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ABSTRACT
We study the problem of performing sensor fusion and dis-
tributed consensus in networks, where the objective is to
calculate some linear function of the initial sensor values
at some or all of the sensors. We utilize a linear iteration
where, at each time-step, each sensor updates its value to
be a weighted average of its own previous value and those
of its neighbors. We show that this approach can be viewed
as a linear dynamical system, with dynamics that are given
by the weight matrix for the linear iteration, and with out-
puts for each sensor that are captured by the subset of the
state vector that is measurable by that sensor. We then
cast the fusion and consensus problems as that of observing
a linear functional of the initial state vector using only lo-
cal measurements (that are available at each sensor). When
the topology of the network is time-invariant, we show that
the weight matrix can be chosen so that each sensor can
calculate the desired function as a linear combination of its
measurements over a finite number of time-steps.

Categories and Subject Descriptors
I.1.2 [Symbolic and Algebraic Manipulation]: Algo-
rithms—Algebraic algorithms, Analysis of algorithms; G.1.3
[Numerical Analysis]: Numerical Linear Algebra—Lin-
ear systems (direct and iterative methods); F.2.1 [Analysis
of Algorithms and Problem Complexity]: Numerical
Algorithms and Problems—Computations on matrices

General Terms
Algorithms, Theory
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1. INTRODUCTION
In distributed systems and networks, it is often necessary

for some or all of the nodes to calculate some function of
certain parameters. For example, the nodes might repre-
sent sensors that take measurements of their environment,
and the average of the measurements must be calculated at
a sink node or fusion center [6]. Another example is the
case of multi-agent systems, where all agents communicate
with each other to coordinate their speed and direction [14].
When all nodes calculate the same function of the initial
values in the system, they are said to reach consensus. Such
problems have received extensive attention in the computer
science literature over the past few decades [10], leading to
the development of various protocols. For instance, one sim-
ple method is to have each node share all of its knowledge
about the other nodes’ values with its neighbors. After re-
peating this process a sufficient number of times, all nodes
will know all of the other nodes’ values, and can therefore
calculate any desired function of these values in order to ob-
tain consensus (e.g., average of all the values, maximum of
all the values, etc.). This process is known as flooding [10].
Such protocols have the benefit of being robust to node and
link failures, but potentially require a large amount of data
storage and communication.

Another approach to consensus proposed by the research
community is to update the value of each node as a weighted
linear combination of the values of itself and its neighbors.
This strategy can be modeled via the linear iteration

x[k + 1] = W [k]x[k] ,

where x[k] is a column vector containing each of the node
values at time-step k, and W [k] is a weight matrix adhering
to the underlying (possibly time-varying) graph topology for
the distributed system (i.e., the (i, j) entry of W [k] is zero if
node j is not connected to node i at time-step k) [14, 18, 16,
2, 17, 13, 11, 8, 9]. The time-varying nature of the graph
may arise, for example, from changes in the formation of
mobile agents, or due to failures in the data links between
nodes. Loosely speaking, the above works revealed that if
the graph is connected in the long run, the weight matrices
W [k] can be chosen so that all of the nodes asymptotically
converge to the same value.

One of the benefits of using linear iteration-based consen-
sus schemes is that each node only has to store and transmit
a single value to each of its neighbors at each time-step. Re-
cently, schemes based on linear iterations have been applied
to the sensor fusion and distributed consensus problems in



sensor networks [18, 12, 5]. However, almost all of the lin-
ear iteration schemes currently present in the literature only
produce asymptotic convergence (i.e., exact consensus is not
reached in a finite number of steps). In graphs with time-
invariant topologies, Xiao and Boyd showed in [17] that the
speed of convergence is determined by the second largest
eigenvalue of the appropriately chosen weight matrix W .
Furthermore, they showed that the optimal weight matrix
(i.e., the matrix that maximizes the rate of convergence) can
be obtained by solving a convex optimization problem. Nev-
ertheless, even the optimal weight matrix will not produce
finite-time convergence.

In this paper, we study the general problem of calculating
linear functionals in networks, and treat the topic of dis-
tributed consensus as a special case of this problem. Our
approach to the problem will be from the perspective of ob-
servability theory. Specifically, in graphs with time-invariant
topologies, we show that the linear iteration-based scheme
can be viewed as a dynamical system, where each node has
access to some subset of the system state. We show that with
an appropriate choice of the weight matrix, each node can
immediately calculate the desired linear functional of the
initial state after observing the evolution of its own value
and those of its neighbors over a finite number of time-steps
(specifically, upper bounded by the size of the network).
The topic of finite-time convergence was briefly discussed by
Kingston and Beard in [9]. However, the method described
in that paper requires the graph to be fully-connected for
at least one time-step, which is a very strict condition. In
contrast, our method applies to graphs with arbitrary (con-
nected) topologies. Finite-time consensus was also studied
for continuous-time systems in [4]. The approach in that pa-
per was to have the nodes evolve according to the gradient
of a suitably defined function of their values. The resulting
protocol, which is nonlinear, does not directly translate to
discrete-time systems, and the paper only considered a re-
stricted class of possible consensus values. In contrast, our
method achieves finite-time consensus in discrete-time sys-
tems by running a simple linear iteration, and allows the
consensus value to be a broad range of linear functions.

The rest of the paper is organized as follows. In Sec-
tion 2, we provide a more detailed background on linear
iteration-based consensus schemes. In Section 3, we review
some concepts from observability theory that will be use-
ful in solving the problem of linear functional calculation in
networks. We then use these concepts in Section 4 to design
weight matrices that allow the desired functions to be calcu-
lated at certain nodes. In Section 5, we show how each node
can obtain the necessary information about the network in
order to calculate the linear functional. We finish with our
conclusions in Section 6, and suggest directions for future
research.

In our development, we will use the notation ei to indicate
the column vector with a 1 in its i’th position and zeros
elsewhere. The symbol 1 represents the column vector (of
appropriate size) that has all entries equal to one. We will
say that an eigenvalue of a matrix W is simple to indicate
that it is algebraically simple (i.e., it appears only once in the
spectrum of W ) [7]. The notation A′ indicates the transpose
of matrix A. We will denote the rank of matrix A by ρ(A).

2. BACKGROUND
The interaction constraints in distributed systems and

networks can be conveniently modeled via a directed graph
G = {X , E}, where X = {x1, . . . , xN} is the set of nodes in
the system and E ⊆ X ×X is the set of directed edges (i.e.,
directed edge (xi, xj) ∈ E if node xi can receive information
from node xj). Note that undirected graphs can be readily
handled by treating each undirected edge as two directed
edges. All nodes that can transmit information to node xi

are said to be neighbors of node i, and are represented by
the set Ni. The number of neighbors of node i is called the
in-degree of node i, and is denoted as degi. Suppose that
each node i has some initial value, given by xi[0]. At each
time-step k, all nodes update their values based on some
strategy. For ease of analysis, the values of all nodes at
time-step k will be aggregated into the value vector

x[k] =
�
x1[k] x2[k] · · · xN [k]

�′
.

The scheme that we study in this paper makes use of linear
iterations; specifically, at each time-step, each node updates
its value as

xi[k + 1] = wiixi[k] +
X

j∈Ni

wijxj [k]

where the wij ’s are a set of weights. In other words, each
node updates its value to be a linear combination of its pre-
vious value and the values of its neighbors. The update
strategy for the entire system can then be represented as

x[k + 1] =

26664w11 w12 · · · w1N

w21 w22 · · · w2N

...
...

. . .
...

wN1 wN2 · · · wNN

37775| {z }
W

x[k] (1)

for k = 0, 1, . . ., where wij = 0 if j /∈ Ni (i.e., if (xi, xj) /∈ E).

Definition 1 (Calculable Functional). Let Qi be
a βi × N real-valued matrix. If node i can obtain the (vec-
tor) value Qix[0] after following some strategy for a suffi-
ciently large number of time-steps, we say the linear func-
tional Qix[0] is calculable at node i.

Definition 2 (Distributed Consensus). Let c be a
N × 1 real-valued column vector. The system is said to
achieve distributed consensus if all nodes in the system cal-
culate the function c′x[0] after a sufficiently large number of
time-steps. When c′ = 1

N
1′, the system is said to perform

distributed averaging (i.e., the consensus value is the aver-
age of all initial node values). The system is said to reach
asymptotic consensus if limk→∞ xi[k] = c′x[0] for each i,
or equivalently, limk→∞ x[k] = 1c′x[0].

The following result by Xiao and Boyd from [17] charac-
terizes the conditions under which the iteration (1) achieves
asymptotic consensus.

Theorem 1 ([17]). The iteration given by (1) achieves
asymptotic consensus (under the technical condition that c is
normalized so that c′1 = 1) if and only if the weight matrix
W satisfies the following conditions:

1. W has a simple eigenvalue at 1, and all other eigen-
values have magnitude strictly less than one.



2. The left and right eigenvectors of W corresponding to
eigenvalue 1 are c′ and 1, respectively:

c′W = c′, W1 = 1 .

Furthermore, Xiao and Boyd showed that the rate of con-
vergence is determined by the eigenvalue with second-largest
magnitude. Consequently, to maximize the rate of conver-
gence, they formulated a convex optimization problem to ob-
tain the weight matrix satisfying the above conditions while
minimizing the magnitude of the second largest eigenvalue.

As mentioned in the previous section, a salient feature of
the analysis in [17], and of other linear iterations studied in
the literature (e.g., see [14] and the references therein), is
that the focus is on asymptotic convergence. Clearly, dis-
tributed consensus requires that the function c′x[0] be cal-
culable at all nodes, and in the case of asymptotic consensus,
the nodes take an infinite number of time-steps in order to
calculate this function. In the next section, we show how
nodes can perform function calculation in a finite number
of time-steps by using techniques from observability theory.
Furthermore, this approach allows us to obtain distributed
consensus with a much larger class of weight matrices than
permitted by Theorem 1. By focusing on the calculation of
a linear functional rather than the more specific problem of
distributed consensus, our results can treat a wide range of
problems, including those where only a subset of the nodes
have to calculate a given function.

3. OBSERVABILITY OF LINEAR
FUNCTIONALS OF THE
INITIAL STATE

Consider the linear iteration given by (1). At each time-
step, each node i has access to its own value and those of its
neighbors. The linear iteration can then be viewed as the
dynamical system

x[k + 1] = Wx[k]

yi[k] = Eix[k], 1 ≤ i ≤ N , (2)

where yi[k] denotes the outputs that are available to node
i during the k’th time-step. Here, Ei is the (degi +1) × N
matrix with a single 1 in each row denoting the positions of
the state-vector x[k] that are available to node i (i.e., these
positions correspond to nodes that are neighbors of node i,
along with node i itself). Since x[k] = W kx[0], we have
yi[k] = EiW

kx[0], and the set of all outputs seen by node i
over L + 1 time-steps is given by2666664yi[0]

yi[1]
yi[2]

...
yi[L]

3777775 =

2666664 Ei

EiW
EiW

2

...
EiW

L

3777775| {z }
Oi,L

x[0] . (3)

When L = N − 1, the matrix Oi,L in the above equation is
known as the observability matrix for the pair (W, Ei) [3].
The row-space of Oi,L characterizes the set of all calculable
linear functionals for node i up to time-step L. We will now
summarize some properties of this matrix, and show how it

allows node i to calculate the desired linear functional of the
initial state.

First, note that the rank of Oi,L is a nondecreasing func-
tion of L, and bounded above by N . Suppose νi is the first
integer for which ρ(Oi,νi

) = ρ(Oi,νi−1). This implies that
there exists a matrix Ki such that

EiW
νi = Ki

26664 Ei

EiW
...

EiW
νi−1

37775 .

In other words, the matrix EiW
νi can be written as a linear

combination of the rows in Oi,νi−1. In turn, this implies
that

EiW
νi+1 = EiW

νiW = KiOi,νi−1W = Ki

26664 EiW
EiW

2

...
EiW

νi

37775 ,

and so the matrix EiW
νi+1 can be written as a linear com-

bination of rows in Oi,νi
. Continuing in this way, it is seen

that the rank of Oi,L monotonically increases with L until
L = νi − 1, at which point it stops increasing, i.e.,

ρ(Oi,0) < ρ(Oi,1) < · · · < ρ(Oi,νi−1) =

ρ(Oi,νi
) = ρ(Oi,νi+1) = · · · .

This means that the outputs of the system

yi[0], yi[1], . . . , yi[νi − 1]

contain the maximum amount of information that is possible
to obtain about the initial state, and future outputs of the
system do not provide any extra information. The integer
νi is called the observability index of the pair (W, Ei), and
can be upper bounded as

νi ≤ min(D, N − ρ(Ei) + 1) ,

where D is the degree of the minimal polynomial of W [3].
Since Ei has rank degi +1, the above bound becomes

νi ≤ min(D, N − degi) . (4)

Thus, if it is possible for node i to calculate the desired
function c′x[0], it can do so in at most N − degi time-steps.

Suppose that ρ(Oi,νi−1) = Ni. If Ni = N , then node
i can uniquely determine the entire initial state x[0] from
the outputs of the system yi[0], yi[1], . . . , yi[νi − 1]. In this
case, the pair (W, Ei) is said to be observable. However, if
Ni < N , then the matrix Oi,νi−1 will have a nullspace of
dimension greater than zero. Any initial state x[0] in the
nullspace of Oi,νi−1 will produce an output yi[k] = 0 for all
k, and will be indistinguishable from the all-zero initial state
x[0] = 0. Such initial states are said to be unobservable,
and the nullspace of the observability matrix is called the
unobservable subspace.

Based on the above discussion, we see that node i can
calculate the linear functional c′x[0] if and only if the vector
c′ is in the row-space of the matrix Oi,νi−1. Therefore, if
the objective in the system is for some subset of the nodes
to calculate the linear functional c′x[0], one has to choose
the weight matrix W so that c′ is in the row-space of the
observability matrices for all those nodes; we will later de-
scribe a systematic method to achieve this. We will first



require a deeper characterization of the row-spaces of the
observability matrices in terms of the eigenvalues of W .

Suppose that the distinct eigenvalues of W are given by
λ1, λ2, . . . , λm, where 1 ≤ m ≤ N . Eigenvalue λj is said to
be an observable eigenvalue of the pair (W, Ei) if

ρ

��
λjI − W

Ei

��
= N ,

and it is called an unobservable eigenvalue otherwise [1].
An alternative characterization of the observability of eigen-
values can be obtained from the Jordan form of the pair
(W, Ei). We summarize this characterization here; a more
detailed treatment can be found in [3].

Let the Jordan normal form of the pair (W,Ei) be given
by

T−1WT =

26664J1 0 · · · 0
0 J2 · · · 0
...

...
. . .

...
0 0 · · · Jm

37775 , (5)

EiT =
�
Ei,1 Ei,2 · · · Ei,m

�
,

where T is the matrix whose columns are the right eigen-
vectors of W (grouped by eigenvalue), each Jj is the set of
all Jordan blocks corresponding to eigenvalue λj , and each
Ei,j is the set of columns in EiT corresponding to Jj [7].
Decompose each of the pairs (Jj , Ei,j) as

Jj =

26664Jj,1 0 · · · 0
0 Jj,2 · · · 0
...

...
. . .

...
0 0 · · · Jj,r(j)

37775 ,

Ei,j =
�
Ei,j,1 Ei,j,2 · · · Ei,j,r(j)

�
,

where each Jj,l is a Jordan block for eigenvalue λj , r(j) is
the number of Jordan blocks for eigenvalue λj , and each
Ei,j,l is the set of columns in Ei,j corresponding to the

Jordan block Jj,l. Let bEi,j be the (degi +1) × r(j) matrix
formed by taking the first column from each of the blocks
Ei,j,1, Ei,j,2, . . . , Ei,j,r(j). Then λj is an observable eigen-

value of the pair (W,Ei) if and only if the columns of bEi,j

are linearly independent (i.e., bEi,j must be full column rank)
[3].

With the notion of observable eigenvalues in hand, we can
propose the following theorem to obtain a deeper character-
ization of the row-spaces of the observability matrices. We
will later use this theorem and the above test for observable
eigenvalues to design the weight matrix so that a particular
linear functional is calculable by all of the nodes.

Theorem 2. The row-space of Oi,νi−1 contains all left
eigenvectors of W corresponding to observable eigenvalues
of the pair (W,Ei).

Proof. Let Qi be a Ni × N matrix whose rows form a
basis for the row-space of Oi,νi−1. Thus Qi represents all
linear functions of the state x[0] that can be obtained from
the output of the system (i.e., it completely characterizes all
linear functionals that are calculable by node i). Define the
matrix

Pi =

�
Qi

Ri

�
, (6)

where Ri is chosen to make Pi square and invertible. If we
use Pi to perform a similarity transformation on the system
(2) with output yi[k] = Eix[k], we obtain the observable
canonical form

W̄ ≡ PiWP−1
i =

�
Wi,o 0
Wi,21 Wi,ō

�
, (7)

Ēi ≡ EiP
−1
i =

�
Ei,o 0

�
.

In this form, the pair (Wi,o, Ei,o) is observable, and in par-
ticular, all observable eigenvalues of the pair (W,Ei) are
contained in the submatrix Wi,o [3, 1].

Let C̄i,o be the matrix whose rows contain all left eigen-
vectors of Wi,o corresponding to the observable eigenvalues
of the pair (W,Ei). Thus, we have

C̄i,oWi,o = Ji,oC̄i,o ,

where Ji,o is the set of all Jordan blocks corresponding to
observable eigenvalues of the pair (W,Ei) [3, 7]. Now note
that �

C̄i,o 0
� �Wi,o 0

Wi,21 Wi,ō

�
= Ji,o

�
C̄i,o 0

�
.

From the definition of W̄ in (7), we have�
C̄i,o 0

�
PiW = Ji,o

�
C̄i,o 0

�
Pi ,

and using (6), we get

C̄i,oQiW = Ji,oC̄i,oQi .

This implies that the rows of the matrix C̄i,oQi are the left
eigenvectors of W corresponding to observable eigenvalues
of the pair (W,Ei). Since the rows of Qi form a basis for
the row-space of Oi,νi−1, we see that all left eigenvectors
of the matrix W corresponding to observable eigenvalues of
the pair (W,Ei) can be obtained as a linear combination of
rows in Oi,νi−1, thereby completing the proof.

Note that the above theorem only characterizes the eigen-
vectors of observable eigenvalues. It may be the case that
some eigenvectors of unobservable eigenvalues also appear in
the row-space of the observability matrix for node i. How-
ever, it is difficult to provide a general characterization of
exactly which of these eigenvectors are included in the ob-
servability matrix, and so we focus on the eigenvectors of
observable eigenvalues in the rest of the paper.

5
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Figure 1: Directed graph with all edge weights equal
to 1.

Example 1. Consider the graph shown in Fig. 1. The
weights on all the edges and nodes are taken to be 1, which



produces the weight matrix

W =

266641 1 0 0 0
0 1 0 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 1 1

37775 .

The matrix T of right eigenvectors and the Jordan form in
(5) are given by

T =

26664 1 0 0 2 0
0 1 0 2 0
0 0 1 2 0
0 0 0 1 −1
0 0 0 1 1

37775 ,

T−1WT =

266664 1 1 0 0 0
0 1 0 0 0
0 0 1 0 0

0 0 0 2 0

0 0 0 0 0

377775 .

Thus, W has distinct eigenvalues λ1 = 1 with two Jordan
blocks, λ2 = 2 with one Jordan block, and λ3 = 0 with
one Jordan block. Suppose we wish to determine the set of
observable eigenvalues for node 1. Since node 1 has access
to its own value and the value from node 2, we have

E1T =

�
1 0 0 0 0
0 1 0 0 0

�
T

=

�
1 0 0 2 0
0 1 0 2 0

�
.

Consider eigenvalue λ1 = 1. To test observability of this
eigenvalue, we examine the columns from E1T correspond-
ing to the first column of each Jordan block for λ1. These

columns are used to form bEi,1 =

�
1 0
0 0

�
, which is not full

column rank; therefore, eigenvalue λ1 = 1 is not observ-
able from node 1. Now consider eigenvalue λ2 = 2. Since
there is only one Jordan block for λ2, we only need to ex-
amine the fourth column in EiT to determine observability

of this eigenvalue. This column is bEi,2 =

�
2
2

�
, and since this

matrix has full column rank, λ2 is observable from node 1.

Finally, we have bEi,3 =

�
0
0

�
, and since this is not full col-

umn rank, λ3 = 0 is not observable from node 1. Since
c′ =

�
0 0 0 1 1

�
is the left eigenvector of W corre-

sponding to λ2, we see from Theorem 2 that node 1 is guar-
anteed to be able to calculate the linear functional c′x[0].

In the following section, we apply the above concepts to
design the weight matrix W to facilitate linear functional
calculation in the network.

4. DESIGNING THE WEIGHT MATRIX
Suppose we wish to design the weight matrix so that some

or all of the nodes can calculate the function c′x[0], for some
vector c. Based on our discussion in the previous section, we
know that this function will be guaranteed to be calculable
if c′ is a left eigenvector of an observable eigenvalue for all
nodes. The strategy will be to choose the weights so that
this is the case.

As described in the previous section, the observability of
eigenvalue j at node i can be determined by examining the
appropriate entries of the right eigenvectors of W . In partic-
ular, if eigenvalue λj is simple with right eigenvector d, then
λj is observable if and only if at least one of the entries in d

indexed by Ei is nonzero (so that the matrix bEi,j is full col-
umn rank). This implies that for any weight matrix W that
satisfies the conditions for asymptotic consensus given in
Theorem 1, the eigenvalue 1 will be observable by all nodes
(since all entries in the eigenvector 1 are nonzero), and the
function c′x[0] will be calculable by all nodes. Therefore,
one strategy for picking W is to choose the weights to sat-
isfy the conditions in Theorem 1. For example, if the graph
is undirected and if each node knows N (or an upper bound
for N), it was shown in [18] that each node i can indepen-
dently choose its weights as

wij =

8<: 1
N

, if j ∈ Ni

0, if j /∈ Ni

1 −
P

j∈Ni
wij , if i = j.

(8)

The resulting weight matrix is symmetric and satisfies the
conditions of Theorem 1 with c′ = 1

N
1′. Many other choices

of weights exist that provide asymptotic consensus (e.g., see
[14, 2, 8, 9]), and any of these weights can be used in con-
junction with our approach.

However, since the observability approach allows the nodes
to calculate the linear functional in a finite number of time-
steps, we do not need to restrict attention to matrices that
satisfy the conditions in Theorem 1. For instance, consider
the weight matrix that is given by

wij =

8<: 1, if j ∈ Ni

0, if j /∈ Ni

S − degi, if i = j
, (9)

where S is some integer. These weights are obtained by
multiplying the weights in (8) by N , and then offsetting
each of the diagonal weights by a constant amount S − N .
The corresponding weight matrix has a simple eigenvalue
at µ = S, with right eigenvector d = 1 and left eigenvector
c′ = 1

N
1′. This choice of weight matrix is appealing because

all of its entries are integers, which could potentially simplify
the implementation of the consensus protocol. This is a
valid weight matrix in our scheme, but it is not allowed in
asymptotic consensus protocols since it will typically have
eigenvalues with magnitude larger than 1.

More generally, if the matrix W is nonnegative and irre-
ducible (i.e., the underlying graph is strongly connected),
then the largest eigenvalue will be simple, and the corre-
sponding left and right eigenvectors will have all entries
positive [7]. Suppose we want the weight matrix to have
a left eigenvector c′ =

�
c1 c2 · · · cN

�
that is observable

by all nodes, with ci 6= 0 for all i. One way to ensure that
the weight matrix has this property is to use the following
procedure.

1. Choose any sets of weights so that the weight ma-
trix W is nonnegative and irreducible. For example,
choosing a weight of 1 for all edges, and zero for all
self-weights, will cause W to be the adjacency matrix
of the graph, which will be irreducible if the graph is
strongly connected [7]. Another option is to choose
one of the asymptotic consensus weights, such as the
constant weights in (8). Suppose the largest eigen-



value in the chosen W matrix is µ, with left and right
eigenvectors

c̄ =
�
c̄1 c̄2 · · · c̄N

�′
d̄ =

�
d̄1 d̄2 · · · d̄N

�′
,

respectively. As noted above, all entries in these vec-
tors will be positive.

2. Perform the similarity transformationW =

26664 c̄1
c1

0 · · · 0

0 c̄2
c2

· · · 0
...

...
. . .

...
0 0 · · · c̄N

cN

37775W

26664 c1
c̄1

0 · · · 0

0 c2
c̄2

· · · 0
...

...
. . .

...
0 0 · · · cN

c̄N

37775 .

The matrix W has zeros in the same locations as W ,
and therefore represents the same underlying graph.
Furthermore, the eigenvalues of W are unchanged by
this transformation, and one can readily verify that the
left and right eigenvectors of the eigenvalue µ for the

matrix W are given by c′ =
�
c1 c2 · · · cN

�
and

d =

26664 c̄1
c1

0 · · · 0

0 c̄2
c2

· · · 0
...

...
. . .

...
0 0 · · · c̄N

cN

37775 d̄ ,

respectively. Since all ci’s and c̄i’s are nonzero, all
entries in the eigenvector d will also be nonzero. Thus,

the weight matrix W is a valid matrix for the given
graph, with a left eigenvector c′ corresponding to an
observable eigenvalue for all nodes.

Once the weight matrix is chosen so that the function
c′x[0] is calculable by node i, we can find the smallest Li for
which the vector c′ is in the row-space of the matrix Oi,Li

in (3), i.e., find the smallest Li for which

ρ

��
Oi,Li

c′

��
= ρ(Oi,Li

) . (10)

The largest value of Li for which this can happen is given
by the bounds in (4). One can then find a vector Γi =�
Γi,0 Γi,1 · · · Γi,Li

�
such that

ΓiOi,Li
= c′ . (11)

Thus, after running the linear iteration (1) for Li + 1 time-
steps, node i can immediately calculate the desired function
as a linear combination of the outputs of the system over
those time steps, i.e.,

Γi

26664 yi[0]
yi[1]

...
yi[Li]

37775 = ΓiOi,Li
x[0] = c′x[0] .

Note that node i does not necessarily have to store the entire
set of values yi[0], yi[1], . . . , yi[Li] in order to calculate this
quantity. Instead, suppose node i has a single extra register,
denoted x̄i[k], initialized with x̄i[0] = Γi,0yi[0]. At each
time-step k, node i updates this register as

x̄i[k] = x̄i[k − 1] + Γi,kyi[k] . (12)

After time-step k = Li, this register will hold the value of
c′x[0].

Note that if multiple nodes have to calculate the same
linear functional of the initial values (as in distributed con-
sensus), it may be the case that some nodes calculate the
value faster than others. In this case, once a node has cal-
culated the value of the function, it can send this value to
its neighbors with a flag indicating that it is the final value,
and not simply the next step in the iteration. In this way,
slower neighbors will receive the function value at most one
time-step after a faster neighbor calculates it.

Also note that the ability to reach consensus in this scheme
is completely independent of the magnitude of the eigenval-
ues in W . It is sufficient that the eigenvalue associated with
the eigenvector c′ be observable by some or all of the nodes.
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Figure 2: Graph with optimal weights to maximize
asymptotic convergence rate [17].

Example 2. Consider the undirected graph from [17] in
Fig. 2. The objective in this system is for the nodes to
reach consensus on the average of the initial values (i.e., each
node must calculate 1

N
1′x[0]). The weights on the nodes and

edges indicate the optimal weights to maximize the asymp-
totic rate of convergence for the system (or equivalently, to
minimize the second largest eigenvalue of W ), as calculated
in [17]. This choice of weights satisfies the conditions in The-
orem 1, and so the eigenvalue 1 is simple, with 1 as a right
eigenvector and c′ = 1

N
1′ as a left eigenvector. From our

discussion so far, this implies that the function 1
N

1′x[0] is
calculable by all nodes. We will use these weights to demon-
strate our scheme for distributed consensus, but as we have
already discussed, one does not have to restrict attention to
the optimal asymptotic weights when using our method.

To find the set of coefficients Γi for each node i, we first
have to find the smallest integer for which the rank condition
in (10) holds with c′ = 1

N
1′. For example, consider node 2

in Fig. 2. The matrix E2 for this node is

E2 =

26641 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1

3775 .

With L2 = 0, we have O2,0 = E2, and equation (10) does



not hold. For L2 = 1, we have

O2,1 =

�
E2

E2W

�
=

26666666664 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1

−0.1 0.4 0.2 0.2 0.2 0.2 −0.1 0
0.4 0.2 0.2 0 0 0 0 0.2
0.2 0.2 0.2 0 0 0 0.2 0.2

0 0.2 0.2 0 0 0 0.4 0.2

37777777775 ,

and we find that (10) is satisfied. Therefore node 2 can
calculate the average of the initial values after two time-
steps (i.e., after it sees the outputs y2[0] and y2[1]). The
coefficients Γ2 in (11) are given by

Γ2 =
�
−0.2679 −0.4464 −0.3214 −0.1964

0.6250 −0.2098 2.6965 −0.8795
�

.

The coefficients Γi for all of the other nodes are found in a
similar manner. For this example, it is found that Li = 1
for all i (i.e., all nodes can calculate the average after two
time-steps). We omit the explicit values of the coefficients
in the interest of space.

Suppose the initial values of the nodes are given by

x[0] =
�
−1.3256 −13.6558 4.2533 5.8768

−8.4647 14.9092 14.8916 2.6237
�′

,

which has a mean of 2.3885. Running iteration (1) for 2
time-steps, we get�

x[0] x[1]
�

=

26666666664 −1.3256 −3.5040
−13.6558 −1.8860

4.2533 1.3574
5.8768 5.1774

−8.4647 5.1774
14.9092 5.1774
14.8916 3.0078
2.6237 4.6009

37777777775 .

Node 2 has access to the values y2[0] = E2x[0] and y2[1] =
E2x[1]. It can therefore calculate the average as

Γ2

�
y2[0]
y2[1]

�
= Γ2

26666666664 −1.3256
−13.6558

4.2533
2.6237

−3.5040
−1.8860

1.3574
4.6009

37777777775 = 2.3885 .

All other nodes also obtain the average by multiplying their
outputs by their own coefficients Γi, and so consensus is
reached in the system after two time-steps.

Remark 1. Note that both the radius and the diameter
of the graph in Fig. 2 are equal to 2. In other words, for
every node i, there is a node j at distance 2 from i. There-
fore no algorithm can achieve consensus in fewer than two
time-steps (assuming it takes one time-step for a message to
propagate along an edge), and this lower bound is achieved
by our scheme (for this example). In contrast, suppose we

utilize a naive approach where all nodes send their values
to a single node, which then calculates the desired function
and broadcasts it back to all nodes. In the above graph, this
approach would require at least four time-steps (two time-
steps for the central node to receive all values, and another
two time-steps for the result to propagate back to all nodes).

Remark 2. Note also that the weights in the above ex-
ample are the optimal weights for maximizing the rate of
asymptotic convergence. Loosely speaking, we see from x[1]
that the nodes are far from reaching consensus after one it-
eration, even when the optimal weights are used. Since our
scheme makes use of the history of values seen by each node,
instead of only the values at the current time-step, we are
able to immediately calculate the consensus value.

Remark 3. In this example, the optimal weights for as-
ymptotic consensus also provided convergence in a minimal
number of time-steps when used in conjunction with our
scheme. However, it is not clear whether this will be true
in general graphs. In fact, there exist weight matrices for
this example that have worse asymptotic performance than
the optimal weights shown in Fig. 2, but that still allow all
nodes to reach consensus in two time-steps when used in our
scheme; one such weight matrix is

W =
1

8

266666666643 1 0 1 1 1 1 0
1 5 1 0 0 0 0 1
0 1 5 0 0 0 1 1
1 0 0 4 1 1 1 0
1 0 0 1 4 1 1 0
1 0 0 1 1 4 1 0
1 0 1 1 1 1 2 1
0 1 1 0 0 0 1 5

37777777775 .

A characterization of the optimal weights for finite-time con-
vergence, and their relationship to the optimal weights for
asymptotic convergence, will be the subject of future re-
search.

5. ONLINE CALCULATION OF THE
COEFFICIENTS

From our development in the last section, we see that each
node only requires the coefficient vector Γi and the values
of its neighbors and itself over the first Li + 1 time-steps
in order to calculate the desired function of the initial val-
ues. Furthermore, the calculation of Γi requires knowledge
of the matrix Oi,Li

. If the global topology of the graph and
all of the weights are known a priori, then Γi can be calcu-
lated from the matrix Oi,Li

and conveyed to node i. Note
that in graphs with time-invariant topologies, Γi only has to
be computed once for each i. However, in practice, it may
the case that there is no opportunity to calculate the coef-
ficients and the weight matrix W a priori, and therefore it
will be necessary for the nodes to calculate these parameters
using only local information. In this section, we show how
the nodes can distributively calculate their own coefficients
once the weights in matrix W are chosen. To accomplish
this, we will assume that the nodes know N (or an upper
bound for N). We will also assume that each node has a
unique identifier, and that the nodes know their position
in an appropriate ordering of the identifiers (e.g., the node
with the j’th smallest identifier takes its position to be j).
We assume without loss of generality that the vector x[k] is



consistent with this ordering (i.e., xi[k] is the value of the
node whose position is i’th in the ordering).

As noted earlier, there are various ways for the nodes to
choose their weights so that W has an eigenvalue µ that is
observable by all nodes, with a left eigenvector c′ such that
c′x[0] is calculable by all nodes. For example, the integer
weights in (9) produce a weight matrix with µ = S and
c′ = 1

N
1′. Other sets of weights that produce similar results

are described in [14, 2, 8, 9], and in the previous section.
Once an appropriate set of weights is chosen, suppose the

nodes perform N runs of the linear iteration, each for N −1
time-steps. During the j’th run, node j sets its initial condi-
tion to be 1, and all other nodes set their initial conditions to
be zero. In other words, if x∗,j [k] denotes the vector of node
values during the k’th time-step of the j’th run, the nodes
calculate x∗,j[k + 1] = Wx∗,j[k], 0 ≤ k ≤ N − 2, 1 ≤ j ≤ N ,
where x∗,j [0] = ej . Since the structure of x∗,j [0] is prede-
termined, each node also knows the value of the function
c′x∗,j [0].

Suppose that for each of the N runs, node i stores the
outputs of the system over the first N − degi time-steps,
along with the function value c′x∗,j [0]. Each node i then
has access to the matrix

Ψi,Li
=

26664 yi,1[0] yi,2[0] · · · yi,N [0]
yi,1[1] yi,2[1] · · · yi,N [1]

...
...

. . .
...

yi,1[Li] yi,2[Li] · · · yi,N [Li]

37775
for any 0 ≤ Li ≤ N − degi −1, where yi,j [k] = Eix∗,j[k] =
EiW

kx∗,j [0]. Each node can also form the matrix

Θ =
�
c′x∗,1[0] c′x∗,2[0] · · · c′x∗,N [0]

�
.

Denoting R =
�
x∗,1[0] x∗,2[0] · · · x∗,N [0]

�
, we note that

Ψi,Li
= Oi,Li

R , (13)

Θ = c′R . (14)

Given the matrices Ψi,Li
and Θ, each node i finds the small-

est integer Li for which

ρ

��
Ψi,Li

Θ

��
= ρ(Ψi,Li

) , (15)

and it can then find a vector Γi such that

ΓiΨi,Li
= Θ . (16)

Using (13) and (14), this is equivalent to

ΓiOi,Li
R = c′R .

The matrix R is the identity matrix (due to the structure
of the initial conditions x∗,1[0], . . . , x∗,N [0]), and the above
expression is equivalent to

ΓiOi,Li
= c′ .

Thus, Γi is precisely the set of coefficients that node i re-
quires in order to calculate the function c′x[0] for any x[0].

Remark 4. Note that calculating Γi from (16) actually
only requires that the matrix R be nonsingular and that
each node have knowledge of the final values of each run
(given by the matrix Θ). Thus, an alternative method of cal-
culating Γi would be as follows. Suppose the nodes choose
the weights in order to obtain asymptotic consensus (i.e., the

W matrix satisfies the conditions in Theorem 1). Therefore,
for any initial condition x∗,j[0], each node can find the value
c′x∗,j [0] (by running the asymptotic consensus protocol),
and can form the matrix Θ. Furthermore, if all initial con-
ditions are taken to be independent, identically distributed
random variables with a Gaussian distribution, then the vec-
tors x∗,1[0], . . . , x∗,N [0] will almost surely be linearly inde-
pendent (e.g., [15]), and the matrix R will be nonsingular.
Equation (16) can then be used to calculate the coefficients
Γi. The benefit of this method is that the nodes do not need
to have identifiers in order to specify the initial conditions
appropriately. However, obtaining the values in Θ requires
the nodes to run each linear iteration for a large number of
time-steps in order to calculate a sufficiently accurate ap-
proximation to the final function values c′x∗,j [0] (using the
asymptotic consensus protocol). In contrast, when the ini-
tial conditions for each run are deterministic, each linear
iteration only has to be performed for N − 1 time-steps (in
order to obtain the matrix Ψi,Li

); this, however, requires
nodes to be associated with unique identifiers, and ordered.

Once node i has calculated its coefficient vector Γi, it
can calculate the linear functional c′x[0] for future initial
conditions x[0] by running the linear iteration (1) for Li +1
time-steps to obtain the values

yi[0], yi[1], . . . , yi[Li] ,

or until it receives the function value from a neighbor. If
Li + 1 time-steps pass without receiving the function value,
node i can then immediately calculate the value as

c′x[0] = Γi

264 yi[0]
...

yi[Li]

375 .

As noted in the previous section, node i does not have to
store the outputs yi[0], . . . , yi[Li] in order to calculate the
above quantity, but can instead utilize a single additional
register updated according to equation (12). Once node i
obtains the function value, it then transmits this value to
its neighbors with a flag indicating that it is the final value,
and the algorithm terminates (for node i).

Example 3. Consider the graph shown in Fig. 3. Node
3 in the graph is the fusion center, and it has to calculate
the average of all the initial node values. None of the nodes
know the entire graph topology, and node 3 does not have
a priori knowledge of the coefficient vector Γ3. However,
suppose that all nodes know that there are N = 6 nodes in
the system.

5 6

1 2 34
1 1 1

1

1 1

1 -2 0 1

00

Figure 3: Graph with integer weights. The edge
weights are set to 1, and the self weights are chosen
so that each row of W sums to S = 2.



The first step is for the nodes to choose their weights.
For instance, the nodes can choose the integer weights in
(9), with S chosen (somewhat arbitrarily) as S = 2. This
produces a weight matrix W with µ = 2, W1 = µ1 and
1
6
1′W = µ 1

6
1′ (i.e., the functional 1

6
1′x[0] is calculable by

all nodes).
The matrix E3 for node 3 is given by

E3 =

�
0 1 0 0 0 0
0 0 1 0 0 0

�
.

Since node 3 does not know the coefficients Γ3 yet, the nodes
simply use the protocol described in this section to perform
N runs with initial conditions x∗,j[0] = ej , 1 ≤ j ≤ 6.
The function value for each run is given by c′x∗,j [0] = 1

6
,

1 ≤ j ≤ 6. For each of these runs, node 3 stores the output
of the system over the first N −deg3 = 5 time-steps. At this
point, node 3 has access to the matrix26664y3,1[0] y3,2[0] y3,3[0] y3,4[0] y3,5[0] y3,6[0]

y3,1[1] y3,2[1] y3,3[1] y3,4[1] y3,5[1] y3,6[1]
y3,1[2] y3,2[2] y3,3[2] y3,4[2] y3,5[2] y3,6[2]
y3,1[3] y3,2[3] y3,3[3] y3,4[3] y3,5[3] y3,6[3]
y3,1[4] y3,2[4] y3,3[4] y3,4[4] y3,5[4] y3,6[4]

37775 =266666666666664
0 1 0 0 0 0
0 0 1 0 0 0
1 0 1 0 0 0
0 1 1 0 0 0

−2 2 1 1 1 1
1 1 2 0 0 0
9 −1 3 −1 −1 −1

−1 3 3 1 1 1
−22 12 2 8 8 8

8 2 6 0 0 0

377777777777775 ,

where y3,j [k] is the output seen by node 3 at time-step k
of the j’th run. It then finds the smallest L3 for which the
rank condition in (15) holds. In this example, the condition
holds for L3 = 2, and node 3 calculates the coefficient vector
Γ3 from (16) as

Γ3 =
1

48

�
1 −15 19 −14 8 5

�
.

On the next run, suppose that the initial conditions on the
nodes are given by

x[0] =
�
7 6 2 11 −2 26

�′
,

which has a mean of 8.3333. After running the linear itera-
tion for three time-steps, the values of the nodes over those
time-steps are given by�

x[0] x[1] x[2]
�

=

2666664 7 27 11
6 9 35
2 8 17

11 18 45
−2 33 32
26 5 60

3777775 .

Using the outputs of the system y3[0] = E3x[0], y3[1] =
E3x[1] and y3[2] = E3x[2], node 3 can now calculate the

average as

Γ3

24y3[0]
y3[1]
y3[2]

35 = Γ3

2666664 6
2
9
8
35
17

3777775 = 8.3333 .

6. DISCUSSION AND FUTURE WORK
As we have seen from our development, once the matrix

W is chosen so that a desired set of functions are calculable
(i.e., they are in the row-space of the observability matrix),
the nodes can obtain the function in a finite number of time-
steps. We showed that all left eigenvectors of the matrix
W corresponding to observable eigenvalues for a given node
will be calculable by that node. Furthermore, we discussed
how to choose the weight matrix so that certain functions
will be calculable by all nodes. Our development does not
depend on the magnitude of the eigenvalues of the weight
matrix, unlike the asymptotic schemes currently studied in
the literature. Furthermore, we showed that it is possible for
the nodes to learn the necessary information for calculating
the desired function after running the linear iteration with
several different initial conditions.

There are a number of interesting directions for future
research.

1. How does one choose the weight matrix to minimize
the number of time-steps required to calculate the de-
sired function by a certain node? The cost incurred
by using our scheme is that node i has to store the
coefficients Γi. The size of the coefficient vector Γi

is proportional to the number of time-steps required
to calculate the function, and so fewer coefficients will
have to be stored if the time is minimized.

2. How does one choose the weight matrix so that a cer-
tain node can calculate multiple different functions at
the same time? Along the same lines, can the weight
matrix be designed so that only a subset of the nodes
can calculate a certain function, but other nodes can-
not?

3. Are there other (perhaps more efficient) methods for
the nodes to distributively determine their coefficients
Γi? The method that we have described in this pa-
per requires the nodes to know N , and to potentially
store a large amount of data (if N is large) in order to
calculate the coefficients. Is there a way to reduce the
storage requirements of the algorithm?

4. How does one incorporate robustness to errors in the
nodes and links? More generally, how does one handle
time-varying graphs?

We are actively pursuing these and other ideas in our re-
search.
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