2/ QD Models for Permanent Magnet
Synchronous Machines

The objective of this chapter is to derive lumped parameter models for
permanent magnet synchronous machines. This development will begin by setting
forth the assumed configuration and some preliminary definitions in Section 2.1.
This is followed by a derivation of the machine model in abc variables in Section
2.2. Next, Section 2.3 focuses on the transformation of the abc variable model to
qdO variables. This transformation result in considerable simplification of the model
by eliminating rotor position dependence. Using the qd0 model, the steady-state
performance of the machine is described in Section 2.4. Section 2.5 describes a
procedure to measure the parameters of the standard qd0 model. Time domain
simulation using the model is discussed in Section 2.6. Therein, some discrepancies
between model predictions and observed performance will be noted. To address
these, an improved qd0 model is described in Section 2.7; the parameterization of
this model is described in Section 2.8.

2.1 PRELIMINARIES

In this chapter, lumped parameter models for PMSM machines are
developed. In order to derive these models, we will assume the configuration
shown in Fig 2.1-1. This machine is a radial airgap, surface mounted permanent
magnet machine. A 2-pole machine is shown in Fig. 2.1-1; however any even

number of poles may be readily obtained.
bs-axis

Permanent g-axis
Magnet

Spacer

cs-axis d-axis
Figure 2.1-2. Permanent Magnet Synchronous Machine.
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The as-, bs-, and cs-axis mark the direction of positive flux through the
center of the machine as caused by the a-, b-, and c- phase currents, respectfully.
The d-axis marks the North magnetic pole of the permanent magnet; the g-axis is
orthogonal to the poles. The angle from the as-axis to the g-axis is defined as the
mechanical rotor position &, (in the two pole case). Angular position as measured
from the stator is measured relative to the as axis and is denoted ¢y, . Angular
position as measured from the rotor is measure relative to the g-axis and is
designated ¢,,. If we are describing the same feature using the two different

coordinate systems (stator and rotor) observe that we must have
Psm = Orm + Prm (2.1-1)

In treating machines with more than two pole pairs it is convenient to define
electrical rotor position and speed. These quantities are defined as

P

o = Eﬁrm (2.1-2)
=)

Op =~ O (2.1-3)

where P is the number of poles. Clearly, for a 2 pole machine the electrical and
mechanical quantities are identical. It is also convenient to define electrical stator
and rotor position as

P

gs = E¢sm (2.1-4)
p
¢ = ?(érm (2.1-9)
From (2.1-1)-(2.1-5),
¢s =0 + ¢ (2.1-6)

It will be assumed that the machine has sinusoidally distributed windings.
In particular, it is assumed that the stator turns density may be expressed

Nas (@sm) = Np sin(ds ) (21-7)
Nps (dsm) = Np sin(gs —27/3) (21-8)
Nes (dsm) = Np sin(gs +277/3) (2.1-9)

It follows from Chapter 4 of [1] that the winding functions may be expressed
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2nIO

Was (¢5) == cos(gs) (2.1-10)
s 4) = 2 ol ~27/3) (21-11)
Wes () = mTpCOS(¢S +2713) (2.1-12)

In deriving (2.1-10)-(2.1-12), it should be recalled that the integration involved in
computing winding functions from turns density is in terms of mechanical rather
than electrical rotor position; the result is the 2/ P factor in the winding functions.

One feature of particular interest in Fig. 2.1-1 is the spacer; we will
consider this to be either an inert material with a relative permeability of unity, or it
could be the same magnet steel that is used for the rotor. As we will see, the choice
of spacer material will make a significant impact on the performance characteristics
of the machine.

2.2 ABC MODEL

There are essentially three components of the model of any
electromechanical device — a voltage equation, a flux linkage equation, and a torque
equation. We begin our discussion of the abc variable machine model with the
voltage equation. By Ohm’s and Faraday’s laws, the voltage across each phase will
be equal to the Ohmic drop across that phase plus the time rate of change of flux
linkage. In vector form, we have

Vabes = fsiabes + Phancs (2.2-1)

In (2.2-1) the stator resistance is readily established in terms of the machine
geometry using techniques set forth in Section 4.8 of [1].

The next step in formulating the machine model is to formulate the flux
linkage equation. The flux linking each phase may be thought of as having two
components, a leakage component which does not cross the air gap and a
magnetizing component which does. Thus

Mabes = Mabcs,l T Mabes,m (2.2-2)

where  Agpes) and  hgpes m denote the leakage and magnetizing components,
respectively. From our work in Section 4.7 of [1], we have
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Lo Lm Lm
Aapes) =| Lim  Lip  Lim [labcs (2.2-3)
Lim Lim I-Ip

where Ly, and Ly, can be calculated in terms of the machine geometry using the

methods set forth in Section 4.7 of [1].

In order to calculate the magnetizing component of the flux linkage, let us
specifically consider the a-phase magnetizing flux linkage. From Section 4.6 of [1],
the a-phase flux linkage may be expressed

2r
Aas,m = jWas (45)B(gs)drs dggp, (2.2-4)
0

where the functional dependence of w,qand B on position has been explicitly

emphasized.

To utilize (2.2-4) we must solve B field as a function of position. To this
end, consider the developed diagram of the machine in Fig. 2.2-1. In the region of
the magnet and the spacer, the flux density may be expressed

B = trmtoHm + By (2.2-5)

In (2.2-5) the relative permeability up,is a function of position since it will have

one value in the magnet material (probably close to unity), and another value in the
spacer (which is one if the spacer is inert, or very high if the spacer is steel).

o pm7t

v 1

‘ Stator Iron and Slots ‘

S o B o oo o o o o o 222222222222 22/
Permanent Magnet (North Pole) Permanent Magnet (South Pole)
Rotor Core i
Spacer
2n Or 0

Figure 2.2-1. Developed Diagram of PMSM.

This variation is illustrated in Fig. 2.2-2 as a function of position as
measured from the rotor, ¢, . In particular, u.,has one value corresponding the

spacer, denoted s, and another value for the permanent magnet, denoted s, . If
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the spacer is steel, s is much greater than s, . If the spacer is inert, s is unity
and slightly less than Hrp - Fig. 2.2-1 also depicts the variation of B, with position;
therein By, denotes the residual flux density of the magnet.

In the air gap, we must have

B =oH, (2.2-6)

O pmTC
Bpm < P >

—I Hrs t |_| Hrp r Hrm
X

2n oy 0
Figure 2.2-2. Developed Diagram Showing Magnet and Spacer Properties.

At a given position, the B field values in (2.2-5) and (2.2-6) must be the same.
Combining (2.2-5) and (2.2-6) yields an expression for the field intensity in the
material (permanent magnet or spacer), H,,, in terms of the field intensity in the

air gap, Hg, and the flux density do to the material By, .

Hy = (Hg —ism] (2.2-7)

The definition of MMF drop is that
stator
F= der (2.2-8)
rotor
where we will take the rotor to be the rotor core. From (2.2-8),
F=Hgg+Hpndp (2.2-9)

Manipulation of (2.2-6), (2.2-7) and (2.2-9) yields

B= be F+ Bm,eff (22-10)
where
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Cpf = HoHrm

= (2.2-11)
9item + A
and
dm
Bm,eff = 7 Pm (2.2-12)
9ttm + Ay

Because u,y and B are functions of position, it follows that c, and
Bm.eff Will be a function of position as well.  This is depicted in Fig. 2.2-3. Therein,

HoHrs
Cyfs = —0Hrs (2.2-13)
s Ouys +dpy

Cofm = ——2LT__ (2.2-14)
Qpurp +dm
and

dm

B om,eff :gﬂrp—+depm (2.2-15)

Bpm,eﬁ ¢ pm’T

Bm,eff

A
—I Chfs I Cofm r Chf
X

2n Or 0
Figure 2.2-3. Developed Diagram Showing Effective Properties.

At this time, all terms in (2.2-10) have been specified accept for the MMF
drop from the rotor core to the stator. We have

F = Waslas + Whslhs + Wesles

(2.2-16)
Substitution of (2.2-16) into (2.2-10) and the result into (2.2-4) yields
27[ - - -
Aas,m = drs ,[Was (be (Waslas + Whslps +Wcs|cs)+ B eff )d¢sm (2.2-17)
0

In the process of evaluating (2.2-17), observe that it is somewhat awkward
to express cp and By ¢ in terms of stator position since these quantities are
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associated with the rotor.  Since it is relatively straightforward to express the
winding function in terms of ¢, + 6y (Which is equal to g, ), it is convenient to

express (2.2-17) as

2z

Aas,m =drs ,[Was (be (Wasias + Whslhs Jchsics)+ B eff )d¢rm (2.2-18)
0

A further reduction can be obtained by using symmetry to evaluate (2.2-18)
over one pole pair and multiplying the result by the number of poles pairsP/2. In
addition, because the integrand must be an even function, it is only necessary to
integrate over one pole face if we multiply the resulting quantity by an additional
factor of two. This yields

2z P

Aas,m = drsP J.Was (be (Wasias + Whsips + Wesics )+ B eff )d $m  (2.2-19)
0

Evaluating (2.2-19) yields

Aas,m = Lasasias + Lasbsibs * Lascsics + Aas, pm (2.2-20)
where
v
Lasy = 20r5 [ WasWy Cor defy (2.2-21)
0
and
T
Aas,pm = 2drs [ WasBin et debr (2.2-22)
0

In (2.2-21), ‘y’ may each take on values of ‘as’, ‘bs’, and “cs’.
It remains, of course, to actually evaluate (2.2-21) and (2.2-22). Expanding
(2.2-21) yields,

1
—(MHapm)m
V4 2
Lasy = 2drs| Cyfs J. WasWy ddy + (Cofm — Chfs) I WasWy ddy (2.2-23)
0 %(l_apm)”

Let us first use (2.2-23) to compute L,g . Substiution of (2.1-10) into
(2.2-23) for w,s and wy yields

4d@n% .
Lasas = T [bes” + (Cofm — bes)(”apm —sin(za pm) cos(26; ))] (2.2-24)
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which may be expressed

Lasas = La + Lg c0S(26;) (2.2-25)
where
47zn%drs
La= p2 (bes + & pm (Cofm _bes)) (2.2-26)
and
4dr, .
L =" (Cors ~ Com)Sin(zapm) (2.2-27)

Next, we will use (2.2-23) to compute L., . Substitution of (2.1-10) and
(2.1-112) into (2.2-23) yields

2drsnf, . T
Lashs = —T Chis T + (Chm — Chfs) T o — Zsm(mxpm)cos 26, +§
(2.2-28)
which is readily expressed
1 V4
Lashs = -5 La+Lg 005(29r + 5) (2.2-29)
Following the same procedure, it can be shown that
1 V4
Lases = —3 Lp+Lg cos(ZHr _3) (2.2-30)

We next turn our attention to (2.2-22).  Substitution of the winding
function into the integrand and evaluating yields

Aas, pm = Am Sin(6;) (2.2-31)
where
8n,dr.B
Ay = ———=F1 sin(”apmj Ay (2.2-32)
P 2 Otbym + dm

At this point, we have computed all terms related to a-phase magnetizing
flux linkage. Repeating the process for the b- and c-phases yields
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2 -1 -1
Xabes,m :i -1 2 —1ligpes +
-1 -1 2
cos(26,) cos(26, +7/3)  cos(26, —z13)
Lg| cos(26, + #/3) cos(26, +2x13) cos(26,) ignes + (2.2-33)
cos(26, —x 13) cos(26,) cos(26, —2x13)
sin(éy)
Aml| sin(6y —2713)
sin(@, + 27 13)

which completes our derivation of the flux linkage equations.

At this point, we could use co-energy techniques to formulate an expression
for torque. However, we will defer this derivation until the next section wherein the
qd0 model is set forth. As a final note, note that the stator slot effects will cause the
effective air gap to be greater than the physical gap g. For this reason, it is

recommend to adjust replace g with an effective value which may be obtained using
Carter’s coefficient as discussed in Section 4.6.2 of [1].

2.3 STANDARD QDO MODEL

The ABC machine model flux linkage equations are complex.  The
matrices used have both diagonal and off-diagonal elements, and are a function of
rotor position.  Significant simplification can be brought about by transforming the
variables to the rotor reference frame. In particular, we will define qd0 variables
which are related to abc variables by the transformation

fcngs = Kgfabcs (2.3-1)
where f,cs IS a vector of abc variables of the form
fabes = [fas fbs fcs]T (2.3-2)
and fqrd os s & vector of qdO variables defined as

f(?dOS = [fqrs fdrs. fOs]r (2.3-3)

and where f may denote a voltage, current, or flux linkage. Recall from Chapter 2
of [1] that
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cos(6;) cos(6y —2x13) cos(f, +2713)

K{==|sin(6,) sin(@ —27/3) cos(6, +2x13) (2.3-4)
3
1 1 1
2 2 2

Applying (2.3-1) to the voltage equation (2.2-1) yields the qd0 voltage
equation

Vados = Fsigdos + @rShqdos + PAGdos (2.3-9)
where S is the speed coefficient matrix

0
S=|-1 0 0 (2.3-6)
0 0
Transforming (2.2-2) to the rotor reference frame yields

r r r
)\'quS = }‘qd 0s1 Tt )‘qd 0s,m (2.3-7)

The leakage flux linkage term xadOSJ may be obtained by transformation of (2.2-3):

Ly 0 O
hgdost =| 0 Lis O ligaos (2.3-8)
0 0 Ly
In (2.3-8)
Lis = I-Ip —Lim (2.3-9)
LO = L|p + 2|_|m (23-10)

The magnetizing component of the flux linkage in (2.3-7) is found by
transforming (2.2-33). This yields

5 100 5 1 0 0 0
Agdos,m =—La|0 1 Olifgos +—~Lg|0 —1 Oliggos +4m| 0| (2.3-11)
000 0 0 O 0

It is convenient to combine terms in (2.3-11) as
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L, 0 0 0
hgaos=| 0 Lg O |iggos +4Am|1 (2.3-12)
0 0 Ly 0
where
Lq = L|S +g(LA + LB) (23'13)
Ly =L +3(La—Lg) (2.3-14)

At this point we have a voltage equation (2.3-5) and flux linkage equation
(2.3-12). To complete the model, we must have an expression for electromagnetic
torque. From our work in Chapter 5 of [1], we have that

3P (. .
Te = E?(ﬁaslas - /las'c'i's) (2.3-15)

Together, the three equations (2.3-5), (2.3-12), and (2.3-15) make up the standard
qd0 machine model.

2.4 STEADY STATE OPERATION

Under sinusoidal steady-state conditions in the rotor reference frame, all
variables are constant. Thus we may set all derivative terms in the voltage equation
(2.3-5) equal to zero. Taking this result, combining it with the flux linkage equation
(2.3-12), and separating out the g- and d-axis components yields

Vgs = Tsigs + @r Laids + o Am (2.4-1)

Vis = Tsigs — @r Lyigs (2.4-2)

The zero-sequence voltage equation is not considered since in all zero sequence
quantities must be zero in an idealized machine, whether it be delta- or wye-
connected.

For the purposes of steady-state analysis, it is convenient to substitute the
flux linkage equation (2.3-12) into the torque equation (2.3-15) to yield

3P(, . s
Te :EE(Z igs + (Lg — Lq)ugsugs) (2.4-3)

It should be observed that this result is valid for steady-state or transient conditions.
Together, (2.4-1)-(2.4-2) and (2.4-3) constitute the steady-state PMSM
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model. In order to demonstrate the use of the model, let us assume the case that the
machine is supplied from a three-phase controllable voltage source (i.e. an inverter)
and that the phase voltages have the form

Vas = /2Vs COS(;, + ) (2.4-4)
Vis =/2Vg COS(6, — 2713+ ¢,) (2.4-5)
Vs =V2Vg COS(6; + 2713+ ¢,) (2.4-6)

Transforming these voltages to the rotor reference frame yields

Vgs =2 cos(g,) (2.4-7)
vis = —/2vg sin(4,) (2.4-8)

Given the voltages, (2.4-1) and (2.4-2) may be solved to find the currents.
In particular, we have

.
o Ns(Vgs —opdm) —ar Ly

i = (2.4-9)
@ 12+ 0Pyl
wr Ly (Vi = A) + rvh
g, = Zralies ~ardm) + Vo (2.4-10)

rZ + wfLgly

These currents can then be substituted into (2.4-3) to find the torque.

As an alternative to controlling the machine voltage, it is also possible to
control the current.  In fact, this is the normal case for all but the lowest power
machines. In this case the stator currents are controlled to be of the form

ias =/2is cos(O; +4;) (2.4-11)
ins = /2ig cOS(6, —27/3+4;) (2.4-12)
ics =/2ig COS(O; +27/3+4,) (2.4-13)
which corresponds to
ifs = /2is cos(¢;) (2.4-14)
ils = —/2ig sin(4,) (2.4-15)

Using (2.4-14)-(2.4-15) may be used in conjunction with (2.4-3) to find the torque.
The g- and d-axis machine voltage can be found from (2.4-1) and (2.4-2) and the
torque using (2.4-3).
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When operating the machine from a voltage source, it useful to note that
from (2.4-14) and (2.4-15) the per phase rms stator current may be expressed

i =% (igls)2 +(igs)2 (2.4-16)

Similarly, when operating the machine from a current source, from (2.4-7) and (2.4-
8) the line-to-neutral rms stator voltage may be expressed

Vg = % (vas)2 +(vés)2 (2.4-17)

One the voltages, currents, and torque is computed output power is the
product of torque and mechanical rotor speed; thus

Pout = %a’rTe (2.4-18)
From our work in Chapter 2 of [1], we have that the input power may be expressed

3 . .
Fin = E(Vas'as + Vés'és) (2.4-19)

Finally, the efficiency (in percent) may be found in accordance with

P
ot p 0P, >0
Pin
P
77 = Pln POUt < 0, Pin S 0 (2.4'20)
out
0 PRp>0,Py <0

where the three difference cases arise based on the direction of power flow.

It is now appropriate to consider a numerical example. Let us consider a
commercial 3-phase 4-pole machine rated for 1 Hp at a speed of 2000 rpm; and a
maximum operating speed of 5500 rpm. Rated current for this machine is 3.3 A
rms; rated torque is 3.56 Nm. The machine parameters are r,=2.6

Q, Ly=Lg=124mH, and 4, =0.286 Vs. Figure 2.4-1 illustrates machine

performance versus speed wherein the input voltage is fixed at 230 V, I-I, rms and
the phase advance is zero. All quantities are normalized to their rated value, where
rated power is taken to be 746 W; 100% efficiency corresponds to 10 in the figure.
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Figure 2.4-1. Steady-State Operation From A Voltage Source.

As can be seen, at low speeds the input current, torque, and input power are
extremely high (15, 17, and 27 time rated value, respectively). Output power is low
since the speed is low. As the speed increases, the input current, torque, and input
power decrease; the output power increases rapidly with speed and eventually the
efficiency enters an acceptable range. At approximately 3100 rpm, the torque drops
below zero and the machine begins to acts as a generator. The large input currents
illustrate the disadvantage of fixed amplitude voltage source control; it is entirely
inappropriate for this class of machine.

Figure 2.4-2 illustrates performance with current source control. In this
case, the machine is operated with a current command equal to its rated value and
@ equal to zero. As can be seen, the machine performance is quite good over the

entire speed range. An extended discussion of current based control is set forth in
Chapter 3.
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Figure 2.4-2. Steady-State Operation From a Current Source.

2.5 PARAMETER IDENTIFICATION

While we established expressions for the parameters of the machine in
Section 2.2, it is often the case that it is desirable to measure the parameters directly.
In this section, a procedure to identify the machine parameters is set forth. Herein, it
is assumed that the machine is wye- connected. Modifications for delta-connected
machines are straightforward.

The first step in the procedure identifies A,,, and, if not already known, the
number of poles P. The experimental set up involves driving the machine under
test mechanically from a dynamometer at a safe operating speed for the device.
During this test, the machine is open circuited, and the a- to b- phase voltage vy is

measured. From (2.4-1)-(2.4-2) we have

1
Vados = @ Am| 0 (2.5-1)
0

which, when transformed back to abc variables, yields
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cos(6;)
Vabes = @ Am| €0S(6, —2713) (2.5-2)
cos(6, +2x13)

From (2.5-2), it can be shown that the a- to b- phase voltage may be
expressed

Vaps = V30 A COS(6; + 7 /6) (2.5-3)

Since the machine is being driven at a constant speed, we may express the rotor
position as
Oy = ot + 6 (2.5-4)

where 6, is a constant. Thus, (2.5-4) becomes

Vabes = \/gwr/lm cos(awrt+6pg +7/6) (2.5-5)

Observe that , is known as it corresponds to the radian frequency of the observed
line-to-line voltage. From (2.5-5) we have that

3 Vabcs| pk fnd

A =
m \/gwr

(2.5-6)

where Vgpg denotes the peak value of the fundamental component of the a- to

pk fund
b-phase voltage.

If the number of poles is unknown, it may be readily calculated if the
mechanical rotor speed is known. In particular, from (2.1-3)

P = 2round (@ / @¢m) (2.5-7)

In (2.5-7) the round () operator rounds the result to the nearest integer.

The next step in the procedure is to identify the stator resistance and d-axis
inductance. This will be accomplished using stand still impedance testing using the
configuration shown in Fig. 2.5-1.  Therein, the impedance meter (often referred to
as an LCR meter), applies a small signal ac voltage at a frequency @ , measures the
applied voltage and resulting current waveforms and then proceeds to compute and
report the observed impedance Z,, at frequency . Often, such devices will
feature the ability to provide a dc voltage and current offset to bias to the device
under test.

10/13/2005 Copyright 2004 S.D. Sudhoff Page 20



Impedance
Meter

Figure 2.5-1. D-axis parameter measurement set up.

Before measuring the impedance, we first position the rotor to 6, =z/2.
If the machine is equipped with a calibrated rotor position sensor, this is
straightforward. If the machine does not have a rotor position sensor, then the rotor
may be positioned by connecting the b- and c-phase currents together, and then
injecting a positive dc current into the a-phase (with a magnitude less than the rated
peak value of current into the machine). The resulting stator field will be in the
direction of the positive as axis. The d-axis of the rotor will align with the stator
field, at which point 6, = z/2. The rotor is then mechanically locked into this
position.

Note that the d-axis voltage may be expressed

Vis = %(vas SiN(6; ) + Vs SIN(G, —27713) + Vg Sin(@;, +2713))  (2.5-8)

which, at 6, = /2 reduces to

2 1 1
Vis = E(vas _Evbs —Evcs) (2.5-9)

which may also be expressed as

2(1 1
VgS = E(E(Vas _Vbs) +E(Vas _Vcs)j (25-10)
Since the b- and c-phases are connected together v,; = Vg, and thus
Vgs = %Vab (2.5-11)

The d-axis current may be expressed
s = %(ias Sin(6y ) +ips SIN(G, —2713) +igg sin(@, +2713))  (2.5-12)

which, at 6, =z /2, reduces to
1 1

. 2(. . .
'és 25('515 _E'bs _E'csj (2.5-13)
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Since the machine is assumed to be wye-connected
s +icg = —igs (2.5-14)
Substitution of (2.5-14) into (2.5-13) yields
igs = iag (2.5-15)

We now define the standstill impedance looking into the d-axis of the
machine as

Vs
Zy4 == (2.5-16)
lds
Since (2.5-11) and (2.5-15) hold for instantaneous quantities under stand still
conditions, they also hold for phasor quantities. Substitution of these two
relationships into (2.5-16) yields

Zg==-b -7 (2.5-17)
30 3

where Z,, is the impedance reported by the impedance meter.
Observe that setting @, =0 in the d-axis voltage equation, and combining
it with the d-axis flux linkage equation, we have that

Vis = Tsigs + Lg Pigs (2.5-18)

From (2.5-18), it is clear that
Zd =I5+ J(l)Ld (25-19)

where o is the frequency of the injected perturbation. Thus we have
rs =Re(Zy) (2.5-20)
Ly :ilm(zd) (2.5-21)
w
The final step in the procedure is to calculate the g-axis parameters. To this
end, it is convenient to leave the rotor locked in the same position as the previous
step, but to connect our test source from the b-phase to the c-phase, with the a-phase

open circuited.  This configuration is depicted in Figure 2.5-1. The g-axis voltage
equation may be expressed
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Figure 2.5-2. Q-Axis parameter measurement set up.

r

Setting 6, =z /2 in (2.5-22) yields
gs 3| 2 bs 2 cs
Thus,

1
qs = ﬁvbc

The g-axis current may be expressed

igs = %(ias cos(6y ) + ipg COS(6y — 277 13) +igs COS(6; +271/3))

which, upon setting 6, =z /2, yields

" Z[IS. ﬁ}

T3l

R

Since the a-phase is open circuited, i, = —ips and so

b 243,
lgs = lbs
3

The g-axis stand-still impedance is defined as
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Vgs = %(Vas COS(6y ) + Vs COS(Oy — 2771 3) +V g COS(6, +2713))

(2.5-22)

(2.5-23)

(2.5-24)

(2.5-25)

(2.5-26)

(2.5-27)
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Sr

V,
Zy==2 (2.5-28)

Tr
i
qs
From (2.5-24) and (2.5-28) we have that
ALY (2.5-29)
20y 2

Substitution of the g-axis flux linkage equation into the g-axis voltage
equation for zero speed conditions yields

Vgs = Tsigs + Lq Pigs (2.5-30)
Thus
Zy="s+ ja)Lq (2.5-31)
and
Ly = 1 Re(Zq) (2.5-32)
w

Using the procedure set forth, the calculation of the parameters may seem
clear. In particular, once a perturbation frequency is selected (2.5-20), (2.5-21), and
(2.5-32) can be used to find ry, Lq, and Lg, respectfully. However, there are

some subtle points which must be considered.

The first of these is that, as mentioned previously, most impedance meters
are capable of providing a dc bias, which raises the issue of what bias level should be
used. If the machine had truly linear magnetics, this would not be an issue.
However, no machine has linear magnetics and so it is. In the case of the d-axis,
zero bias is a good starting point since it is often the case that the d-axis current will
be zero. In the case of the g-axis, it may be reasonable to injected a g-axis current
corresponding to the rated current of the machine; subject to limitations of the LCR
meter.

In addition to the bias level, the size of the perturbation used can also have
an effect. If to small a bias is used, minor-loop hysteresis effects will come into
play and cause a condition in which the measured impedance is a function of
perturbation level. If to large a perturbation is used, nonlinearities in the flux linkage
versus current relationships can also cause the measured impedance to be a function
of perturbation level. Between these two extremes, there is normally a range that is
relatively insensitive to perturbation level — and it is within this range that the
measurements should be taken.

As a final comment on this procedure, it should be noted that the measured
parameters will also vary with the frequency of perturbation, @ . This is because
the inductance will decrease and resistance will increase with frequency as we go
from dc to the switching frequency range because of skin effect and eddy currents.
As we go beyond switching frequency range to edge rate range capacitive effects
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will come into play. As a compromise, choosing @ to be within the anticipated
range of fundamental component of the current is a good choice, though as we will
see doing so will cause amplitude of switching frequency ripple to be
underestimated. A means of representing this variation of parameters as a function
of frequency is addressed in Section 2.7.

2.6 SIMULATION

In this section, we address how to use the qdO model set forth in Section 2.3
in the context of a time-domain domain simulation. There are a wide variety of time
domain simulation languages available. Here, we will focus on those which are
state variable based. Regardless of the language used or integration algorithm
chosen, the modeler (that is the individual coding the model) must specify a
sequence of calculations to calculate the derivatives of the state variables and outputs
based on the value of the state variables as well as input variables. Herein, we will
take the state variables to be the g- and d-axis currents; the mechanical rotor speed,
and the electrical rotor position. The zero-sequence current will not be considered to
be a state because it is assumed that the machine is wye- connected. The inputs will
be taken to be the line-to-common node voltages and the load torque.  Model
outputs will be the abc variable phase currents and mechanical rotor speed.

The first step in our algorithm to compute the derivatives of the state
variables is the calculation of the g- and d-axis voltages. In particular, from Chapter
2 of [1] we have

vod = K| Vanex (2.6-1)
utr

where utr denotes upper two rows and where v,  is the vector of line to common

node x voltages. Node x can be selected to be anywhere in the system, but is usually
most conveniently taken to be the bottom rail of an inverter. Also note that the right
hand side of (2.6-1) is an implicit function of electrical rotor position; however this
is acceptable since 6, is a state.

As a next step, we may compute the electrical rotor speed; in particular

W = %a)rm (2.6-2)

From (2.3-5) and (2.3-12), we can readily compute the time derivatives of
the g- and d-axis currents. Manipulating these expressions yields

r or or
Vgs — Fslgs — @ Lylgs — @ An (2.6-3)
Lq

ir
Plgs =
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r
|

r r
r_ Vgs — Fslgs — @y I-q gs (2.6-4)

i =
Plgs Ld

In (2.6-3)-(2.6-4) note that all quantities on the right hand sides are either known as
states are computed in terms of inputs.

Next, based on state, recall that the electromagnetic torque can be computed
as

3P(, . .
Rzg;@ﬁvW%‘%MﬁJ (2.6-5)

Using the computed electromagnetic torque and the load torque the time derivative
of the mechanical rotor speed may be expressed

T, -T,
Mm:iTl (2.6-6)

In (2.6-6), J is the combined rotational inertia of the machine and load and is
assumed to be constant. If it is not constant, (2.6-6) is not valid. In such a case we
would work with angular momentum as a state variable instead of speed.

Our final state variables is electrical rotor position; it’s derivative is readily
expressed

p@:%@ (2.6-7)

Some care is required in integrating (2.6-7) since, strictly speaking, this dynamic has
a pole at zero. In essence, for constant speed conditions, &, will become

unbounded. For this reason it is common practice to decrease 6, by 2z every time

it exceeds this value and increase it by 2xif it becomes less than -2z or utilize
some similar scheme.

2.7 EXTENDED BANDWIDTH QD MODEL

The goal of this section is to set forth a PMSM model that accurately
portrays the machine dynamics in terms of torque production, fundamental
components of the waveforms, and switching-frequency current ripple for non-
salient PMSMs in which the magnetic system is not significantly saturated. To this
end, it is convenient to express the stator voltage equation as

Vabe,s = Vabe,z T Vabe, pm (2.7-1)
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where vgpe s is the vector of stator phase voltages, v,y ;is the portion of the

voltage associated dropped across the stator impedance of the machine and
Vanc, pm 1S the portion of the stator voltage due to the permanent magnet.

The impedance drop in the machine may be expressed as
Vabe,z = Zabe,s (P)iabe,s (2.7-2)

where pis Heaviside notation for the time derivative operator, i,y s is the vector of
machine currents and where Zgp s(p)is on operational impedance matrix of the
form
Zss(P) Zm(P) Zm(P)
Zapne,s(P)=|Zm(P) Zss(P) Zm(p) (2.7-3)
Zm(P) Zm(P) Zss(P)

The use of an impedance matrix representation instead of resistances and
inductances allows us to represent the windings as a distributed parameter rather
than lumped parameter system. As a result, we can accommodate skin effect and
eddy currents.

The voltage due to the permanent magnet may be expressed

Vabe,pm = PAabe, pm (2.7-4)

where Agpc, pm is the vector of the flux linking each of the three phase windings and
which may be expressed

Aabe, pm = Am[Sin(8;) sin(@, —27/3) sin(g, +27/3)]" (2.7-5)

Given the machine electrical description, using co-energy techniques the
electromagnetic torque may be expressed

T, = ;lm [cos(6;) cos(6; —2713) cos(6; +2713)]ianes (2.7-6)

Note that (2.7-6) does not include cogging torque.

For the purposes of simulation, it is convenient to transform the machine
description into the stationary reference frame. The reader may find this a strange
choice — since normally the rotor reference frame is used in the analysis of
synchronous machines. However, the advantage of the stationary reference frame is
that it is easier to manipulate arbitrary-order transfer functions in the stator
impedance matrix.

Transforming (2.7-1) and (2.7-2) to the stationary reference frame yields
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Vados = Vgdo,z + ¥ado, pm (2.7-6)
and
vado,z = Zqdo,siqdo,s (2.7-7)
respectively, where
Zs(p) 0 0

Zggo,s(p)=| © Zs(p) 0 (2.7-8)
0 0 Zy(p
In (2.7-8),
Z5(P) =Zss(P)—Zm(p) (2.7-9)
Zo(p) =Zss(P) +2Zm(P) (2.7-10)

Transformation of (2.7-4) and (2.7-5) yields
V<S:|d0, pm = Plado, pm (2.7-11)

and
)‘cS]dO,pm:/lm[Sin(er) cos(6y) O]T (2.7-12)

Combining (2.7-11) and (2.7-12)
Vido,pm = @ Am[cos(d,) -sin(g,) Of (2.7-13)
Combining the g- and d-axis components of (2.7-6) and (2.7-7)
S _ .S S
Vad,s = Zs(P)igd,s + Vqd, pm (2.7-14)

Transformation of (2.7-6) to the stationary reference frame yields

3P
T.=>_
€ 22

ﬂm(igs COS Oy —ig sin 9,) (2.7-15)

From a simulation standpoint, it will be assumed that we know the line-to-
bottom rail voltages of an inverter. The first step is to calculate the g- and d-axis
voltage in the stationary reference frame. In particular,

Vad =K Vabe,r (2.7-16)
utr

where K3| denotes the upper two rows of K3 and where v, , denotes the
utr '

vector of line-to-bottom rail voltage.
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To calculate the currents, observe that from (2.7-13), (2.7-14), and (2.7-8)
the g- and d-axis current may be expressed as

igs = Ys (P)ugs (2.7-17)
ias :Ys(p)uas (2.7-18)
where
Ugs =Vgs — @rAm €OS(6;) (2.7-19)
Ugs = Vgs + @r A SIN(6y ) (2.7-20)
and where
1
Ys(p) = (2.7-21)
T Zy(p)

In general, any time domain realization of Y,(p) may be used in the g- and

d-axis to implement the transfer functions; the output of the realizations will be the
g- and d-axis currents. These currents are then used in conjunction with (2.7-15) in
order to predict the electromagnetic torque.

If Ys(p) has only real poles (which is often the case if we only represent

the machine to a few tens of kilohertz), then we may express Y¢(p)in partial

fraction form
J

a.
Y. (p) = ] 2.7-22
s(p) jz=:1Tj T} ( )

The implementation of (2.7-22) in the time-domain is particularly
straightforward. In particular in the time domain, we have that the derivative of
j "th state of the w axis is

PXw, j = (Uw — X, j)/ 7 (2.7-23)

where ‘w’ may be “q’or “*d’. The w-axis current is then calculated as
J
s = 22jXy (2.7-24)
i=1

Hence the model has 2J electrical states. Once the currents are calculated (2.7-15)
may be used to find the electromagnetic torque used in the mechanical model, which
is the same as in Section 2.6.

The model as set forth works well from the fundamental component of the
waveform all the way through typical switching frequencies. Beyond this, however,
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further modifications to the machine model need to be made. The reader is referred
to [2].

2.8 PARAMETER IDENTIFICATION OF EXTENDED
BANDWIDTH MODEL

While it is relatively difficult to determine the parameters of the extended
bandwidth qd0 model from machine geometry, it is relatively easy to measure the
parameters using a variation of the approach taken in Section 2.5. In fact, the
method by which 4,, and P is determined is identical.

It remains to determine the parameters ajand 7; of (2.7-22). Let us
define the unknown parameter vector as

6’=[a1a2~~aJ T1T2"'TJ]T (28-1)

In (2.7-22), the admittance is an explicit function of the derivative operator p.

However, it is of course also a function of the parameters, although this is implicit.
At this point, let us make this dependence explicit and so denote the admittance as
Y¢ (0, p) rather than as Ys(p).

Now, to determine @, the machine is configured as in Figure 2.5-1, and the
rotor is positioned at &, =z /2 following the procedure in Section 2.5. The next
step is to measure the impedance Z, at frequencies varying from the lowest

expected fundamental component to several times the switching frequency. Let us
denote the i'th frequency f; and the corresponding radian frequency ;. We will

denote the total number of measurements as 1. From (2.5-17) the admittance
looking into the d-axis at this frequency may be expressed

Ysi=55— (2.8-1)

Since the machine is assumed to be non-salient, this quantity also represents the g-
axis admittance.
Now, suppose we have a candidate parameter vector .. Let us define the

error associated in the set of parameters 6, for frequency measurement i is

Ys(6;, jo) _Ys,i
Ys,i

(2.8-2)

C,i
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where jw has replaced our derivative operator p since the measurements are for

sinusoidal steady-state conditions. It this context, j= J=1. Itis not an index as in
(2.7-22)-(2.7-24).

The total error associated with a candidate set of parameters  may then be
defined as

|
E(Hc):llg‘iecj (2.8-3)

Associated with this error, we can also define a fitness function F(6,) as

1

where ¢ is a small number to prevent a singularity in (2.8-4) in the highly unlikely
case that the transfer function predicts the measured impedance perfectly.

The fitness function (2.8-4) is a measure of how good a candidate set of
parameters is. In particular, a set of parameters which accurately matches the
measured data will have a much higher fitness as defined by (2.8-4) than a set which
does not correspond well to the measured parameter.

At this point, the reader may wonder the utility in this; our goal is to
determine the parameter vector &; not evaluate how good a candidate solution 6 is.

However, as it turns out these two problems are very much related. In particular, we
will determine @ to the value of 6, which maximizes (2.8-4). Thus, we have

formulated the parameter identification problem as an optimization problem. There
are a large number of methods to solve problems in the literature [3]. However, for
this problem genetic algorithms are particularly effective.

Figure 2.8-1 illustrates the experimentally measured, and fitted admittance
for a test machine. In this case, it was assumed in advance that the admittance
transfer function was 3" order. The resulting parameters are listed in Table 2.8-1,
and correspond to a fitness value of 214 using the definition given by (2.8-4).
Figure 2.8-2 illustrates a second fitting attempt. Here, the order of the admittance
transfer function is increased to six, and as a result a better fit is obtained (1003).
However, this increase in model fidelity comes at a price; the simulation order is
much higher, and the time constants are much smaller (with one at approximately 20
ns) which will yield a significantly slower time domain simulation.
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Table 2.8-1. Admittance Parameters with 3™ Order Transfer Function
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Table 2.8-1. Measured and Fitted Admittance with 6™ Order Transfer Function
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Table 2.8-2. Admittance Parameters with 6™ Order Transfer Function

mQ—l ms
a 1.10 7 0.0720
a 0.203 7 0.0000198
a 75.9 73 235
ay 383 7 5.58
as 6.11 75 0.410
ag 0.476 7 0.0202
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