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Abstract— We consider the problem of selecting an optimal
set of sensors to estimate the states of linear dynamical systems.
Specifically, the goal is to choose (at design-time) a subset of
sensors (satisfying certain budget constraints) from a given
set in order to minimize the steady state error covariance
produced by a Kalman filter. In this paper, we show that this
sensor selection problem is NP-hard, even under the additional
assumption that the system is stable. We then provide bounds on
the worst-case performance of sensor selection algorithms based
on the system dynamics, and show that certain typical objective
functions are not submodular or supermodular in general.
While this makes it difficult to evaluate the performance of
greedy algorithms for sensor selection, we show via simulations
that a certain greedy algorithm performs well in practice. We
also propose a variant of the greedy algorithm which is based
on the Lyapunov equation and show that the corresponding
(relaxed) cost function is modular.

I. INTRODUCTION

A key problem in control system design is to select a
suitable set of sensors or actuators (either at design-time
or at run-time) in order to achieve certain performance
objectives [1]. For the objective of estimating the state of a
given linear Gauss-Markov system, there has been a growing
literature in the past decade that studies how to dynamically
select sensors at run-time to minimize the error covariance
of the corresponding Kalman filter. This is known as the
sensor scheduling problem, due to the fact that a different
set of sensors can be chosen at each time-step (e.g., see [2],
[3]).

The design-time sensor selection problem (where the sen-
sors are not allowed to change over time) has been studied
in various forms, including cases where the objective is to
guarantee a certain structural property of the system [4] or
to optimize energy or information theoretic metrics [5], [6].
In [7], the authors considered the problem of estimating a
static random variable and showed that the corresponding
problem can be modeled as a Boolean convex problem. They
then proposed various heuristics for sensor selection by using
convex relaxation techniques. Sensor selection for parameter
estimation was also studied in [8] where the uncertainty is
due to deterministic and bounded disturbances. However, the
results in [7], [8] do not directly translate to state estimation
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for dynamical systems and no performance guarantees are
provided on the provided procedure.

In this paper, we consider the design-time sensor selection
problem for optimal filtering of linear dynamical systems.
It is often claimed in the literature that such optimization
problems are intractable [7], [8], [9]; however, to the best
of our knowledge, there is still no explicit characterization
of the complexity of this problem for given (numerically
specified) systems. Thus, our first contribution is to show that
it is NP-hard to find the optimal solution of cost-constrained
sensor selection problems, even under the assumption that the
system is stable. We then provide insights into what factors
of the system affect the performance of sensor selection
algorithms by using the concept of the sensor information
matrix [9]. We show that the worst-case performance can be
bounded by a parameter that depends only on the system
matrix, and that the performance of a sensor selection
algorithm cannot be arbitrarily bad if the system matrix is
well conditioned, even under very large noise.

Since in general it may be intractable to find the optimal
selection of sensors, a reasonable tradeoff is to design appro-
priate approximation algorithms. For the (run-time) sensor
scheduling problem, it has been shown that certain types
of cost function are submodular [3] and thus certain greedy
algorithms can be applied to obtain guaranteed performance.
However, we show that the cost function of the (design-
time) sensor selection problem does not necessarily have this
property, precluding the direct application of classical results
from the theory of combinatorial optimization. Nevertheless,
we show via simulations that a certain greedy algorithm
performs well in practice. We also consider the problem
of optimizing an upper bound of the original cost function
based on the Lyapunov equation and propose a variant of
the greedy algorithm. We show that the relaxed cost function
is modular and that the running time of the corresponding
greedy algorithm scales more slowly with the number of
states in the system as compared to the original greedy
algorithm, at the cost of a decrease in performance.

Notation For a square matrix M , let MT , trace(M),
det(M), {λi(M)} and {σi(M)} be its transpose, trace,
determinant, set of eigenvalues and set of singular values, re-
spectively. The eigenvalues {λi(M)} of M are ordered with
nonincreasing real parts, i.e., <λ1(M) ≥ · · · ≥ <λn(M);
the same order applies to the set of singular values {σi(M)}.
A positive semi-definite matrix M is denoted by M � 0. The
identity matrix with dimension n is denoted by In×n. For a
vector v, let diag(v) be the diagonal matrix with diagonal
entries being the elements of v.



II. PROBLEM FORMULATION

Consider the discrete-time linear system

xk+1 = Axk + wk, (1)

where xk ∈ Rn is the system state, wk ∈ Rn is a zero-mean
white Gaussian noise process with E

[
wkw

T
k

]
= W for all

k ∈ N, and A ∈ Rn×n is the system dynamics matrix. We
assume throughout that the pair (A,W

1
2 ) is stabilizable.

There is a set Q consisting of q sensors. Each sensor i ∈ Q
provides a scalar measurement of the form

yik = Cixk + vik, (2)

where Ci ∈ R1×n is the state measurement matrix for that
sensor, and vik ∈ R is a zero-mean white Gaussian noise
process. For convenience, we use C ∈ Rq×n to denote the
matrix where the i-th row is Ci, and vk ∈ Rq to denote the
vector where the i-th component is vik. We denote E[vkv

T
k ] =

V and take E[vkw
T
j ] = 0 for all j, k ∈ N.

Each sensor i ∈ Q has an associated cost ri ∈ R≥0,
representing, for example, monetary costs of purchasing and
installing that sensor. Define the cost vector r , [r1 · · · rq]T .
We also assume there is a sensor budget β ∈ R≥0, repre-
senting the total cost that can be spent on sensors from Q.

For any given subset of sensors, the Kalman filter provides
the optimal estimate of the state using the measurements
from those sensors (in the sense of minimizing mean square
estimation error, under the stated assumptions on the noise
processes). Let z ∈ {0, 1}q be the indicator vector of the
chosen sensors, i.e., zi = 1 if and only if sensor i ∈ Q
is chosen, and define the selection matrix Z , diag(z).
Define C̃ , ZC, Ṽ , ZV ZT , and let Σk+1|k(z) be the
filtered error covariance (at time-step k) of the Kalman filter
when the set of sensors indicated by the vector z are chosen.
Then the error covariance Σk+1|k(z) satisfies the Riccati
mapping [10]:

Σk+1|k(z) = ATΣk|k−1(z)A+W−
ATΣk|k−1(z)C̃T (C̃Σk|k−1(z)C̃T + Ṽ )−1C̃Σk|k−1(z)A.

(3)

Note that the inverse in the Riccati mapping is interpreted
as a pseudo-inverse if the argument is not invertible.

If the pair (A, C̃) is detectable (and given the stabiliz-
ability of (A,W

1
2 )), the error covariance Σk+1|k(z) will

converge to a unique limit Σ(z), which satisfies the following
discrete algebraic Riccati equation (DARE):

Σ(z) = ATΣ(z)A+W−
ATΣ(z)C̃T (C̃Σ(z)C̃T + Ṽ )−1C̃Σ(z)A. (4)

Using the matrix inversion lemma [11], the DARE (4) can
also be written as

Σ(z) = W +AT (Σ−1(z) + C̃T Ṽ −1C̃︸ ︷︷ ︸
R(z)

)−1A, (5)

where the matrix R(z) is the so-called sensor information
matrix corresponding to the indicator vector z.1

Definition 1 (Feasible Sensor Selection): The sensor se-
lection z ∈ {0, 1}q is said to be feasible if Σk+1|k(z)
converges to a finite limit (denoted by Σ(z)) as k → ∞,
and this limit does not depend on Σ0|0(z).

We now propose the following Kalman filtering sensor
selection (KFSS) problem.

Problem 1 (KFSS Problem): Given a system matrix A ∈
Rn×n, a measurement matrix C ∈ Rq×n, a positive semidef-
inite system noise covariance matrix W ∈ Rn×n, a positive
semidefinite sensor noise covariance matrix V ∈ Rq×q , a
cost vector r ∈ Rq≥0, and a budget β ∈ R≥0, the KFSS
problem is to solve the following optimization problem:

minimize trace(Σ(z))

subject to rT z ≤ β
z ∈ {0, 1}q

(6)

where Σ(z) is given by equation (4) and z is the decision
variable. When z is not feasible, define trace(Σ(z)) =∞.

III. COMPLEXITY OF THE KFSS PROBLEM

In this section, we study the complexity of the KFSS
problem and show that the problem is NP-hard. We will use
the following well-known result on Kalman filtering [10].

Lemma 1: When the pair (A,W
1
2 ) is stabilizable, the

indicator vector z is feasible if and only if the pair (A, C̃)
is detectable.

To show the complexity of the KFSS problem, we will
relate it to the problems described below.

Problem 2: Given a matrix A ∈ Rn×n, the problem of
finding a diagonal matrix M ∈ Rn×n with the fewest
nonzero elements such that the pair (A,M) is controllable
(resp. stabilizable, detectable) is referred to as the minimum
controllability (resp. minimum stabilizability, minimum de-
tectability) problem.

We now characterize the complexity of the KFSS problem.
Theorem 1: The KFSS problem is NP-hard.

Proof: We first give a reduction from the minimum
detectability problem to the KFSS problem. Given A ∈
Rn×n for the minimum detectability problem and some
p ∈ {1, . . . , n}, the instance for the corresponding KFSS
problem with parameter p is the system matrix A, the set Q
of n sensors with the measurement matrix C = In×n, the
system noise covariance matrix W = In×n, the sensor noise
covariance matrix V = In×n, the cost vector r = [1 · · · 1]T

and the budget β = p. Suppose there is an algorithm A
that determines the minimum value of trace(Σ(z)) over all
z satisfying rT z ≤ p (recall that trace(Σ(z)) = ∞ for any
selection z that is not feasible). If the output of algorithm A
is not ∞, then the solution of the specified KFSS problem
with parameter p is feasible; by Lemma 1, we know that
the solution to the minimum detectability problem (i.e., the
minimum number of nonzero entries of the diagonal matrix

1Note that the sensor information matrix is different from the Fisher
information matrix, which is the inverse of the error covariance matrix [10].



M ∈ Rn×n such that (A,M) is detectable) is at most p. In
order to solve the minimum detectability problem, we need
to call algorithm A at most n times (i.e., increase p from 1 to
n). Thus, if the minimum detectability problem is NP-hard,
then the KFSS problem is also NP-hard.

The NP-hardness of the minimum detectability problem
follows from the proof of NP-hardness of the minimum con-
trollability problem in [12]. Specifically, given n1, n2 ∈ Z≥1

and a collection C of n1 nonempty subsets of {1, · · · , n2},
let A(C) = U−1 diag(1, · · · , n1 + n2 + 1)U , where U is
some invertible matrix related to C.2 In [12], the author
proved that C has a hitting set with cardinality s if and only
if there exists a diagonal matrix B with no more than s
nonzero entries such that (A(C), B) is controllable. Since the
hitting set problem is NP-hard, the minimum controllability
problem is also NP-hard. Note that the set of eigenvalues
of A(C) is {1, · · · , n1 + n2 + 1}, which are all unstable.
Thus, to find a matrix B such that (A(C), B) is stabilizable
is equivalent to finding a matrix B such that (A(C), B) is
controllable, which implies that the minimum stabilizability
problem is NP-hard. By the duality of stabilizability and
detectability, the minimum detectability problem is also NP-
hard, completing the proof.

Note that the above result shows that it is NP-hard to
find a feasible solution for the KFSS problem, even when
all sensors have identical costs. The following result shows
that the KFSS problem is still NP-hard if the matrix A is
stable (so that all sensor selections are feasible), but when
the sensor costs can be arbitrary.

Theorem 2: The KFSS problem is NP-hard even under the
additional assumption that the matrix A is stable.

Proof: We show the result by giving the reduction from
the optimization form of the 0-1 knapsack problem to the
KFSS problem. First note that if the matrices A,C,W, V are
all diagonal, then the resulting steady state error covariance
Σ is also diagonal. Specifically, when A = aIn×n with 0 <
a < 1 being some constant, C = In×n, V = 0, and W =
diag([w1 · · ·wn]), we know that Σ is diagonal with Σii = wi
if zi = 1 and Σii = wi

1−a2 if zi = 0. Thus, the reduction of
estimation error by adding sensor i is Σi(zi = 0)−Σi(zi =

1) = a2

1−a2wi,∀i. Given the number of items n, the set of
values {αi}, the set of weights {βi} and the weight budget B
for the 0-1 knapsack problem, the corresponding instance for
the KFSS problem is the stable system matrix A = 1

2In×n
(i.e., take the constant a = 1

2 ), the set Q of n sensors with the
measurement matrix C = In×n, the system noise covariance
matrix W = diag([w1 · · ·wn]) with wi = 1−a2

a2 αi = 3αi, the
sensor noise covariance matrix V = 0, the cost vector r =
[β1 · · ·βn]T and the budget β = B. Then we can see that an
indicator vector z for the 0-1 knapsack problem is optimal if
and only if it is optimal for the corresponding KFSS problem.
Since the optimization form of the 0-1 knapsack problem
is NP-hard, the KFSS problem is NP-hard even under the
additional assumption that the matrix A is stable.

2Note that U is constructed based on the incidence matrix of C; we omit
the construction details and refer to the proof of Theorem 1.1 in [12].

In the rest of this paper, we focus on the case where the
matrix A is stable in order to obtain further insights.

IV. UPPER BOUNDS ON THE PERFORMANCE OF SENSOR
SELECTION ALGORITHMS

In this section, we study worst-case bounds on the perfor-
mance of sensor selection algorithms to solve the KFSS prob-
lem. Specifically, we consider the ratio r(Σ) , trace(Σworst)

trace(Σopt)
,

where Σopt and Σworst are the solutions of the DARE corre-
sponding to the optimal selection of sensors and the worst-
case selection, respectively. Note that for any sensor selection
algorithm, the performance of that algorithm is within r(Σ)
times the optimal performance. In other words, the quantity
r(Σ) characterizes the ‘spectrum’ of the performance of all
feasible selections. We will be using the following results.

Lemma 2 ([13]): For matrices M,N ∈ Rn×n with M
symmetric and N � 0, we have λn(M) trace(N) ≤
trace(MN) ≤ λ1(M) trace(N).

Lemma 3 ([14]): A square matrix A is Schur stable if
and only if there exists a nonsingular matrix P such that
σ1(P−1AP ) < 1. Moreover, the condition number κ =
σ1(P )
σn(P ) of P is upper bounded by some constant γA which
only depends on the matrix A.

Lemma 4 ([15]): For Σ � 0 satisfying the DARE (5) with
W � 0, we have Σ � AT (W−1 +R(z))−1A+W .

We now give an upper bound for r(Σ). To incorporate
the nature of the sensor set Q, we will use the sensor
information matrix R(z) from (5) which encapsulates both
the sensor matrix C̃ and the corresponding noise covariance
Ṽ corresponding to the indicator vector z.

Theorem 3: For the given cost vector r and budget β, let
R = {R(z)} be the set of all sensor information matrices
such that the constraint rT z ≤ β is satisfied. Denote λmax

1 =
max{λ1(R)|R ∈ R}. Then for the stable system (1) with
W � 0, the following bound for r(Σ) holds:

r(Σ) ≤ αA(1 + λmax
1 ) trace(W )

nσ2
n(A)λn(W ) + (1 + λmax

1 ) trace(W )
, (7)

where αA is some constant that only depends on A.
Proof: Note that since A is stable, all indicator vectors

z ∈ {0, 1}q are feasible (in the sense of Definition 1). We
first give an upper bound for trace(Σworst). Consider the
case where z = 0 (i.e., no sensors are chosen). In this
case, the DARE (4) becomes the Lyapunov equation Σ(0) =
ATΣ(0)A+W . Define Σ̄ = PTΣ(0)P and W̄ = PTWP ,
where P is nonsingular and satisfies σ1(P−1AP ) < 1. Note
that since the matrix A is stable, by Lemma 3, such a matrix
P always exists. Let D = P−1AP . Then we get Σ̄ =
DT Σ̄D+ W̄ . By Lemma 2, we know that trace(DT Σ̄D) =
trace(DDT Σ̄) ≤ σ2

1(D) trace(Σ̄) and thus trace(Σ̄) ≤
trace(W̄ )
1−σ2

1(D)
. Since the matrix PPT is symmetric (and positive

definite) and W,Σ � 0, by Lemma 2, we know that
trace(Σ̄) = trace(PPTΣ(0)) ≥ σ2

n(P ) trace(Σ(0)) and
trace(W̄ ) = trace(PPTW ) ≤ σ2

1(P ) trace(W ). Combin-



ing the above analysis, we obtain

trace(Σworst) ≤ trace(Σ(0)) ≤ σ2
1(P )

σ2
n(P )

trace(W )

1− σ2
1(D)

≤ γ2
A trace(W )

1− σ2
1(D)

, αA trace(W ),

where the second last inequality is due to Lemma 3.
Next we derive a lower bound for trace(Σopt). For any

selection of sensors z, since W � 0 and R(z) � 0,
there exists a matrix U that can diagonalize W−1 and
R(z) simultaneously, i.e., there exists a matrix U such that
W−1 = U−1(U−1)T and R(z) = U−1Λ(U−1)T , where
Λ = diag([λ1(R(z)) · · ·λn(R(z))]) [11]. Then we have

trace(Σ(z)) ≥ trace(AT (W−1 +R(z))−1A+W )

≥ σ2
n(A) trace((W−1 +R(z))−1) + trace(W )

= σ2
n(A) trace(UT (I + Λ)−1U) + trace(W )

≥ σ2
n(A)σ2

n(U)
∑
i

1

1 + λi(R(z))
+ trace(W )

≥ nσ2
n(A)λn(W ) + (1 + λmax

1 ) trace(W )

1 + λmax
1

.

Note that the first inequality is due to Lemma 4 and the
second and fourth inequalities are due to Lemma 2. Further
note that the derived lower bound for trace(Σ(z)) holds for
any sensor selection z and thus holds for trace(Σopt).

The result follows by combining the upper bound for
trace(Σworst) and the lower bound for trace(Σopt).

Using the result in Theorem 3, we can provide the fol-
lowing simpler (and looser) upper bound for r(Σ) which
highlights the role of the system dynamics matrix A.

Corollary 1: If the given system (1) is stable, there exists
a constant αA which only depends on the matrix A such that
r(Σ) ≤ αA.

Remark 1: Note that since the upper bound for r(Σ)
only depends on the system matrix A, no sensor selection
algorithm will provide arbitrarily bad performance as long as
A is well conditioned, regardless of the statistics of the noise
processes and the nature of the sensor set Q. Further note
that if A is normal (i.e., ATA = AAT ), then we can always
choose P such that γA = 1 and thus r(Σ) ≤ 1

1−λ2
1(A)

; in
other words, the ratio r(Σ) only depends on the degree of
stability of the system. In particular, if A = 0, then the state
xk+1 in (1) is uncorrelated with xk, and thus measurements
of the current state are not useful in predicting the next state.
This is corroborated by the fact that r(Σ) = 1 in this case.

V. GREEDY ALGORITHMS

In this section, we explore potential approximation algo-
rithms to solve the KFSS problem. We focus on the case
where r = [1 · · · 1]T and β = p for some p ∈ N (i.e., our goal
is to choose p sensors out of the total q sensors to optimize
the performance of the Kalman filter). In [3], the authors
showed that the cost function associated with the single-
step sensor scheduling problem is submodular and thus the

greedy algorithm provides a near optimal solution. Thus,
in this section, we study a DARE based greedy algorithm
for sensor selection, given as Algorithm 1, which iteratively
picks sensors that provide the largest incremental decrease
in the steady state error covariance.

Algorithm 1 DARE based Greedy Algorithm
1: Input: Matrices A,C,W, V and constant p
2: Output: A set S of chosen sensors
3: k ← 0, S ← ∅
4: for k ≤ p do
5: for i ∈ Q ∩ S̄ do
6: Solve trace(ΣiS) = trace(Σ(S ∪ {i}))
7: end for
8: Choose j with trace(ΣjS) = mini trace(ΣiS)
9: S ← S ∪ {j}, Q ← Q \ {j}, k ← k + 1

10: end for

Note that it is easy to show that for the case where the
matrices A,C,W, V are all diagonal, Algorithm 1 outputs
the optimal solution. Outside of these trivial cases, there are
few tools available to give performance guarantees on greedy
algorithms. One such tool is the concept of submodularity,
which has been used in the analysis of greedy algorithms for
the sensor scheduling problem, as mentioned above. Here,
we briefly review this concept (see [16] for a comprehensive
discussion) and show that the trace of the steady state error
covariance (and other related metrics) does not satisfy this
property in general.

Definition 2: Let E be a finite set and define the set
function f : 2E → R. The set function f is normalized
if f(0) = 0, and is monotone if for every X ⊆ Y ⊆ E,
f(X) ≤ f(Y ).

Definition 3 (Submodularity): The set function f is sub-
modular if for all X,Y ⊆ E, f(X) + f(Y ) ≥ f(X ∩ Y ) +
f(X ∪ Y ), is supermodular if −f is submodular, and is
modular if it is both submodular and supermodular.

Theorem 4 ([16]): If the cost function f to be maximized
is normalized, monotone and submodular, then the perfor-
mance of the greedy algorithm is within a factor of 1− 1

e of
the optimal.

A. Lack of Submodularity of the Cost Function

We will consider the problem of maximizing three different
performance metrics: F1(z) = − trace(Σ(z)), F2(z) =
log det(Σ−1(z)) and F3(z) = −maxλi(Σ(z)), where F2

captures the volume of the confidence ellipsoid and F3 cap-
tures the worst-case error covariance.3 Note that maximizing
F1 is equivalent to minimizing −F1 as in the KFSS problem.
In [3], the authors showed that the metric F2 is submodular
for the single-step sensor scheduling problem while F1 and
F3 are neither submodular nor supermodular. One question
of interest is whether any of these metrics is submodular

3Note that in order to apply the result in Theorem 4, these metrics need
to be normalized; we omit the normalization factor as it does not influence
the results in this section.



or supermodular for the KFSS problem (where Σ(z) is the
solution of the DARE) when the matrix A is stable. However,
the following counterexample shows that these metrics are
neither supermodular nor submodular in general.

Example 1: Consider an instance of the KFSS problem

with A =

[
0.3 0.2
0.4 0.6

]
, C =

[
1 0.5 0.7 0
0 0.5 0.3 0.7

]T
,W =

I2×2, V = I4×4. Note that eig(A) = {0.1298, 0.7702} and
thus A is stable. For metric Fi and two sets X,Y , let the
change of utility by adding Y to X be ∆Fi

(Y |X), i.e.,
∆Fi

(Y |X) = Fi(X ∪ Y ) − Fi(X). One can check that
∆Fi

({1}|{2, 3}) < ∆Fi
({1}|{2, 3, 4}) and ∆Fi

({1}|{2}) >
∆Fi({1}|{2, 3}), i ∈ {1, 2, 3}, which contradict the submod-
ularity and supermodularity of the corresponding metrics,
respectively.

The above negative result implies that one may not be
able to use classical results from combinatorial optimization
to analyze Algorithm 1; despite this, our simulations in
Section VI show that this algorithm performs well in practice.

B. Approximated KFSS Problem

Note that due to the nonlinear nature of the DARE, it is
in general difficult to obtain its analytical solution. Thus, in
this subsection, we will consider an approximation for the
cost function in the KFSS problem and explore its structural
properties. Specifically, the solution of the DARE can be
approximated by the solutions of two Lyapunov equations
as follows.

Lemma 5 ([17]): Let Pw and Pv(z) satisfy the Lyapunov
equations Pw = ATPwA + W and Pv(z) = ATPv(z)A +
R(z), respectively. For Σ(z) � 0 satisfying the DARE (4),
we have (Pv(z) + P−1

w )−1 � Σ(z) � Pv(z)−1 + Pw.
As a heuristic, we consider the problem of minimizing

the upper bound trace(Pv(z)
−1 + Pw) on trace(Σ) (rather

than trace(Σ) itself). Since the term Pw does not depend on
the specific selection of sensors, we further approximate the
problem by seeking to maximize trace(Pv(z)).

Problem 3 (Approximated KFSS Problem): Given a sys-
tem matrix A ∈ Rn×n, a measurement matrix C ∈ Rq×n,
a positive semidefinite system noise covariance matrix W ∈
Rn×n, a positive semidefinite sensor noise covariance matrix
V ∈ Rq×q and the number of sensors to be chosen p,
the approximated KFSS problem is to solve the following
optimization problem:

maximize trace(Pv(z))

subject to 1T z ≤ p
z ∈ {0, 1}q

(8)

where Pv(z) is defined in Lemma 5.
Here we propose the following Lyapunov equation based

greedy algorithm, given as Algorithm 2. We show that
the cost function of the approximated KFSS problem is
modular when the covariance matrix V is diagonal and
thus Algorithm 2 provides near optimal performance for the
approximated KFSS problem in this case. Note that the proof
of Theorem 5 is a relatively straightforward extension of the

results in [5] on the continuous-time Lyapunov equation to
the discrete-time case.

Algorithm 2 Lyapunov Equation based Greedy Algorithm
1: Input: Matrices A,C,W, V and constant p
2: Output: A set S of chosen sensors
3: k ← 0, S ← ∅
4: for k ≤ p do
5: for i ∈ Q ∩ S̄ do
6: Solve trace(P iv) = trace(Pv(S ∪ {i}))
7: end for
8: Choose j with trace(P jv ) = maxi trace(P iv)
9: S ← S ∪ {j}, Q ← Q \ {j}, k ← k + 1

10: end for

Lemma 6 ([16]): A set function f : 2Q → R is modular
if ∀S ⊂ Q, f(S) = f(0) +

∑
s∈S f(s).

Theorem 5: Let RS = CTS V
−1
S CS be the sensor infor-

mation matrix associated with the set S of chosen sensors
and let Pv(S) be the solution of Pv = ATPvA + RS .
Define trace(Pv(0)) = 0. If the matrix A is stable and the
covariance matrix V is diagonal and V � 0, then the function
trace(Pv(S)) is normalized, monotone and modular.

Proof: For any S ⊂ Q, since the covariance matrix V
is diagonal and V � 0, we know that RS can be decomposed
as RS =

∑
s∈S

1
vs
CTs Cs where Cs and vs are the row of C

and measurement noise covariance corresponding to sensor
s, respectively. Thus, we get

Pv(S) =

∞∑
k=0

AkCTS V
−1
S CS(AT )k

=
∑
s∈S

∞∑
k=0

Ak
1

vs
CTs Cs(A

T )k =
∑
s∈S

Pv(s).

Note that the first equality is due to the analytic solution of
the discrete-time Lyapunov equation [18]. Since the trace
operator is a linear function and trace(Pv(0)) = 0, by
using Lemma 6, we know that the function trace(Pv(S))
is normalized, monotone and modular.

Corollary 2: Let the set of sensors chosen by Algorithm 2
be S and the optimal solution of the approximated KFSS
problem be trace(P opt

v ). If the covariance matrix V is diag-
onal and V � 0, then trace(Pv(S)) ≥ (1− 1

e ) trace(P opt
v ).

VI. SIMULATION

In this section, we provide simulation results for the
performance of the DARE based greedy algorithm (Algo-
rithm 1) and the Lyapunov equation based greedy algorithm
(Algorithm 2) and discuss their complexity.

A. Performance Evaluation

In order to illustrate the performance of algorithms consid-
ered in this paper, we use another sensor selection strategy,
the semi-definite programming (SDP) approach [19], as a
benchmark. The objective of the SDP approach is to min-
imize the H2 norm from the noise to the estimation error
and sparsity is achieved by adding a penalty function; see



TABLE I
PERFORMANCE COMPARISON OF DIFFERENT ALGORITHMS OVER 25

RANDOMLY GENERATED SYSTEMS. FOR ALGORITHM A, THE TABLE

PRESENTS THE AVERAGE, VARIANCE AND WORST-CASE VALUES OF
trace(ΣA)
trace(ΣOPT)

OVER THE 25 RUNS.

Average Variance Worst-case
Algorithm 1 2.5 6.1 11.8
Algorithm 2 7 22.8 22.3

SDP 5 20 18.5

TABLE II
COMPARISON OF THE AVERAGE RUNNING TIME (IN SECONDS) OVER 25

RUNS.

n = 50 n = 100 n = 150 n = 200
Algorithm 1 3.7 18.3 83.5 166.6
Algorithm 2 0.2 0.8 2.2 6.2

[19] for more details. We randomly generate 25 systems all
having dimension 10 (i.e., n = 10). For each system, the
goal is to choose 5 sensors out of a total of 20 (i.e., q = 20,
p = 5, and r = [1 · · · 1]T ). The results are summarized in
Table I; note that the value is the ratio of the performance
of each algorithm over the optimal solution (found by brute-
force). From Table I, we can see that in general, Algorithm 1
outperforms the other two algorithms, and Algorithm 2
(which attempts to minimize an upper bound on trace(Σ))
generally performs the worst. However, we will see in the
next subsection that the benefit of Algorithm 2 is that its
run-time scales more slowly with the number of states than
those of the other algorithms.

B. Complexity Analysis

Note that the complexity of solving the DARE and the
Lyapunov equation is O(n5) and O(n3), respectively, where
n is the number of states [20]. If we aim to choose p sensors
from a set of q sensors, then the complexity of Algorithm 1
and Algorithm 2 are O(pqn5) and O(pqn3), respectively.
Thus, the running time of the Lyapunov equation based
greedy algorithm scales more slowly than the DARE based
greedy algorithm as n grows. For example, see Table II for
a simulation which supports this conclusion; the simulation
is conducted on a typical 2.4-GHz personal computer and
the goal is also to choose 5 sensors out of 20. Note that in
Table II, we do not include the running time of the SDP
approach, as we found our solver ran out of memory when
the number of states n exceeded 50. As argued in [19],
when the weight of the sparsity penalty function is fixed,
the complexity of the SDP approach is O((n + q)6) (recall
that q is the total number of sensors), which is worse than
the DARE based greedy algorithm. Moreover, the process
of choosing an appropriate weight for the sparsity penalty
function (in order to obtain the desired level of sparsity)
requires additional computation.

VII. CONCLUSION

In this paper, we studied the KFSS problem for linear
dynamical systems. We showed that this problem is NP-hard

(even under the assumption that the system is stable) and
provided upper bounds for the performance of the worst-
case selection of sensors and highlighted the factors that
dominate the worst-case performance. We then studied two
greedy algorithms for sensor selection. For the DARE based
greedy algorithm, we provided a negative result showing
that the corresponding cost function is neither supermodular
nor submodular; however, simulations indicate that this algo-
rithm performs well in practice. For the Lyapunov equation
based greedy algorithm, we showed that this algorithm has
guaranteed performance with respect to the relaxed cost
function; although this algorithm performs less well than the
original algorithm, the run-time scales better with the system
size. Since the DARE based greedy algorithm outperforms
other algorithms in general, further study on determining
provable bounds on this algorithm is of interest.
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