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Abstract: Diffraction of normally incident light by a subwave-
length circular aperture is calculated analytically. The aperture is
opened on a perfectly conducting planar screen with infinitesi-
mal thickness. In our model, the aperture is replaced by uniform
magnetic currents and charges. The model allows one to obtain
the normalized cross section for the aperture radius up to half of
the wavelength, which exceeds the 0.2 wavelength limit of the
Bethe-Bouwkamp’s dipole model [1–3]. Also, in addition to re-
producing the (ka)4 dependence, which is characteristic of the
dipole mode, our uniform field model explains the transmission
enhancement obtained in Abajo’s numerical simulation [4].
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1. Introduction

The non-geometric behavior of light passing through an
aperture has been studied since the fifteenth century. It
was observed that the transmitted light diverges from the
original path if the aperture shrinks to approximately ten
wavelengths. This diffraction phenomenon becomes much
more complex when the aperture decreases further to the
subwavelength range. For a circular aperture on a planar
conducting screen, the dipole model [1–3] predicts that
the normalized cross section, which is defined as the ratio
of the total transmitted power to the total incident power
over the aperture area, is proportional to (ka)4 (a is the
radius of the aperture, and k is the wavenumber of the in-
cident wave). However, recent numerical simulations [4]
show that this model works only for radii smaller than 0.2
wavelengths.

Recently, the enhanced transmission was observed for
a subwavelength aperture array [5], C-shaped [6], and H-
shaped apertures [7]. The radiation intensity with focused

pattern was observed for an aperture with a periodic pat-
tern on the exit side [8]. Currently, there is no a single ana-
lytical model that could explain all these new phenomena.
The dipole model assumes that the radius of the aperture
is much smaller than the wavelength and thus has its limi-
tations. In this paper, we assume that the magnetic current
is uniform within the aperture. This simple model is ca-
pable of describing the normalized cross section for larger
apertures.

2. Mathematical formulation

2.1. Problem definition

The free space is separated into two regions by a planar,
perfectly conducting screen located at z = 0. A circular
aperture with radius a is opened at the origin. The thick-
ness of the screen is set to be infinitesimal. We focus our
consideration on relation between the aperture radius and
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Figure 1 (online color at www.lphys.org) A circular aperture
with radius a is centered on a perfectly conducting screen. A
linearly polarized plane wave with wavelength λ is incident nor-
mally from the left-hand side of the screen

normalized cross section. A plane wave with wavelength λ
is incident normally from the left-hand side of the screen.
The electric field of the incident wave is linearly polarized
in the x direction. The configuration is sketched in Fig. 1.
In the following discussion, indices 1 and 2 refer to the
left- and the right-hand sides, respectively.

2.2. Fields radiated by magnetic currents and
charges

From the boundary conditions:

Js = n12 × (H2 − H1) , (1)

ρs = Dn1 − Dn2 , (2)

H2 and Dn2 can be defined by electric currents and elec-
tric charges while the fields in region 1 are replaced by the
null fields. This represents the equivalence principle [9–
13]. However, the boundary conditions for the tangential
electric field and the normal magnetic flux density do not
include field sources. Therefore, we must add some fic-
titious terms, magnetic currents and magnetic charges, in
Maxwell’s equations to describe the field discontinuities.
The modified versions of Maxwell’s equations are as fol-
lows

∇× E = −1
c

∂B
∂t

− K , (3)

∇× H =
1
c

∂D
∂t

+ J , (4)

∇ · D = ρe , (5)

∇ · B = ρm , (6)

∇ · J = −1
c

∂ρe

∂t
, (7)

∇ · K = −1
c

∂ρm

∂t
, (8)

ε0 = 1 , (9)

µ0 = 1 . (10)

Since K and ρm are only symbols representing the tan-
gential electric field and the normal magnetic flux density,
these additional terms do not change the fields in region 2
when we apply the equivalence principle. The reason for
setting the fields in region 1 as null is that the aperture can
be closed by a perfect electric conductor, without changing
the fields in both sides. In such case, J is short-circuited,
and only magnetic currents and magnetic charges con-
tribute to the fields in region 2. The magnetic charges are
distributed along the circumference of the aperture to ter-
minate the magnetic currents. In the following steps, the
filled screen is removed by applying the method of images,
and thus the magnetic currents are doubled.

Ks = −2(n × E) . (11)

To calculate the fields radiated by K and ρm, it is use-
ful to introduce the electric vector potential AE in this
electric-sources-free problem. The electric vector potential
is defined as

E = ∇× AE . (12)

By substituting this definition in Eq. (4) and moving the
curl operator out, we find the magnetic field as

H =
1
c

∂AE

∂t
−∇φH . (13)

The magnetic scalar potential φH is added because
∇×∇φH = 0. Next, with Eq. (3) and the Lorentz gauge,

∇ · AE =
1
c

∂φH

∂t
, (14)

we derive the wave equation in terms of AE :

∇2AE + k2AE = K . (15)

Similarly, the wave equation for φH can be derived from
Eq. (6) and Eq. (13)

∇2φH + k2φH = −ρm . (16)

The solutions to wave Eqs. (15) and (16) are given by the
convolution of the source terms in the right-hand side with
the Green’s function, G:

AE(r) = − 1
4π

∫
G(|r − r′|)K′dv′ , (17)

φH(r) =
1
4π

∫
G(|r − r′|)ρ′mdv′ , (18)
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G(r) =
eikr

4πr
. (19)

Finally, by substituting Eqs. (11) and (8) into Eqs. (17) and
(18), we find the fields in region 2 as

AE =
1
2π

∫
G(|r − r′|)(n × E′) ds′ , (20)

φH =
i

2πk

∫
G(|r − r′|)∇′ · (n × E′) ds′ . (21)

2.3. Boundary conditions

The tangential electric field is the only unknown in
Eqs. (20) and (21), and this field can be related to the inci-
dent field in region 1 via the boundary conditions. The to-
tal field in region 1 contains three parts: the incident field
(Ei, Hi), the reflected field from the screen without the
aperture (Er, Hr), and the scattered field from the mag-
netic currents and magnetic charges (E1, H1). The total
field in region 2 comes only from the magnetic currents
and magnetic charges, E2 and H2. The boundary condi-
tions require that

Eit + Ert + E1t = E2t , (22)

Hit + Hrt + H1t = H2t . (23)

Now, by applying Eit = −Ert and Hit = Hrt, Eqs. (22)
and (23) can be reduced to the following equations

E1t = E2t , (24)

2Hit + H1t = H2t . (25)

Since the directions of the scattered fields in regions 1 and
2 are opposite, k1 = −k2, we obtain that

H1t = k1 × E1t , (26)

H2t = k2 × E2t = −H1t . (27)

By combining Eqs. (27) and (25), we find that

H2t = Hit . (28)

2.4. Problem solution

When we use for AE , φH in Eq. (13) formulas (20) and
(21), the diffracted magnetic field becomes a function of
the tangential electric field in the hole. Thus, n × E′ can
be solved with the boundary condition given by Eq. (28).
The calculation can be simplified by computing the field at
the origin. Then, the assumption that K is constant in the
aperture is applied. Details for this calculation are given in
the Appendix. The result is

E′ =
Hit

1 + exp(ika)
2 ( i

ka − 1)
x̂ . (29)
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Figure 2 (online color at www.lphys.org) Electric field in the
center of the aperture

The E′ field is plotted in Fig. 2. For the fields in the far
zone (r � λ), we have

E =
ika2 exp(ika)

2r
r̂ × [n × E′] , (30)

H =
ika2 exp(ika)

2r
r̂ × r̂ × [n × E′] . (31)

Hereafter, the subscripts for the fields, referring to the re-
gion of space, are omitted since only the fields in the right-
hand side region will be discussed.

2.5. Normalized cross section

In order to compare our results with the Bethe formula, the
normalized cross section is calculated. First, the Poynting
vector is given by

S =
c

8π
Re(E × H∗) = (32)

=
ck2a4

32πr2
|E′|2(cos2 θ + sin2 θ cos2 ϕ)r̂ .

Here θ denotes the angle between ẑ and r̂, and ϕ gives the
angle between the plane of ẑ and x̂ and the plane of ẑ and
r̂. The power density is not uniform, neither in θ direction
nor in the ϕ direction. Thus, the total power through the
aperture should be integrated over the semi-sphere.

Stot =

2π∫
0

π
2∫

0

|S|r2 sin θdθdϕ =
ck2a4

24
|E′|2 . (33)

Finally, the normalized cross section is found as

σ =
Stot

Sinc
= (34)
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=
2
3
(ka)2

1
5 − 4 cos ka − 4 sin ka

ka + 1
(ka)2

�

� 2
3
(ka)4[1 + 3(ka)2 +

19
3

(ka)4] , (35)

which is valid at ka � 1.

3. Discussion

In order to compare the uniform model with other mod-
els, the normalized cross section is shown as a function of
the normalized radius, a/λ, in Fig. 3. Note that the screen
thickness in the Abajo’s boundary element method [4] is
0.1λ instead of zero as in other models.

It is clear that the uniform field model reflects prop-
erly the important characteristics suggested by the dipole
model and the boundary element method. First, in the
uniform field model, the normalized cross section for a
small radius is proportional to (ka)4 if the higher-order
terms in Eq. (35) are neglected. This is consistent with the
Bethe-Bouwkamp dipole model. The Bouwkamp’s curve
approaches the uniform field model if more correction
terms are added. Only two correction terms are included
in Bouwkamp’s model in Fig. 3:

σ =
64

27π2
(ka)4× (36)

×[1 +
22
25

(ka)2 +
7312
18375

(ka)4 + . . .] .

Bouwkamp

Second, the uniform field model has one local maxi-
mum as the boundary element method does. As seen in
Fig. 3, the local maximum occurs at 0.13λ; this corre-
sponds to the maximum electric field in Fig. 2. Although
in Fig. 3 the peak of the boundary element method is at
0.27λ, Abajo reported that the peak occurs at a smaller ra-
dius and the enhancement is further increased as the screen
thickness approaches zero.

The normalized cross section drops down below 1 as
the radius exceeds 0.2λ. Then, the normalized cross sec-
tion is equal to 1 again at 0.6λ and then it goes to in-
finity. The Abajo calculation claims that the normalized
cross section approaches 1 for radii larger than one wave-
length. We suggest that the uniform field model provides a
reasonable description for radii smaller than a half of the
wavelength.

4. Conclusion

In conclusion, the normalized cross section for a circular
aperture in a perfectly conducting planar screen is calcu-
lated analytically. A linearly polarized plane wave is in-
cident normally onto the screen and the thickness of the
screen is set to be zero. In our calculations, the magnetic
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Figure 3 (online color at www.lphys.org) This figure shows the
normalized transmission cross section as a function of the nor-
malized radius. The red solid line is the uniform field model
proposed in this paper. The blue dot-dash line is Bethe’s dipole
model. The green plus line is Boukamp’s modified dipole model
with two higher-order terms, Eq. (36). The black dash line is
Abajo’s boundary element method. In Abajo’s simulation, the
thickness of the screen is 0.1λ

current density in the aperture is assumed to be constant.
This uniform field model describes properly the most im-
portant features of the two other models. First, it reduces
to the (ka)4 equation as Bethe-Bouwkamp’s dipole model
does for radii smaller than 0.13λ. Second, this analytic
model demonstrates the transmission enhancement similar
to Abajo’s numerical result. In the future, the uniform field
model will be applied to the subwavelength slit problem
with TM polarization. A proper modification of the uni-
form field assumption could improve the result so that the
normalized cross section approaches one when radius is
larger than a wavelength. The model can be also improved
by using the Taylor expansion for the electrical field in the
center of the hole. Then, the integration of terms in the
Taylor series (as was done here for the case of the constant
field) would give a set of linear equations that fully solve
this problem for a single hole. Note that for each step of
the procedure, one would obtain analytical expressions for
both the far fields and local fields.

5. Appendix

This section describes how to obtain AE and φH at the
origin. The calculation is simplified by computing the field
at the origin. Then, the assumption that K is constant in the
aperture is applied.

AE

∣∣∣∣
r=0

=

[
1

2π

∫
G(|r − r′|)(n × E′)ds′

]∣∣∣∣
r=0

= (37)
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=
1

2π

2π∫
0

∞∫
0

exp(ikρ)

ρ
(E′ŷ)ρdρdϕ = (38)

=
1

ik
[exp(ika) − 1]E′ŷ , (39)

φH =
i

2πk

∫
G(|r − r′|)∇′ · (n × E′)ds′ = (40)

= − i

2πk

∫
(∇′G(|r − r′|)) · (n × E′)ds′ = (41)

= − i

2πk

∮
ρ′=a

G(|r − r′|)(n × E′) · n̂d�′ = (42)

= − i

2πk
E′a

2π∫
0

G(|r − r′|)

∣∣∣∣∣∣
ρ=a

sin ϕ′dϕ′ , (43)

∇φH = − i

2πk
E′a

2π∫
0

sin ϕ′× (44)

×
[
G(|r − r′|)

(
ik − 1

|r − r′|

)
r − r′

|r − r′|

]∣∣∣∣
ρ′=a

dϕ′ ,

∇φH

∣∣∣∣
r=0

=
i

2πk
E′a× (45)

×
2π∫
0

sin ϕ′ exp(ika)

a

(
ik − 1

a

)
aρ̂

a
dϕ′ =

=
i

2k
E′ exp(ika)

(
ik − 1

a

)
ŷ . (46)
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