the greedy algorithm exhibits comparable aver-
age performance to the other algorithms. From Table 1b,
we see that Algorithm 2 and the posteriori convex relax-
ation approach from [34] each outperforms the other in
a comparable number of cases. However, once again, the
greedy algorithm provides more consistent results with
better average performance. To summarize, the greedy
algorithms have comparable performance with the other
sensor selection algorithms in general. Moreover, as we
have argued in the Introduction, compared to the priori
and posteriori convex relaxation approaches in [34], the
greedy algorithms can be applied to a more general class
of systems where the sensor noise covariance matrix V
is not necessarily block-diagonal.

To compare the complexity of the previous algorithms,
note that the complexity of solving the DARE is O(n3),
where n is the number of states [7]. If we aim to choose
p sensors from a set of q sensors, then the complex-
ity of Algorithm 1 is O(pqn3). Since we can obtain Σ∗

from Σ by equation (8), the complexity of Algorithm 2
is also O(pqn3). As argued in [8], when the weight of the
sparsity penalty function is fixed, the complexity of the
sparse optimization approach is O((n + s)6) by using
the interior point method 7 (recall that s =

∑q
i=1 si is

the dimension of the combined output y); however, the
process of choosing an appropriate weight for the spar-
sity penalty function (in order to obtain the desired level
of sparsity) requires additional computation. Moreover,
the complexities of the priori and the posteriori convex

7 In [8], the authors present a customized algorithm to re-
duce the complexity to O(n6).

Table 1
Performance comparison of different algorithms over 300 ran-
domly generated systems with scalar measurements and di-
agonal V . For Algorithm A, the table presents the average,

standard deviation and worst-case values of trace(ΣA)
trace(Σopt)

(in 1a) and
trace(Σ∗

A)

trace(Σ∗
opt)

(in 1b) over the 300 runs. The last

column presents the percentage of the 300 systems for which
the corresponding algorithm outperforms all the other
algorithms.

(a) Priori KFSS Problem

Average SD Worst

Outperforms

Other

Algorithms

Algorithm 1 1.4 1.3 13.5 11.3%

PriConRe 1.5 2.7 41.3 47.0%

SparseOpt 1.1 0.3 4.7 41.7%

Random 11.3 26.0 307.3 0%

(b) Posteriori KFSS Problem

Average SD Worst

Outperforms

Other

Algorithms

Algorithm 2 4.6 3.9 37.2 49.7%

PostConRe 17.8 52.4 600.7 50.3%

Random 55.0 46.5 456.7 0%

relaxation approaches from [34] are both O((n+ s)6) by
using the interior point method [4]. Thus, the complexity
of the greedy algorithms is lower than those of the other
SDP based approaches. Figure 1 shows simulations that
support this conclusion. Note that the simulations are
conducted on a typical 2.4-GHz personal computer, the
goal is to choose 5 sensors out of 20 (i.e., p = 5, q = 20,
b = [1 · · · 1]T and B = p) and we take the measurement
of each sensor to be a scalar (i.e., si = 1,∀i). Further
note that we found our solver ran out of memory when
the number of states n exceeded 50 for the SDP based
approaches.

7 Conclusion

In this paper, we studied the priori and posteriori KFSS
problems for linear dynamical systems. We showed that
these problems are both NP-hard (even under the ad-
ditional assumption that the system is stable). We also
provided upper bounds for the performance of the worst-
case selection of sensors and highlighted the factors that
dominate the worst-case performance. Thenwe studied a
priori covariance based and a posteriori covariance based
greedy algorithms for sensor selection. We showed that
these algorithms are optimal for a class of systems where
the set of information matrices is totally ordered. For
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Figure 1. Complexity comparison of different algorithms.
The x-axis is the number of states n and the y-axis is the
running time of the algorithm.

general systems, we provided a negative result showing
that the corresponding cost functions are neither super-
modular nor submodular; however, simulations indicate
that these algorithms perform well in practice. Further
study on determining provable bounds on greedy algo-
rithms for general systems and identifying (nontrivial)
conditions under which the sensor selection problems be-
come submodular are of interest.
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