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9.1. INTRODUCTION

Investigation of the optical properties of carbonaceous smoke produced by incom-
plete combustion of different types of fuels or wild fires has practical importance for
many application areas, such as climate research and remote sensing of fires, to
name just a few. Very active and vigorous research into the optical properties of
smoke has been conducted over the past 30 years. Many of the experimental and
theoretical questions are now resolved. The geometrical structure and chemical
composition of soot aggregates has been studied in detail (see Chapter 10), and many
analytical and numerical methods for calculating the optical characteristics and for
obtaining physical properties of smoke from optical measurements have been
developed. However, there are several factors that preclude this topic from being
closed.

Most of the quantitatively accurate results in the visible and near-infrared (IR’
spectral regions appeared only recently, as increasingly powerful computers became
available. However, when the €m<n_m:m5 is further increased, the electromagnetic
(EM) interaction of small carbon nanospheres that comprise soot particles become:
stronger and more important, and so becomes important the geometrical structure O
soot. This importance was demonstrated by Bruce et al. [1] who measured optica
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characteristics of diesel soot from the visible to the centimeter wavelength range.
Unfortunately, most analytical and numerical methods become less effective, or
even not applicable, when the interaction of primary nanospheres becomes strong.
This fact is, of course, evident for perturbative methods that treat such interaction as
a perturbation. But this is also true for nonperturbative numerical methods based on
the multipole expansion of fields scattered by each nanosphere and satisfying
boundary conditions at each surface of discontinuity. Generally, such approaches
lead to an infinite system of linear equations with respect to the unknown expansion
coefficients, which has to be truncated. After the truncation, its dimensionality is
~N(L+ C where N is the number of monomers in a soot cluster and L is the
maximum order of the spherical harmonics involved in the expansion. As will be
illustrated below, the value of L required for satisfactory convergence of the method
grows with the wavelength, and eventually makes obtaining a numerical solution not
feasible. In this chapter, we will discuss a nonperturbative method based on the
geometrical renormalization of clusters. This method allows one to stay within the
dipole approximation (L = 0) and, therefore, lacks the numerical complexity of the
full multipole expansion.

Another reason why research into the optics of carbonaceous soot is far from
being completed is the complexity of the object. Indeed, most of the results obtained
in the literature assume the simplest geometrical structure and composition of
soot clusters. In practice, soot is much more complicated, both geometrically and
chemically. In the atmosphere, soot can interact and form agglomerates with
moisture and other chemical elements, which can lead to restructuring and a
significant change in optical properties. Chapter 10 is largely devoted to this circle of
problems, as well as to experimental and theoretical aspects of studying the soot
structure variability and its implications for optical properties.

In this chapter, we focus on analytical and numerical approaches to calculating
optical properties of fractal smoke with a simple fractal structure and optical
constants that are assumed to be known. Thus, we will consider a purely EM
problem, leaving a lot of complexity that is characteristic to the physical properties
of soot out of our discussion. However, two introductory sections give a brief
review of the geometrical properties and optical constants of fractal soot, since
they are used in numerical examples throughout the chapter. In Sections 9.5 and 9.6
we will consider two topics that are, in a sense, nontraditional: fluctuations of
light intensity scattered by random smoke aggregates and the absorption of light
by the smoke clusters placed inside water microdroplets, both in the first Born
approximation.

9.2. GEOMETRICAL PROPERTIES

It has been long recognized that smoke usually consists of agglomerates of hundreds
or thousand of small, nearly spherical particles (monomers) with typical radii varying
from 10 to 50 nm, depending on the origin of the smoke [1-6]. The distribution of
monomer sizes for a specific type of smoke is, however, significantly more narrow,
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Figure 9.1. Experimental (a) (Courtesy of E. F. Mikhailov, S. S. Vlasenko, and A. A. Kiselev)
and computer-generated (b) smoke clusters.

and it is customary to assume that the diameters of the spherical monomers are the
same. A sample micrograph of several smoke agglomerates is shown in Fig. 9.1(a).
The reader will recognize that smoke clusters have fractal geometry. This fact was
verified experimentally by digitization of electron micrograph images similar to the
one shown in Fig. 9.1(a) [3,5,7-9] and by scattering experiments [7,8,10,11]. The
value of fractal dimension D was shown to be close to 1.8.

The geometrical structure of smoke aggregates is most often simulated using the
cluster—cluster aggregation model introduced by Meakin [12] and Jullien et al. [13].
In this model, monomers are sparsely and randomly distributed in space at the initial
moment of time and, then, allowed to move via Brownian trajectories, sticking on
contact. The subclusters formed in this process continue to move, colliding and
sticking with other subclusters and isolated monomers, until large agglomerates
are formed. A sample computer-generated cluster—cluster aggregate is shown in
Fig. 9.1(b). The Meakin model accurately describes the statistical properties of soot
because it captures the most important features of the real aggregation process:
subclusters of various sizes and individual particles move in space simultaneously
and independently, there is no fixed center of aggregation, and the dependence of
mobility of individual subclusters on their mass can be easily taken into account in
simulations.

Although the visual resemblance of the experimental and computer-generated
samples in Fig. 9.1 is more or less apparent, a comparison is complicated due to the
random nature of the smoke agglomerates. Therefore, it is essential to study the
statistical characteristics of the clusters. One of the most important of such charac-
teristics, from the point of view of optical properties, is the pair density—density
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ooﬁd_mmws function p(#), which can be defined as the probability density to find a
pair opo.&ma:oﬁ monomers separated by the distance r. The Fourier transform (FT) of
p(r) gives the optical structure factor [14]. For fractals, this function obeys the
power-law dependence on r in the so-called intermediate asymptote region
I€r R,, where [ is the distance between two neighboring monomers (referred
to as the ‘“‘lattice unit” below), and R, is the cluster radius of gyration, defined as

wm =4/ {(r; — Woavwv, with r; and Rcp, being the radius vectors of the ith monomer
in a cluster and of the cluster’s center of mass. In fact, the above inequalities do not
need to c.o especially strong (usually, the factor of 2 is sufficient), and since most of
Em.w:%mﬂom:% important integrals involving p(r) converge at the lower limit, the
region of applicability of the scaling formula can be extended to r = 0. Then, woﬂ a

monodisperse ensemble of random soot cl i i
usters, p(r) can be written i
general form as Pe) n the most

p(r) = S

NIP Y R,(N)

arP-1 r 00
_ % p(r)dr = 1 (9.1)

0

where N E.Em Eﬁzvﬂ of monomers in a cluster, ¢ is a numerical constant of the
order of unity, D is the fractal dimension, and £(x) is the cutoff function, such that

f(0) = 1,]df(0)/dx| < co. The two-poi i i ;
=5 . point correlation function fi i
(151 is shown in Fig. 9.2(a) ion found numerically in
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Figure 9.2. Hé.o-comi correlation functions p(r) for cluster—cluster aggregates with different
numbers of particles N (a) and the corresponding cutoff function f(x) (b). In (b), dashed lines
correspond to the generalized exponential cutoff of the form f(x) = @x@Alo,qu and the
centered symbols (circles and triangles) correspond to the numerical calculations. Hv:o values

of the constants are o = 0.344; f =2.238 for N =5
344, B=2. = 5000; = _
N = 15,000. 0; and o = 0.273, B = 2.489 for
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The dependence of the gyration radius on N is also governed by the fractal
dimension,

R,(N) = bIN'/P (9.2)

where b is another dimensionless constant.

In a recent numerical study [15], we found that the constants D determined from
Egs. (9.1) and (9.2) can be slightly different.! We have also evaluated the constants a
and b numerically for computer-generated cluster—cluster aggregates and found that
a ~ 4 and b ~ 0.6, which is in qualitative agreement with other studies. We estimate
from the data of Mountain and Mulholland [17], Cai et al. [8,11], and Oh and
Sorensen [18], that b = 0.4. The values of a constant related to b (and of the fractal
dimension) obtained from numerical simulations by different authors were reviewed
by Wu and Friedlander [19], with b varying in the range from 0.25 to 0.5. It should be
noted that while the formulas (9.1) and (9.2) are quite universal, the specific values
of a and b can vary depending on the regime of aggregation. They are also sensitive
to the number of primary particles employed in numerical calculations. In our
calculations, the maximum value of N employed for the numerical fitting of (9.2)
was 20,000, which is significantly larger than the maximum N in the set of data
presented by Wu and Friedlander [19] (Nmax = 500). The dependence on N can be
explained by the phenomenon of multiscaling, when the characteristic constants can
slowly depend on N.

Significantly less information can be found on the constant a. However, when the
form of the cutoff function f(x) is specified, a is not an independent constant because
of the normalization condition. The combination abP is fixed and can be calculated
from the form of the cutoff function. We have estimated that abP ~ 1.6 [15].

When the physically important integrals involving p(r) converge at the upper
limit while 7 is still smaller than R,, and the value of the cutoff function in (9.1) does
not deviate significantly from unity, the knowledge of the exact form of the cutoff
function £ (x) is not necessary. This was illustrated by Berry and Percival [20] in the
frame of the mean-field approximation, and we will see such examples below. But
in general, the form of f(x) influences the optical properties. The well-known
example is the first Born approximation for the differential scattering cross-section
for the “intermediate” values of the transmitted wavevector g = |k —k'| ~ 1/R,
[14]. The most frequently discussed forms of f (x) are the generalized exponential
f(x) = exp(—oxP) (the Gaussian cutoff is the particular case B = 2) and the so-called
overlapping spheres cutoff f(x) = (x — x0)* (x + 2x0)/2x3 if x < xo, which is the
exact analytic cutoff for a random nonfractal gas of particles enclosed in a spherical
volume.

Mountain and Mulholland found numerically that f(x) is of a generalized
exponential form with o = 0.2 and § = 2.5 [17]. Sorensen and co-workers studied
the cutoff functions by analyzing electron micrographs of soot clusters [1 1] and also
indirectly by analyzing light scattering data [21,22] (with the interpretation of the

I'This phenomenon is related to multiscaling [16].
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scattering data based on the first Born approximation) and found that f(x) is decaying
with x much faster than cxponentially, with the Gaussian cutoff being a fairly good
approximation. Our numerical results, which are in qualitative agreement with the
above references, also confirm the generalized exponential form of f(x) with coeffi-
cients o and B exhibiting a slow systematic dependence on the number of monomers
N. An example of generalized exponential fit to the numerically calculated £(x) is
shown in Fig. 9.2(b) (see the figure caption for details).

To conclude this section, we briefly discuss higher order correlation functions.
They naturally appear in higher orders of the perturbation theory, or when fluctua-
tions of the optical characteristics (rather than the ensemble-average quantities) are
considered [15,23]. In a Gaussian medium, all higher order correlation functions
can be expressed analytically through the second-order correlators [24]. This fact
significantly simplifies the diagrammatic technique in the perturbation expansion of
the mean field for wave propagation in a random Gaussian medium [25]. However,
as we have verified numerically, fractal cluster—cluster aggregates are not Gaussian
[15]. Because of the many similarities between the computer-generated cluster—
cluster aggregates and real smoke clusters, it is reasonable to believe that this
conclusion is also true for real smoke. As an example, we have studied in detail
the reduced four-point correlation function pa(r), which is important for describing
the deviations of scattered intensity from the average due to the random nature of
clusters (see Section 9.5). The correlator pa(r) is defined as the probability density
to find the distance r; — G+re -1 [[ 4],k # 1, and any of the pair of indexes
(i, j) can coincide with any of the pair (k, D)]. It was found that pa(r) is not
described by a scaling formula with a cutoff similar to (9.1), but is given by a
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Figure 9.3. Four-point correlation function pa(r) calculated numerically (centered symbols)
and from the analytic expression (1.3) with n = 2, ¢ & ¢; =~ 23 (solid line) for different N.
The gyration radius R, changes from =2 50/ for N — 5000 to == 100! for N = 20,000.
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series of the form

2 n r k(2D-3) Ao wv
r k r .
ES H% »Mnmﬂlc Q»m

where ¢, are dimensionless positive ooommowoc.ﬁm that rm,.\@ .8 be QQM@EMWQ M:wbom_-
cally. Approximation of p4(r) by Eoﬁ cowmawm.m.ﬂos G..,N Mmﬁ %Mwmwm%v m“ ; hwm.om.mwwm_w\\
increasing the number of terms » in (9.3), it is wo@ 4 : ) /
i . The important feature of (9.3) is that the oommmﬂob.ﬁm ¢, do no
MMMM&WM:%MMMNMA from a WoQ weak multiscaling .aowozao:oov and 3@. in Ewﬂ %ﬂmow
universal, which distinguishes (9.3) from an arbitrary @.oéwn ox@ms.m_os. _ :m:s
important feature of Eq. (9.3) is that p4(r) cannot be awmonc@a by mmwwww\owm rmo X m
behavior with a cutoff function of the type E?v. =r f C.\ Re)/N 5 M ﬁwmA :
function £ (x) can be found from (9.3), its mﬁmﬁ. aQ.ZmHEo.aEmwmom m.ﬁ X Iﬁ Maov
(one of the requirements for the cutoff function is a finite derivative at x = 0).

9.3. OPTICAL CONSTANTS OF CARBON SMOKE

Dalzell and Sarofim [26] studied the optical o.ozmﬁm.im of several mowﬁm cmmwm
reflectance measurements. They suggested a n:mwo.am_o: moﬂ.BEm:Emﬂ %ﬂo:ﬂé:
experimental measurements quite mowcmmﬁm_.u\ and is based on the we
quantum expression for the complex dielectric function

xm 4
mASVHHIMUsNIem._.Q:S (94)

n

Earlier, Taft and Philipp [27] identified experimentally three optical Homo:m%omm MM
graphite, two of which correspond to bound electrons .m:& one to a ooﬂ %owmx
electron. The resonance frequencies are ©, = 0 Aoosacocoz o_mona.:v, SI_ = v( X
1015571 and @, = 7.25 x 108571 (or corresponding wavelengths: A, = onm H Hclm
1.51 ym, A = 0.26 pm). The values of the relaxation constants were found to .
v, =7y, =6.00 x 10571, y, =7.25 x 10571, Dalzell and Sarofim [26] Wmmcﬁoz
”mmﬁ the same electronic transitions contribute to the dielectric oo:mﬁ:: of car M;
soot and used the above values of ®,, v, to fit E@.moﬁbc_m @.Av to Ewo: waoﬂao: "
data treating f,, which depend on the oocog:m:.os of optically active elec Sﬂme«mm
free parameters. A very accurate fit to the oxwoDBoEm_aamlS for cnowwso mmmm e
achieved for the following values of f,: fo = 4.04 x 107”577, f1=293x% ,
£ =9.54 x 10”57} in the spectral range 0.4 pm < ) < 5.:5. i

The real and imaginary parts of the complex Ho@mo.cos index m = ,\m = MN e
calculated from formula (9.4) with the oonmﬁmi.m specified above mﬁ@m illustra Ma o
Fig. 9.4(a). The wavelength range in Fig. 9.4(a) is somewhat expande on%“zﬂmm .
the range of experimental measurements by Dalzel and Sarofim QSQW( 4 oowm ms )
toward shorter wavelengths, so that the high-frequency resonance at A = U.20 [t
clearly visible.
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carbon calculated from the data
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soue E\cmmo Lin the literature is the dependence of the free-elect :oﬁom

e H/C ratio of the fuel [26,28,29]. con concentration

We use formula (9.4) with

. th i
numerient oxamms. e values of constants specified above in all our

In Fig. 9.

cmSBoMWmo MMNQM@ mWo show Em. m.voomg_ dependence of two important optical
parsme IWMZ\ ) m, M\ ich were originally introduced in [30,31].2 They are a%wz M
e ning oﬁgmw ,ﬁl IHEG\X_, ér.oa x = (3/4rm)(e — 1) /(¢ + 2). The ph &oom_
esing of these p E.:@Ho.am is that X is the generalized detuning from the Homow

e generalized absorption strength. As we will see below, m:mqmm.aow

, 1S O

> A
v :
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9.4. OPTICAL PROPERTIES OF SMOKE

s
n th ect10: W€ Ireview some CM H:O Q.HQOAQHHON.H N.H—Q bc:wﬂmmﬂmw aj Hom.orﬁm fo
H:@ ONHOGMNHHOmw Om O@ﬁﬂﬁmw OUNﬁNOH@HHWH#OW OH wzuowm O:HmﬁOHm. HHH HVNHHHO—\:NHv we <<-~

2
The parameters X and & used i
> paran in [30,31] differ from the di i
multiplicative factor /3 /6, which has the dimensionality %Mwﬂ%ﬂﬂﬁww%mﬂwama; defined below by 2

discuss optical cross-sections of line

OPTICAL PROPERTIES OF SMOKE 363

ar scattering, absorption, and extinction. A
e extinction, and numerical examples in
f the extinction cross-section. A review
orn approximation can be found in

special emphasis will be made on th
this section will be restricted to illustration o
of the structure factor and scattering in the B

Chapter 10.

9.4.1. Basic Equations

A very convenient starting point for solving the problem of the linear interaction of
n—Schwinger formulation or, more

EM waves with smoke clusters is the Lippma
m@wowmom:veﬁo Maxwell equations in the integral form, written for the polarization

function P(r) inside the soot material:

P(r) = ¥ |Einc(r) + Mzu ? Gr(r — ¥ )P(r)dr revi (9.5)
i=1 i

1= (3/4m)[(e - 1)/(e +2)] (9:6)

In the next few paragraphs, we explain the notations used in (9.5) and their physical

meaning.

First, since we are considering only the linear interaction between the EM fields
and matter, Eq. (9.5) is written in the frequency domain for just one (but yet
unspecified) value of the frequency ®. The time-dependence factor, e~ is common
to all time-varying quantities and will be omitted everywhere below.

In principle, the incident field E;, can be arbitrary as long as it satisfies the free-
space Maxwell equations. In most practical cases, the curvature of the wave front of

the incident radiation is much larger than the characteristic system size, and it is

sufficient to consider incident plane waves of the form
Einc(r) = Eo exp(k - 1) (9.7)

where k = ®/c is the free-space wavenumber. In this section, we wiil consider only
s. However, in Section 9.6 the smoke aggregates will be placed

plane incident wave
ts and the incident field will be replaced by vector spherical

inside water microdrople

harmonics.
Next, Gg(r) is the regular part of the free-space Green’s function for the vector

wave equation. If there is a point dipole d at the origin, the electric field at a point
r # 0 is given by E(r) = Gg(r)d. Green’s function is a tensor (dyadic) because
it transforms one vector into another, which is, in general, not collinear with the
first one. The complete Green’s function G(r) contains both regular and singular

parts:

G(r) = Gr(x) - wm 5()l (9.8
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where I is the unity tensor and 5(r) the delta function. The coordinate representation
of Gr(r) is given by

(Gr(r))up = K[A(kr)8up + B(kr)rrg /1] (99)
Ax) = +ix? - x3exp(ix) (9.10)
Bx) =[—x! —3ix2 + 3x73]exp(ix) (9.11)

where the Greek indexes denote the Cartesian components and O,p is the Kronecker
delta symbol. However, calculation of spatial integrals that arise in the perturbation
expansion considered in Section 9.4.2 is much easier with the use of the following
representation of the complete Green’s function:

G(r) = ~+mw<< 2(r) (9.12)

\AN NN.\Q

r

8(r) = (9.13)

where g(r) is the scalar Green’s function. The notation VV can be understood as
VVF = V(V -F).

The integral in (9.5) is taken over the region occupied by the soot material, which
is composed from many spherical regions denoted by V; (i=1, ..., N). We
will also denote by Vi, the space region occupied by all monomers, that is,
Viot = Vi UV, U... U Vy. The center of each spherical region is located at the point
r;, and its radius is R,, (same for all monomers). We denote the monomer volume by
v [v= (4n/3)R%] and the total volume of all monomers by ot (vier = Nv). Thus,
the capital letter V will be used to denote the spatial regions, while small v is their
volumes. Below, we will sometimes write b\s, as a shortcut for MURH %S .

We also assume that R,, < A throughout this chapter. This is a fundamental
assumption used in all derivations and numerical examples below. Although it is
usually quite accurate, the ratio R, /A can become large in the visible spectral range
for some types of smoke produced by huge fires (in which case the size of primary
spheres tends to be larger), and, of course, R /A cannot be considered as small
for shorter wavelengths. The influence of the finite monomer size was studied by
Mulholland and co-workers [32,33].

Finally, the coupling constant y, (9.6) is, in fact, the dielectric susceptibility of a
sphere in the quasistatic limit. However, no quasistatic approximations were made in
Eq. (9.5).

The polarization function P(r) can be used to calculate all optical properties of
the smoke clusters. The scattering amplitude f (k') is given by

() =12 | e - L -k Vel matr (0.14)
Viot
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incident wavevector, where
with k' being the scattered wavevector and k the inc

k| = K| =k =a/c. N
The differential scattering cross-section 1s given by

do, _ [f(K)F (9.15

dQ  |Eof?

i i -secti ,and o
and the integral extinction, scattering, and absorption cross-sections, e, O a
respectively, can be found from the optical theorem:

4nIm{f(k) - Eg) (9.16
G, =
k|Eo|®
! 17
Gy = —s ?e&_w% (0.1
> 9.18
G, = C, — O (9.

itati lane wave of the form (9.7).
here we have assumed excitation by a p . .
" w_ﬂw expression for the extinction cross-section follows readily from (9.16) an

(9.14):

o, = 2k Hi Ec.mwi%\ o
_—Wo_ Viat

The expressions for the integral scattering and absorption oaowmlmoo:o%m MMMM

i i i i dratic in f. However, the angular :
double volume integration, since O 1s qua . A,
tion in (9.17) and one of the volume integrals can be calculated in the most .mo:am
form with the use of the main equation (9.5) [34,35], ,S:o.r _omam.ao Q‘Wﬂ@mmmmm )
the integral cross-sections that contain only one volume integration. The re

the absorption has a more compact form:

G, = An»w — P*(r) - P(r)d’r (9.2
_MO_ Viat
where the parameter 8 = —Im(1/] was introduced in Section 9.3. The integr

scattering cross-section can be found as the difference between (9.19) m:.a G.m.ou.
The above formulas take an elegant form if we introduce A.%Qmﬁoﬁ :oﬁmaosom .u.v_w
we notice that the integral transformation on the amvﬁ-rms% mﬂo Ewmv of mw_ Mn.ﬁﬁ
i i ting on what can be viewed as an
the form of a linear integral operator ac : "
an infinite-dimensional Hilbert space L, (Vior) of vector functions that are ww v
integrable in Vi Thus, we can introduce a linear operator W that acts on an ar

element | f) of L,(Viot) according to the rule

s\_\vl b Qx?livm?\v%\ nm<§ o
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The ocoa.ﬁoH W is an infinite-dimensional symmetrical operator. It is a “mixed”
oon.mHoH in the sense that it is both tensorial and integral. We can easily verify that if
|f) is an element of L;(Viot), then W|f) is also an element of Ly(Viot). Further, we
can define a scalar product of two vectors |f) and |g) and a norm in Ly (Vier) mw

(elf) = _ g*(r) (O r (9.22)

Vi

17l = V{f1.F) (9.23)

respectively. Using the above notations, we can rewrite (9.5) as
|P) = %[|Einc) + W|P)] (9.24)

where the vector |P) corresponds to the polarization function P(r) and |Einc) to the

Mcoaoa field. The expressions for the optical cross-sections take the following
orms:

4k 4tkd
_mo_w HBAm.En_Wv Oq = _ o_m QU_NUV AO.NMV

C, =
To conclude this section, we raise the consideration to a slightly higher level of

wcm:momo:. The solution to the operator equation (9.24) can be written in symbolic
orm as

1Py = [1/% = W] | Einc) (9.26)

The operator R(E) = [E — W]™!, where E is an arbitrary (complex) scalar is called
the w.m%?wﬁ of the operator W. The extinction cross-section is given by the diagonal
matrix element of the resolvent, (Einc|R(1/%)|Einc)-

ﬁﬁn an arbitrary Hermitian operator H, the resolvent can be expanded in terms of
the eigenvectors of H as

1 n)(n
RE) == MU MWA@J_ (9.27)

s&mao. _av and E, are the eigenvectors and eigenvalues of H. However, W is not
Hermitian g‘ﬁ complex and symmetrical. The symmetry of W should be understood
as the following property of the kernel Gg:

Gr(r) = Gr(—r), (Gr(r))os = (Gg(r))g, (9.28)

These two equalities provide that, for two arbitrary elements of L, Viot), | f) and |g)

(F*|Wlg) = (¥ |W|f) (9:29)
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where the asterisk denotes the complex conjugation (c.c.) of the corresponding
function.® Equation (9.29) can be viewed as a generalized symmetry condition for
W. It can be used to prove that if | f) and |g) are two different (linear independent)
eigenvectors of W, they obey (f*|g) =0 [34], which is an analog of the ortho-
gonality condition for eigenfunctions of Hermitian operators, (f|g) = 0. This
property, in turn, can be used to write an analog of expansion (9.27) for the non-
Hermitian operator W:

|Hu_=§*_
RE) =g~ 2 fomle—w] O

Analogously to the notations of Eq. (9.27), we denote the eigenvectors and eigen-
values of W by |n) and w,. However, now w, is, generaily, a complex number, as well
as the factor (n*|n) in the denominator of (9.30). We emphasize that (n*|n) # (n|n).
The latter value is equal to unity for normalized eigenvectors, while the former is a
complex number.

Now, we recall that the generic variable E has to be substituted by 1 /% in (9.30).
This fact and the structure of Eq. (9.30) emphasize the importance of the parameters
X and & introduced at the end of Section 9.3. According to the definition,
1/x = —(X + i8). If the interaction between monomers is turned off, for example,
by disaggregating a smoke cluster and moving the monomers far from each other, all
the eigenvalues w, turn to zero. Then, X plays the role of the generalized detuning
from the resonance of an isolated (noninteracting) monomer, while 6 is the energy
loss parameter (again, in the absence of interaction). In the presence of interaction,
the eigenvalues w, become nonzero. The real parts of w,’s describe frequency shifts
of collective resonances, while the imaginary parts can change the collective

- radiative losses due to constructive or destructive interference.

In the quasistatic approximation, when the system size is much smaller than the
wavelength, the operator W becomes Hermitian, and all w,’s are real and indepen-
dent of the optical frequency [31]. The only source of the spectral dependence of the
solution is in this case the spectral dependence of X and & on A.

9.4.2. Perturbative Methods

It is convenient to build the perturbation expansions of the optical cross-sections
starting from the operator form (9.24) of the integral Maxwell equations. The Borr
expansion for the polarization function |P) is obtained by iterating (9.24):

\P) =% W?ﬁ:mﬁv (9.31
k=0

3In our notations, the symbol (f| stands for the c.c. of the function f, and hence, (f *| is, in fact, th
function f itself. This system of notations may seem to be artificial, but we have decided to follow th
standard Dirac notations, though they are more appropriate for Hermitian operators, while the operator W
is not Hermitian.
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The corresponding expansi incti
and (9.31): pansion for the extinction cross-section follows from (9.25)

[e]
G, = 4mkv Im me»x\ﬁ By = {Bine| W* | Einc)
=0 Am.:.a _m.mznv Aomwv
where we have taken into ac
\ count that (Eipc|Ein) = 2 i
) inc [Linc Vot [Eo|”. B
Hwommmw_»o.ﬂowmﬁoﬂ [see .G.NC_, a calculation of the oommmomﬂao_ww Rmmmwmmom «oﬂ_a Hms
fon of H@HS,\%::MMM%J@%chwa M\Sv The approximation in which only E@nmnﬂ
: . s left 1s often called the first B imati

non: 2) is . Born approx
:m%o@mowwwﬁsw .oowmmo_ﬁ.: is .mo In our notations). Multiple momn%mm MMMMW:_ Mm_:w
oowmmowosmw m_m mww.aovmmmwno:. In the next order (second Born mﬁ?oiﬁmaowvo Mﬂv\

1 18 retained. Physically, this is equi ing i ble

: Ly, quivalent to taking int
mONMwMMEW. ﬂ.ﬂ@ convergence condition for the Born ox@m:&o:mwm zmeMﬂo“:m QMEH@ y
ot mM H%Mo,\m@o mwwﬁ.ooﬂ\mﬁosoo of the perturbation ox@mm&osx A..MH c ww
icated approach. Accordi ;
e . rding to (9.25), (9.26
Bmmaxom_;omh MW _M.m_zmw. where R(E) = E —~ W]™!. To obtain an ox@mwmwosv,owmww
e ¢ resolvent, we build an infinite sequence of vectors |P;) and
mbers Oy such that (1 stands for Hermitian conjugation) o

t .
WP = OialEie) + [Prst), k=0, 1,2, .. (9.33)
Amu\«_m.50v = O,<\a >0 v owm_.
1Po) = |Ene) Mo.aw

It is straightforward to show th i
I W that recursion (9.33) defines a unique set of |P;) and Oy

Pe) = (TW)|Einc) k=0, 1,2, ... (9.36)
0, = (Einc|W(TWY* ™ | Ene) .
EnlEr) k=1,23, ... (9.37)
T=1- _N:EVAB%_
(Einc|Einc) (9:38)

Here, T is the projection o i
. . perator with respect to the vector |E:
<ooﬂmvmw_§v Mﬂom in general, not normalized or mutually oﬁrom_omwmv. ote that the
» we define a vector [y} = [1/x — W] ™! |Eig) .
. : = inc)» SO that (E; ne) =
{Einc[\), and notice that (Einc|\s) must satisfy the Mmcmnoz el i) =

Am.mznZ\v = X:mm:o_m.mzﬁuv + Am:—o_%_p_sv_ AOmOV

It also follows from the definition of |\s) that

(Pl W) = Qrs1 (Einc V) + X (Pest [W), k>0 (9.40)

If we act repeatedly n times b
recursion (9.40), we obtain

The residual term,
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y the operator W to the left in Eq. (9.39) and use the

(Einol¥) = X[{(Einc|Bine) + (@1 + QX+ O3y + ... 0.41)
+ 0" ) Eine[ V) + X" (Pl WD) .

Equation (9.41) can be rewritten as

BuclR(1 1B = (Bolt) = T e, 042

£, still depends on the unknown vector ) and is given by

-1

£, = A" (Pall) |1 =D Q" (9.43)
k=1

If we neglect £, we can write the expansion for the extinction cross-section:

(Einc IR(E) |Einc) X
o, = 4k lm = 41tk v lm 9.44
e tot Ammsn_mmnnv tot H R MUMMH @»X» A v
Equivalently, this can be rewritten as

! (9.45)

o, = 4mkvlm
o 1 — 0 = B0

where the self-energy %(y,) is given by 2(x) = Dot Oxs1x*. The expansion (9.45)
has the form of the Dyson equation. In the first order, by neglecting the self-energy,
we recover the result of the mean-field approximation, which was introduced by
Berry and Percival [20] for the problem of scattering of light by fractal smoke
clusters (the constant Oy in (9.45) is analogous to the constant P in [20]). In fact, the
mean-field result serves as the first-order approximation for the above expansion.
The expansion coefficients Oy can be easily expressed in terms of the corres-

efficients for the Born expansion, By For the first few terms, 01 = B1.
s = B3 —2B1By + ww. Therefore, in order to build the expansior

nt to calculate the volume integrals involved in the calculation of

ponding co
0, =B, B0
(9.45), it is sufficie

the By’s.
1t is instructive to compare the expansion (9.44) with the Born expansion. Onx
can show (the details of the derivation are omitted) that the Taylor expansion o
(9.44) with respect to powers of y, where only the n first Qi’s are left in th
denominator, exactly coincides with the Born expansion (9.32) up to the orderk =
f the difference between the coefficients i

in y. For k > n, the absolute value o
these two expansions is not greater than the absolute values of the correspondin
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MMMMMMMHM WT w_uoH example, Eumﬁ n =2 case, the difference in the third-order
conlicients 18 B 2010; — 03 = (Eine|W|Einc)’, and |(Eino|W|Einc)|” < [Bs| =
Eo:wxw .:av_A %W@N_W@B:N@Q Holder inequality). Practically, this means that 1) if
ansion (9. converges, the expansion (9.44) al , .
. s . so converges and (2) th
convergence of (9.44) is at least as fast as that in the .
. of (9.32). Even in the first ord
expansion (9.44) contains infinite orders of multi i ot e
tiple scatt ichi
true for the mean-field approximation [20]. ple seatierng, whieh s known (o be
oO@HM%? iw E.E. our attention to the calculation of the coefficients By. The first
cient is trivial, By = 1. Next, we recall that W is an integral operator defined by

(9.21) and write B; as
Amw:,o_ﬁ\_mm:oV

Utot _Mo _N

N
(Einc|W|Ein.) = ~M~ _.S %xﬁ\. &mlmw..ﬂa (r) - Gr(r — ¥')Ein ()] (9.47)

B = (9.46)

WM WMMMW Mwo ?M%..Eo_:g assumption of small primary particles kR,, < 1 (R, is the
e spherical volumes V;, V;) and by using Eq. (9.7 o ¥
By exp(k o B ; . g g. (9.7), we replace Ei,.(r') by
; — by Ej exp(—ik - r; i
the terms with i = j meﬁrﬂ to obtain o ") in the above integral and o

(Bl WIEw) = 3 |

i YV

@ |, V8 Golr vk

i

nT m:i..&.l-._.v% Qwu ‘_, w\*.
WU L& s& lmom%lémgs.&v

Wwﬂo:mo%c_.oﬂ mmﬁnmamw(oéa the same volume V; in the first term of (9.48) turns to zero

imit R,, < A. This can be easily illustrated b idering

: y considering Eq. (9.5) f

Hmmhorm@rwa case (N = 1) and observing that in this limit P = xm_.w H@ nMBmHVEMHaM
phere; hence, the integral on the ths of (9.5) must go to zero. The integral over

the different volumes V; and V: can b i
: i e easily evaluated usi
spherical harmonic expansion \Om g(r—r') ww&“ wiedusing ©12, 013 and the

00 !
g(r—x') =anik® Y "N " ik n (k) V() Yin()  (9.49)

=0 m=-1

. ) .
where ji(x), b; (x) are the spherical Bessel and Hankel functions, r. = min(r, r)

r> =max(r, r'), and ¥;,(Q;) are s i i
y T ) m pherical harmonics. i 101
center of the volume V), we find that ro — 1. r. H_\m MWMH choosing the origin at the

o0 /
g(r — )% = 4mik? M "
b (r—r) w303 Y ()i () _ i) (! _ Y7 ()2

il 1=0 m=— 0

(9.50)
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If we take account of the fact that [ Yy (Qu)dQw =V 478,090, this is simplified to

kR

% mc.u_&%\u #a%eﬁ _ \.ogm%u%@»svwﬁG.m:
V; 0

B(x) = 3j1(x)/x = 3(sin x — x cos x)/x° (9.52)

The Taylor expansion of P(x) near x =0 is p(x)=1—x*/10+.... Since we
already neglected the phase dependence of the incident field over the volume of
integration, keeping the terms of the order of x* amounts to excessive precision.
Therefore, we set B = 1. The integration was performed in a reference frame, where

r; =0. In a general reference frame, one has

% %AH - H\v&u\ = e%AH - J.v ﬂm S Ao.mwv
7

Consequently, for the integral of the tensor Green’s function Gg one has

1 ~ -~
—< Gr(r —v)d*r =1 +23 ViV _< g(r — )& = vGg(r —1}), r¢ Vv
j f)
(9.54)
Repeating analogous integration over the variable r € V;, we obtain
.—v &uxl_v Rm\mzc. — H\v = NQxAHN. - H\.v i wm& Aommv
Vi v

The above result seems to be obvious for two spheres that are separated by a distance
much larger than their radii, but much less so for two touching spheres. However, i
is exact in the limit kR,, — 0. The physical interpretation of Eq. (9.55) is that in this
particular order of the perturbation expansion each sphere can be adequately
represented by a point dipole moment located in its center. In other words, the
integral equations can be replaced by a set of discrete equations with respect to the
ments of the monomers, which constitutes the essence of the dipol
It might seem that the dipole approximation must work simp};
all. However, this is known not to be the case for interactin,
of each other (we will return to this in Section 9.4.3). I
on breaks down in the next order of the perturbatior

dipole mo
approximation.
because kR, is sm
spheres in close vicinity
fact, the dipole approximati
expansion.

Returning to calculation of B;, we find

B, = v ; Mmli.é@w - Gg(ry)Eo =11 (9.5¢
Z_HO_E
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Now, we proceed with statistical averaging of (9.56). This averaging can be introduced
in two different ways. First, if a soot cluster is large enough, the probability
distribution for the absolute values ry must be given by the pair correlation
function p(r;) that was discussed in Section 9.2, while all the spatial orientations
of r; are equiprobable (clusters are spherically symmetrical on average). This
can be called self-averaging. The other approach is ensemble averaging over a
distribution of different realizations of random clusters. The orientational averaging
can be easily carried out in a spherical system of coordinates where the direction
of vector k coincides with the z-axis and the direction of E, (assuming linear

polarization) with the x-axis. Then, using the tensor structure of Gg (9.9-9.1 1), we
obtain

By = kv (N — 1){e™** (A (kry) + B(kry) sin®0 cos?]) (9.57)

where we have taken into account that the total number of terms in the sum (9.56) is
N(N — 1) and (- - -) stands for statistical averaging. Orientational averaging is easily
achieved by integrating (9.57) over sinf 46 dd/(4m). The radial averaging is done
with the use of the correlation function p(r) (9.1) which is, by definition, the
probability density to find a distinct pair of monomers in a cluster separated by the
distance r. If we use the functional form (9.1) for p(r), we arrive at

_Ta om0 (7 poigf x
B = c (kl) b *P-1f ix] F(x)dx (9.58)

where a = 4 is the numerical constant, f(x) is the cutoff function discussed in

Section 9.2, we have used v = (1/6)/, and F (x) is the result of angular integration
of (9.57):

‘sinx cosx sinx

and A(x), B(x) are defined by (9.10) and (9.11). The power series expansion of F(x)
near x =0 is F(x) = (11/15)x~" +2i/3 — (46/105)x — (2i/9)x* + O[%*]. There-
fore, the radial integral in (9.58) converges at the lower limit for D > 1, that is, for
any physically reasonable fractal dimension. As was discussed in Section 9.2, this
fact justifies the extension of the region of applicability of the scaling formula (9.1)
tor=0.

Convergence at r = co is guaranteed by the cutoff function f(x). However, for
D < 2,(9.58) converges at the upper limit of integration even if we set f(x/k R,)=1.
Therefore, for large clusters with kR, > 1, the integral (9.58) converges while the
cutoff function f is still close to unity. This means that for sufficiently large clusters
with D < 2 (which is usually the case), the particular form of the cutoff function is
not important, and we can calculate the integral (9.58) analytically [20]. The final
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result of integration is

B = M.ﬁ@?&% mﬁwb k(D) 1<D<2,
kR, > 1 (9.60)
T(D) 4(5D — 18) H 061
kD) =5 -De-pG-D) |G-DE-D "

is the gamma function. .
ESMMHM MMWM m@ﬁ_w mmcomos K(D) in (9.61) diverges as D approaches 2. This ﬁwm_w_w
indicates that the perturbation expansion for large clusters becomes less moo:um%%o
D approaches 2. However, there is no real &<oam9.~ow even for D V 2 voomcwmﬁw &0
cutoff function f(x/kR,), which was set to unity for the a.az,\mso: 0 w.<m_.
Therefore, the result (9.60) should be used with caution. In particular, progress orovm\
larger values of kR, are required for ooMZM\Hmm:oo AM HWm N:ﬂMMM\mM:WrMM % MMMMMM hes
hen kR, is not sufficiently large, or )

WWMMMMMM MMWM\% f(x) wm:a on the gyration radius of &o cluster, R,. ﬁ.ﬁ_ aoﬂo%owwm
of the integral of the type (9.58) on ba Wﬁ mﬁwﬂ mﬂaﬂoﬁwﬂmwwﬁssmﬂ cuto

i erry and Percival [20] and by Shalaev et al. . o
oo%wﬂwﬁwmmmw w@.mv\ov was obtained in the :58«5@&3@: 2m<m__o=mﬂw: #_HHM
Rn € MK R,. Tt is also possible to calculate .m_ in the _wnm-éma\ﬂ mnmU ,_\E
Ry < Ry < ) (the quasistatic approximation). This can be easily done by %w m@MOw om
that, when kR, >> 1, the integral (9.58) converges for ma.:m: <m_z@m. of x.m ; ere :omm
we can keep only the first two terms in the power series expansion 0 Oﬂvm oo
x = 0, which is necessary to calculate both .E@ real wsa.:dmmEmJ\ wm%w 0 . c_
F(x) ~ (11/15)x™" + 2i/3. By substituting this expression into (9.58), and by using
(9.2), we obtain

, wﬂ oo IN NN. 4—8%I~ AOQNv
1cu|||ao a+l fx)dx
By = ab"K vt E%LO f@dx+ 3|

i .62), a, b are the numerical coefficients [see moa.::mm 9.1 NS.& G..Nv
Waowmmmwwmmwmzm.wm was mentioned in Section o..w. the dimensionless ooﬁ@mﬁ&%ﬂ
abP is ~ 1.6 for cluster—cluster aggregates. The E.Homn&m on .Eo ths oﬂﬁr. Vﬁom
simple numbers, and can be evaluated s:Bomom:% given m.mw@o_mo ﬂod:.w:ﬁ %sﬁmuﬂmam
function f(x). If f(x) is given by the generalized exponential formula wi M petants
described in the caption of Fig. 9.2, the integrals are ~ 1.6 and #.N, respec _WH Ivv\
can be seen from (9.62), the coefficient By c@ooB@m. purely real in the limit ﬁomw

As was mentioned above, the calculation of Em.rﬁ oo‘mmmoaam By oﬂssor o
performed in the “dipole approximation”. In practice, this means that the chai

integrals of the kind

l,

B

& h &ry-- ~— d®r,Gr(r) — 1,)Gr(ry — 13) -+ GR(Tn-1 — rs)
SN <_.

n
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cannot be represented as
n
v"Gg(ry, — ¥, )GR(r;, —X3y) -+ Gr(x;,_, —1;,)

MMMMMMM.? Eﬂm.mw_sw_@ integration rule can only be applied to the “end of chain”

ion variables (r; and r, in the above e

: les xample). In the case of the d

scattering coefficient B;, both integrati i ot et

R gration variables are, effectively, i

seal . . : : , ively, “end of chain,”

ane :H:_oo m_mo_wamvwaoiﬁm:ﬂs works. The integration variable r, in the above
ple is “middle of the chain,” in other words, it appears in two Green’s functions

instead of one. Therefore, the integration over r, cannot be so easily performed

9.4.3. Nonperturbative Methods

A . . .
oHM Moomwoﬂw %HMoMMM w.A.P H%M dipole approximation is accurate up to the second
ansion. This indicates that when the i ion i
the perturbation expansion and di imati e socurte. OF couram i
: ipole approximation become i
is also possible to formulate the di imati ey i o
> 2150 poss e dipole approximation nonperturbatively, which is
i Hoﬁw MWM\ .ﬁmwcoﬂo mwwno%.BmmoP each monomer in a cluster is considered to be a point
muﬂoaom__ n %o_mENwU%ﬂ% o, located at the point r; (at the center of the respective
nomer). The dipole moment of the ith mono
: : mer, d; = [, P(r)d3r, i
mﬂmmmmy%:m_ MO the external electric field at the point r;, which is a m:%,wﬁmvmwaow Mw
e &w_o _Mcwp oNM wﬂ:a W: rﬁro secondary fields scattered by other dipoles. Therefore
nts of the monomers are coupled to the incid . «
. ent fi
other as described by the coupled dipole equation (CDE): eid and fo cach

N
d; = R ,
o | Eine (r7) + .M%mx?. —r,)d; (9.63)
J#

M\_w_mw hw &EW@ a &.moﬁ.ﬂa <o.wmmo= of the integral equation (9.5). It was introduced in
fhe 0 Mﬁ of the discrete dipole approximation by Purcell and Pennypacker [38]
o@cmma SHE o_:mﬂmam by Markel et al. [30,31].# The CDE is a system of 3N msomm
ons that can be solved to find the di
: . pole moments d;. A i
sections can be found in complete analogy with G.KYG.N@Y 1 fhe eptical eross

N
EGH»NM d; — (d; - KK /i? —ik’
mn_ﬁ ( K/ Txi k' -r;) (9.64)
dnk .
c. = HBM d,-E’ (r;
_Hwo_w p __EAHNV Awmmv

The discrete Q~@O~0 appr oximation, althor —W: eading to s el sed ti b

4 . P .

. ; ] g imilar @ENQOBmv is u 0 Solve a problem
Ommom.:um_: different from the one described in this OUW@Hﬁﬂ. For more @AO» ences, see [39,40
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Ak, & A
o = 223" | (9.66)
[Eo|” =1
1 2K3
=-Im{=) ——=8/v2 67
m ~ 3 8/v=0 (9.67)

The last formula (9.67) needs an explanation. The definition of the absorption
parameter y, in (9.66) follows from rigorous integration of the scattering amplitude
(9.64) [34]. It must be nonnegatively defined for any physically reasonable
polarizability o [41]. However, if we use the usual relation between the polarizability
o and susceptibility %, & = VX, this condition [as well as the second equality in (9.67)]
can be violated for purely real values of € when Y is also real. As was shown by
Draine [39], the above relation between o and ¥ should be modified to take into
account radiative reaction. The corrected formula is 1/o0 = 1/vy — i2k3 /3, which,
taking into account d = —Im[1/y], immediately Jeads to the second equality in
(9.67). For strongly absorbing carbon, the radiative corrections are negligibly small.
The advantage of the dipole approximation is simplicity: An integral equation i
replaced by a finite system of linear equations. However, we. already saw that the
dipole approximation is not accurate in the third, and all the higher, orders of the
perturbation expansion. In fact, the general nonapplicability of the dipole approxi
mation was recognized and verified both theoretically [42,43] and experimentall;
[44]. A simple physical explanation of why the dipole approximation fails wa
provided, for example, by Sansonetti and Furdyna [44]. First, in the dipole approxi
mation, the local field acting on a certain dipole is evaluated at the center of th
corresponding monoter. However, the field produced by neighboring monomers i
highly nonuniform over the volume of the first monomer, and cannot be replaced b
a single value. And second, the dipole approximation neglects higher multipol
moments of the monomers, which is a good approximation for those monome:
which are far away from each other, but not for nearest neighbors. Effectively, t
replacing two touching spheres by two point dipoles located at their centers, v
underestimate the strength of their interaction. )

To overcome the limitations of the dipole approximation, a rigorous nuUMmeric
approach has been developed by Gerardy and Ausloos [42] (in the long-waveleng
limit), Claro [43,45,46] and Claro and co-workers [47,48], Mackowski [4
Mackowski and Mischenko [50], Fuller [51,52], and Xu [53]. The essence of tl
method is to expand the EM field inside each sphere and the field scattered by ea
sphere in vector spherical harmonics, and to match the boundary condition on

surfaces of discontinuity. Generally, this method leads to an infinite - dimensior

system of linear equations with respect to the expansion coefficients. In order

solve this system, one needs to truncate it by assuming that all the expansi
coefficients for spherical harmonics of the order larger than L are zero. Then,
total number of equation scales (for large values of L) as NI?.

Although a detailed description of the above methods is beyond the scope of t
chapter, in Section 9.4.4, we will illustrate with a numerical example an import
trend: When the interaction of monomers in a cluster becomes stranger and
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perturbation expansion, correspondingly, less accurate (or even diverges), the
maximum number L required for attaining accurate results tends to increase. This
makes the ‘“‘coupled multipoles” method computationally applicable only for
situations with either a small number of monomers or weak interaction.

To overcome the inadequacy of the dipole approximation and the overwhelming
computational complexity of the “coupled multipole”” method, we have suggested a
phenomenological procedure that can be referred to as the cluster renormalization
approach [54,55]. This approach allows one to stay in the frame of the dipole
approximation, and is described in detail below. The following two factors are
important for understanding the renormalization approach.

First, we note that most calculations employ computer - generated samples. The
geometry of these samples does not coincide with that of experimental soot exactly,
which is obviously impossible, but rather reproduces certain statistical geometrical
properties of real soot. Among such properties are density correlation functions,
total volume of the material, and average radius of gyration, R,. However, such
characteristics as the number of monomers in a cluster, N, and monomer radius, R,
might be considered as not essential. It is known, for example, that the real carbon
monomers are not actually spherical, and nearest neighbors touch each other at more
than just one geometrical point, so that the model of touching spheres is only an
idealization. Second, as mentioned above, the dipole approximation in its pure form
underestimates the interaction strength. In particular, it predicts the shift of the
resonance frequency in small clusters of spheres to be significantly less than is
experimentally measured [44]. In order to correct the interaction strength of the
dipole approximation, it is tempting to move the monomers closer to each other (of

course, this relates to computer-generated samples) by allowing them to intersect
geometrically. However, doing this will evidently reduce the overall system size
(Rg), which is an essential parameter of the problem. The other possible way to
introduce the intersections is to increase the radii of the spheres (R,,) while keeping
distance between nearest neighbors (/) unchanged. This will, however, lead to an
increase of the total volume of the material. Luckily, for fractal clusters, it is possible
to introduce a simultaneous renormalization of the sphere radii (R,), the total
number of monomers (N) and the distance between nearest neighbors (I) in such
a way that the overall volume () and the gyration radius (R,) are unchanged, and

to introduce an arbitrary geometrical intersection of neighboring spheres. The
transformation is

\ £\ 2/G-D)
R, = Ru(> (9.68)
2\ 30/3-D)
N'=N mv (9.69)
I =¢R, (9.70)

where £ is a phenomenological intersection parameter (1 < § <2, £ =2 for
touching spheres and & < 2 for geometrically intersecting spheres).
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Thus, the main idea of the renormalization approach is to model an ensemble of
real clusters with experimental values of R, and N Amﬁ.a 1=2R,) by m\ooﬁwﬁﬂm
generated “renormalized” ensemble with ooQWmcosa_sm cmﬂwaﬁoﬁm w;mw\ , m:o
with the geometrical intersection of neighboring mvrmﬂmm“@ = w%m A .ﬁ.%(&co
intersection parameter & is Urgoﬁo:owomwo.& and chﬁ. be m&cmﬁ@a. . w ini H L va e
for & can be obtained from the mo:o_éw:mmmumﬂio ooﬁwwmwﬁu%w MWMM can

justi e physical plausibility of the renor .
cmom mecwwmvw\mwéw WS Ewﬁ a linear chain of intersecting mwwomaom\ mrm_ﬁ HWmHmmoMWo
depolarization coefficients as an infinite cylinder for § = [45 52 k7] = 1.688.

"It is important to note that two independent depolarization coefficients can

simultaneously be ““tuned” to correct values by m&.:mn:.m o:._v\ one @oM c.mSBﬂMM W
As is well known, the depolarization oowmmowoam.ﬁ ellipsoids (an 1nfinite HoN i o
being a particular case) determine the spectral positions of the Rmosmsmmmr :ﬁo&
renormalization procedure gives the correct wco.oqm: locations of the op -
resonances for a one-dimensional (1D) chain. ,HE.U _Ew shape of each Homoswsmo M@H
still be described incorrectly. However, in the m:cmﬁg.o.m a large fractal m Mo@?\o,
typical absorption and extinction spectra are Superpositions & many o_w o
resonances, and the line shapes of individual resonance are of little .:M@MH Mz oﬁ.oﬁo

Another approach to estimating the parameter & is by wsm_omw SH: 1! oBM&o_oa
dipole approximation (see [38-40]) in 250:. bulk .zo:m@roaom_ particles are mode™e
by arrays of point dipoles located on a cubic lattice. In the first mﬁcaox:sﬂ i ! ./SE
polarizability of the dipoles is taken to be equal to that of an o@:?&.ma wwzmﬁ_& o
the radius R,, such that its volume is equal to the volume of So_ Wﬁow mev at is,
(4n/3)RS, = I°. From this equality we find & = I/R, = (41/3)"" = 1. - e

Given a computer-generated renormalized .osmmBEo. of oEmﬁoa.m“ we can e
CDE (9.63) and solve it numerically to obtain all desirable optical oowmgc M@ I
CDE (9.63) can be written in the operator mo.H.B G.o,u:.u mnw_omocw y ﬁw c. _&,
except that the Hilbert space now has a finite a_Bocm_o.zm:Q 3N. We denote by
the 3N-dimensional vector of dipole moments, and write

|d) = ot(|Einc) + Wnld)) (9.71

The operator W, in (9.71) is a square 3N X 3N Bmﬁx. rather than an ,_,Emzmam

operator W in (9.24), which is being emphasized here GM using the mcdmoﬂwm Ms _ )

a basis of vectors |iat), such that diy = (ia|d) (the Greek indexes denote O ms\m_ m_.wmv :

components of the vectors), mﬁw matrix elements of W, are (io|Win| jB) =
3 i kri)rijatij,p/ Vil .

¢ ﬂlmwxwwwmwﬂwmﬁ mvwwwmhoﬂ\ om the solution to (9.71) was Eowwmo.a in mwo.w%wwo,

the quasistatic case (R; < A) and in [34] in the general case, and is similar to (9.30

T_v As*_mgnv o
14) = > e 1o~ ] A

n

where |n) are now the eigenvectors of W,,.
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If we use (9.65) with SV d; - E* _(r;) = .
cross-section: > oimi di - Ef (r;) = (Einc|d), we can write for the extinction

. = 4mk Am_:.»o_wsv A\w*_m,iov
y E%M () [1 /o — w,] (9.73)

Now, we recall that 1 /o = 1 /vy — i2k>
x — i2k° /3 and 1/y = —(X + i8), wh
dependence of X and 8 are illustrated in Fig. 9.4 (b), EMQ cs,:ovu ere the spectral

, = — dmkv {Eine ) (7* | Eine)
c ol HEM (n*[n) [X + (8 + 2k30/3) + vw,,] (9.74)

. m@cmaos (9.74) illustrates the importance of the parameters X and 8. Th
:.:oamoﬁ.ﬂos of the monomers is weak and can be neglected when the ::oME _.. aw
m::o:m#o:_%m eigenvalues vw, are small compared to X + (8 + 2k> \N Eow
mwwwwwsm the Qm.ﬁé&c% in the denominator of (9.74), we immediately Hoﬂo,\vn.a SM
n approximation. There are two disti imati
is valid. The first case is a nonresonant EH“MMMMM%M%JMH_ mVWowMM M@@M”ﬂﬁmsom
X +Re Wy can Em.s exactly to zero (resonant interaction), the mcmoﬁnom. ara @<M: _m
can be still mcmmﬁo.ﬁ_% large to make the first Born approximation moocmmﬂwam -
Further, we can introduce the “‘weighted” density of states I'(w’, w") moooﬂu&:m to

rw',w")= M:UFO_MW"A._MW_MF&@A%\ — Rew,)8(w” — Imw,) (9.75)

and rewrite (9.74) as

3 A:NSHB% Tw',waw'dw"
Bol? " )X +i(8 + 2k30/3) T o(w’ + iw”) (9.76)

G, =

MWG Moﬁmﬁm is a convenient mﬁm.ﬁsm point for a family of analytical approximations
. _o E:m iar Som.u-m&a approximation can be obtained by assuming that the Qmm:..
<M%MM_M Nsww .m% _.W m:\“% wwvm: bound region in the complex plane, while the complex
i v/3) is far from this region. Then, the densi
. . s ty of states can be
approximated as T'(w/, w") = N|Eo|*5(w’ — ReQ " .
ppIC /, 1)8(w” —Im@), and the integra-
tion in (9.76) results in m.w.oEE_m similar to (9.45) without the m&mv.m:@nm% 8&5@%%@
H@EHE%E for applicability of the mean-field approximation is, obviously. &m.wﬁobﬁ
! %S: NM or the first wo.E approximation. Namely, the eigenvalues do not mooa tobe
o mwa , Mﬁ rather @cmm_nwomocmamﬁ. Higher order approximations can be built by
mak B:M Qﬁﬁo Modd of I'(w’, w") more complicated. As the first step, I'(w’, w") can be
0 be constant in a certain bound rectangular area in th , v
; ! . . lex plane and
zero outside, with the dispersion (first mome i od o
: side : : nts) determined from numerical
diagonalization of a typical matrix W,. This functional form still allows one to
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integrate (9.76) analytically. At higher levels of approximation, other moments of
I'(w',w") can be specified as well.

Note that for highly absorbing carbon material, the parameter & can be much
larger than the imaginary parts of the eigenvalues vImw, (as well as the factor
2k3v/3). In this case, it is sufficient to consider a 1D function T'(w'). This is a good
approximation in the quasistatic limit A > Rg, when the imaginary parts of eigen-
values are proportional to the small factor 2k/3 [34] and can be neglected. The
complex eigenvalues of Wy, are discussed in much more detail in Chapter 5, for the
case of nonfractal, random and spherically symmetrical distribution of dipoles with
the average interparticle distance ~ % The results of Chapter 5 are indicative of the
fact that the imaginary parts of the eigenvalues in this case are still of the order of
2k* /3, and can be neglected for strongly absorbing soot. However, a calculation of
the imaginary parts of the eigenvalues for a self-supporting fractal cluster, which is
not small compared to A, has not been performed to the best of our knowledge.

An important remark should be made regarding the influence of the renormaliza-

tion procedure (9.68)-(9.70) on expressions of the form (9.74) and (9.76). The
parameters X and & do not depend on the geometry of the problem and, therefore,
are not affected by the renormalization. However, the eigenvalues vw, are changed as
the result of renormalization. In particular, itis easy to see from (9.68)—(9.70) that the
renormalized volume is v/ = v(&/ 2)*P /3-D) 1 general, the eigenvalues of the
interaction matrix W,, donot scale with the parameter 1, and it is impossible to write 2
similar relation between w,, and w;,. However, this becomes possible in the quasistatic
limit A > R,, when the intermediate- and far-zone terms in (9.10) and (9.11) can be
neglected and the exponential factor exp(ix) can be set to unity. Then, from the forrr
of the interaction matrix, it follows that w;, = wy(1/1 Y = wa(2/ mvo\ ¢-P) By com
bining these two expressions, we obtain in the quasistatic limit: v'w), = wwn(2/ gy’
We recall that & is the intersection parameter, and 1 < § < 2. Thus, the intersectiol
procedure effectively increases the normalized eigenvalues and, consequently, th
interaction strength. The same tendency holds beyond the guasistatic limit, althoug]
the ratio v'w/,/uw, becomes different for different n in this case.

Due to volume limitations, we have skipped the important question ¢
orientational averaging in the dipole approximation. This averaging is trivial i
the quasistatic case, and can be performed by averaging results for three orthogon:
polarizations of the incident wave. However, the averaging becomes much mor
complicated in the case of finite k; see [57] for a further reference.

9.4.4. Numerical Examples

In this section, we illustrate the methods described above with a few numeric
examples. We start with the perturbation expansion for the extinction cross-sectio
In Fig. 9.5, we plot the results of perturbative calculations of the extinctic

efficiency Q. defined as

@m = Oc A@q
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Figure 9.5. Perturbative calculations of the extinction efficiency Q. for a cluster with
N = 2500, [ = 2R,, = 0.02 um, and R, =~ 331 = 0.66 um.

The extinction efficiency is calculated for an ensemble of clusters with N = 2500,
I =2R, =0.02um, and R, ~ 33/ = 0.66 um. In this figure, we compare the first
Born approximation for Q, obtained from (9.32) by retaining only the k = 0 term in
the summation, compared to the first-order mean-field approximation (9.45) obtained
by setting X = 0 in (9.45). We used the optical constants for carbon described
in Section 9.3. The constant Q; = B that is used in the mean-field approximation
was calculated from the analytical formulas for the “intermediate” wavelength
regime (R, < A K Ry) (9.60) and (9.61), and for the long-wavelength regime
(R < Ry < 1) (9.62). The corresponding curves are plotted in the spectral regions
where these regimes are valid. In the intermediate region A = R,, both analytical
expressions for B; become inaccurate and numerical integration according to (9.58)
should be performed. However, it is plausible to assume from the figure that the two
curves will smoothly connect to each other near A = R,. Note that in the limit
kR, < 1, the first Born approximation also gives the “noninteracting” value of Q,,
that is, calculated for isolated spherical monomers.

While the mean-field approximation gives significantly different results from the
first Born approximation for A < lum, the difference becomes small for larger
wavelengths. This might seem to be an indication of fast convergence of the
perturbation series for large A’s. However, it is not the case. In fact, the coefficient B 1
becomes small in the long-wavelength limit [see Eq.(9.3)] due to the special
symmetry of the dipole—dipole interaction. However, as we saw above, the dipole
approximation is not accurate in the higher orders of the expansion, and the higher
coefficients By can be large.

The deficiency of the mean-field approximation in the long-wavelength limit is
most easily demonstrated with quasistatic calculations, in the limit A > R,. In Fig.
9.6, we compare the results of the first Born and the mean-field approximations [with
the long-wavelength version of B; calculated according to (9.62)] to the numerical
nonperturbative solution based on the expansion of all scattered fields into spherical
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First Born approximation

Mean-field, long-wavelength —-~--
Non-perturbative O _]

Qe

© © © 9 o0o0o0o0g

10

Figure 9.6. Perturbative and nonperturbative calculations of the extinction efficiency Q. f
cluster with N = 100, I = 2R,, = 0.02 um, and Ry = 10.6/ = 0.2 um.

P

harmonics and considering boundary conditions at mmor spherical mca.mwmww _
calculations are done for a small cluster with the following @mﬂmﬁo.ﬁma.v( \m
| =2R,, =0.02pm, and Ry = 10.6/ =0.2 w:? mw Mmmﬁ wrM condition A > R,
e in the spectral region shown 1n kig. 2.0. .
?_MWMMM mwwim”ww from Emm figure, the perturbation expansion m”\o.w w de
agreement with the nonperturbative results for A<l pm. However, M; Msm MMF
non-perturbative solution is approximately two E:o.m larger. In g 4 ,
ative solution decreases much more slowly with L. Note that the spe:

nonperturb : I
0 f the extinction cross section o, differs from that for the extinc

dependence 0

fficienc by the factor k o< 1/A. . .
) As :w\omﬁmmﬁo@mso% between the perturbative and nonperturbative solu

increases in the long-wavelength spectral range, %o. number wm spherical harme
required for obtaining an accurate so:@QE%mm:\w mm.vEco: .&mo MBMW.E
tendency is illustrated in Fig. 9.7, where we plot ﬁ.:m extinction efficiency mw e
of the maximum order of the spherical harmonics, L. We see that near vm

accurate results are obtained for L ~ 10. This <m_c@. grows for larger lam M.c w
optical properties of carbon become more metallic. Eoéo,\o.ﬁ ﬂ\o: Mmmwﬁ mmo.
with only N = 100 and L = 10 requires ~ 600 Mb of memory in the qu e
and twice as much for finite k’s. Since the memory requirement grows as f
calculations with significantly larger L’s or N’s seem H.o be ?oEoB%ﬂom.oH n
especially true for clusters of metallic particles. Our estimates m:osw t amh N m
colloidal clusters in the visible and near-IR spectral ranges, the required L 1

a not shown). .

oamm Mz%mo%wwé method, véo consider the &wo#m m@?.oxwam:g oozm_oﬁw ”_
geometrical renormalization of clusters described in Section 9:4.3. In Fig. 9.

plot the results of calculations of Q. in the dipole approximation for different v

SFortran codes courtesy of D. Mackowski.
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elds into spherical harmonics and considering boundary conditions at each spherical surfac
(Fortran oommm courtesy of D. Mackowski for more details see [49]). The calculation .
performed in the quasistatic limit for a cluster with N = 100, [ = 2R,, = 0.02 tw:éwnn
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Figure 9.8. mxa.somoz efficiency Q, as a function of A in the quasistatic limit. Solid curv

mm.H Born approximation (noninteracting limit). The & = 2 curve is the &ﬁoﬁ. approxi M.I
2:_‘:.:: geometrical renormalization of clusters. The centered symbols Em@%. :Em How
solution based on the multipole expansion. ° oo
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of the intersection parameter & compared to the calculations based on the multipole
expansion (referred to as “exact” in the figure caption) and to the first Bomn
approximation. Since the latter can be obtained by considering isolated monomers, it
is also referred to as the “‘non-interacting” approximation. The case & = 2 corres-
ponds to the usual dipole approximation without renormalization.

Even without renormalization, the dipole approximation gives more accurate
results than the first Born (noninteracting) approximation. But the introduction of
geometrical intersections allows one to achieve much better accuracy. A good fit is
obtained for &£ = 1.75. Note that, due to computational limitations, these results were
obtained for single random realizations of computer-generated (renormalized)
fractal clusters. However, the renormalization approach is statistical in nature, and
we believe that ensemble averaging will increase the quality of the fit for a properly
adjusted intersection parameter £. Nevertheless, the maximum deviation of the
& = 1.75 curve from the “exact” result is only 2%.

Now, we turn our atention to the “weighted” density of states, '(w,w") defined
by (9.75), and the analytical approximations that can be derived from simplification
of the form of D'(w/, w"). We restrict our consideration to the quasistatic limit, when
the imaginary parts of all eigenvalues are small, and it is sufficient to consider a 1D
function I'(w'). The quasistatic analog of (9.76) is

(9.78)

/! /
o0 — amkv % T'(w')dw

- _Ho_w X + i + ww'

where we have also neglected the small term 2k3v/3. This can be rewritten for the
efficiency Q. as

(9.79)

o, _ 40 _ T (W )dw'

T NE) (X + ww)? + 82

A typical quasistatic density of states, calculated for an ensemble of clusters with
N = 1000, is illustrated in Fig. 9.9. It is normalized by the condition [ ['(w)dw' =
N _mo_w. The step-like function shown in Fig. 9.9 has the same normalization, first
and second moments as the numerical T'(w').

By comparing Figs. 9.4 and 9.9, we can conclude that the complex variable
—1/y = X + id always lies far in the complex plane from the region on the real axis
occupied by the normalized eigenvalues vw, [the region where I'(w') is not zero).
This, in turn, leads to the idea that the fine structure of I'(w') is not important. As we
mentioned in Section 9.4.3, replacing T'(w') by a delta function with the same
normalization and first moment results in the mean-field approximation. However, it
can be seen from Fig. 9.9 that the first moment of I'(w') is equal to zero. This.
indeed, follows from the expression (9.62) for B; = Q; in the limit k— 0, and is a
consequence of the spherical symmetry of the clusters and the tensor properties of the
dipole-dipole interaction. Therefore, the mean-field approximation in the quasistatic
limit is, essentially, equivalent to the first Born (noninteracting) approximation. This
fact is also illustrated in Fig. 9.6.
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cv\mm m_.ﬂmo ch mfﬁmmnma ao:mm% of states I"(w') in the quasistatic limit, and its approximation

A H_v netion with the equivalent normalization, first and second moments. The numerical
gonalization is performed for an ensemble of 10 clusters with N = 1000 Hr \ of th

constants are vwg = 2.29 and Ty = N|Eo|*/2wp. e veliesofthe

m::MMoNo MMMMWQ the Emms,MoE approximation, we replace I'(w’) by a step-like
, preserves the second moment of I'(w') in additi
Ser d o ition to the first
Mﬂ“msn M:% normalization, as m.:oés in Fig. 9.9 (see the figure caption for ::anoaw_
of the constants). m% using the step-like function in (9.79), we obtain

0, = it _. o dw’
, = —
W0 J e (X 4 vw!)? + 8 (5-80)
The Emomnm_, can be easily evaluated, and results in
27 X + vwg X
_2n X+ vwp — uw
0. ™ arctan 5 — arctan |mlo (9.81)

For i i

oommmﬂmwﬁﬂm of touching m@.ronom (without geometrical renormalization), vwy is a

consta N.N oao“ our calculations for computer-generated cluster—cluster aggregates
o & 2.29. Now, we recall that the renormalization results in v'wj = (2/ mvweSs_

i ’
MNHQH QAOHO MOH a H@:OHHHHm_HmN@Q Owcwﬁﬂm H:O Oxﬂmsﬁwﬂhos OA:OHQ:Ow can —UO m.mumvu ON::NHOMw

__m X +2.20(2/¢)°
O = 2 0yey [ mA /) _ arctan E

(9.82)
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Figure 9.10. (a) Analytical expression (9.82) compared to numerical calculations in the
dipole approximation without cluster renormalization (§ = 2). (b) Analytical expression
(9.82) for two different values of & < 2 compared to the exact result.

The results of calculations according to formula (9.82) are shown in Fig 9.10
First, in Fig 9.10 (a), we compare the analytical expression (9.82) with the result:
of numerical calculations in the dipole approximation without the geometrica
renormalization (€ = 2). The analytical and numerical data fit very accurately. I
Fig 9.10(b), we plot Q. given by (9.82) for two different values of & < 2 compare
to the “exact” result (the one shown in Fig. 9.6 by circles). We see that the
closest fit is achieved for & ~ 1.73. The curve with & = 1.7 gives a less accurat
approximation of 0., but better reproduces the A dependence in the long-wavelengt
region (up to 2 multiplicative constant). When comparing the results of the dipol
approximation and the analytical formula (9.82) with the exact calculation:
which are shown in Fig. 9.10 (b) by circles, keep in mind that the latter wer
obtained by truncation of the maximum order of spherical harmonics, L. As seen i
Fig. 9.7, the calculated value of Q, still continues to grow for L ~ 10and A > 2 un
Our calculations were truncated at L =9 due to computational limitations. But
can be stated with a reasonable amount of confidence that the “true” results f¢
Q. are somewhat larger than those shown, for example, in Fig. 9.10(b). Th
follows from the monotonic growth of Q. as a function of L illustrated in Fig. 9.
Therefore, the curve with & = 1.7 might be actually more accurate than the one wi
£=173.

In conclusion of this section, we note that the value uwy [or the second moment
T'(w')] can depend on the fractal dimension of the clusters. The fine features of I'(
can also depend on less essential properties of the clusters, such as the type of latti
used in numerical calculations. For nonresonant carbon, these fine details of
density of states are largely insignificant. However, they become important in t
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resonance situation, when the denominator in the formulas (9.76) and (9.78) can
become purely imaginary and small. The resonance EM interaction in fractal clusters
is considered theoretically in Chapter 8, and from the experimental point of view
given in Chapter 7. Danilova discussed the phenomenological intersection parameter

€ for the case of resonance interaction and compared analytical and experimental
results in [58].

9.5. FLUCTUATIONS OF LIGHT SCATTERED BY RANDOM
SMOKE CLUSTERS

The well-known result (e.g., [14]) for the differential scattering cross-section of
fractal clusters in the first Born approximation is

dog D )
an =4 if ¢>1/R, (9.83)

where q = k — Kk’ is the transmitted wavevector. This result is obtained by statistical
averaging using the density—density correlation function (9.1), and is statistical in
nature. The intensity of light scattered from a single random cluster can be different
from (9.83). The statistical averaging implied in the derivation of (9.83) can be
understood in two different ways. The first is ensemble averaging, over an ensemble
of random realizations of clusters. One can also hope that if a single cluster is
large enough, it’s differential scattering cross-section approaches the ensemble
average value, and the deviations decrease with the cluster size as 1 / VN (self-
averaging).

In this section, we show that the self-averaging can occur for random nonfractal
clusters, but not for fractal aggregates with long-range correlations. In fact, we
will show numerically that the relative dispersion of the scattered intensity in an

ensemble of fractal cluster—cluster aggregates is always close to unity. A more
detailed account is published in [23].

9.5.1. General Relations

The differential scattering cross-section can be calculated using the general defini-
tion (9.15) and the expression for the scattering amplitude f(K') either in the integral
form (9.14) or the discretized version (9.64). In the first Born approximation, which
will be used throughout this section, both formulas for f lead to the same result. For
simplicity, we start from the discretized expression (9.64), and, by substituting
d; = oEjy(r;) = aEoexp(ik - 1;), we obtain

Eo - —n\ W\ N
1) = £ B, — Fo 2 ) > exp(iq - ) (9.84)
i=1
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where q =k — K. The differential scattering cross-section can be easily obtained
from the above expression

2

1% _ o Pin W (Bo, K| ex(a ) @.wg

41012
where (Eo, k') denotes the angle between Eo and .—m . .Hro prefactor k*|o| M
|Eq|?sin? ZQ“UO K')] does not depend on a random Rm:N.m:os of the set ?Mw, and,
EMH»;OH@ is Em same for all clusters. In the case of scattering ow a aowowszmc : MMHM
, i in*\) = ve factor
we must replace sin*[Y(Eq,K')] by (sin éw<l 0.5, .m:a the 2 mw e om
simply a constant. In contrast, the factor ‘MJ:E exp(iq - _.N.v_ in (9.
vary from cluster to cluster. . .
omzﬁrN.ﬂ considering fluctuations of scattered light by different Ssanﬂ o_cmﬁonm,. €n~
do not need to keep a factor that is common to all of them. Therefore, it 1s convenien
to define the intensity of light scattered by some individual cluster as

1(6,0) = I(q) = ~Ma§.i (986

where 0 is the angle between the direction of the incident wavevector k Msa QM
direction of scattering, and ¢ is the azimuthal angle. The absolute value of q depend

on the scattering angle 0 as

g = k+/2(1 — cosb) (9.87

The intensity (9.86) coincides with the :Rﬁ: intensity of the momﬁwﬁma MWrM %%om
some constant in the case of a depolarized incident <<m<o,. wsm :W H.o H% W_\o.a %:msm:
factor, sin’[y(Eo, k)], for a polarized wave. The ao.mEEo: of mommH Mﬁ | intensi
(9.86) is suitable for the calculation of relative nsoﬁcmsosmu.%mﬂ is, fo ed ,wmﬁ ‘
of scattered intensity divided by the average scattered intensity. L
calculate absolute fluctuations, we need, of course, to keep all the Wam mM () n.omm "
section, we will focus on relative fluctuations. The mcmo::.o <m_c.o of MM ﬂws v
always be reconstructed, provided the average scattered intensity _M . 08_ .o_cmﬁo

Let us consider the intensity of light mom:aam by some number o So. ! clusie
randomly distributed in a certain volume. The Emﬁmsmm voﬁéooz M._:m.ﬁmam HM mﬂﬂ )
to be large compared to the wavelength of the incident radiation, ow: e
distribution of clusters in space to be random and uncorrelated. HE.UF %\@
intensities of light scaitered by each cluster, rather than the amplitudes.

The average scattered intensity (I) is defined as

M—oco M

(1) = {(8,4)) = lim wm%é (9.8
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where I;(6, ¢) is the intensity scattered by the kth cluster and M is the total number
of clusters that scatter the light. With the use of (9.86), we can rewrite (9.88) as

M N

1 .
()= Jim > > "expliq- (rf )] (9.89)
=1 ij=1

where N, is the number of monomers in the kth cluster, and 5@ is the coordinate of
the ith monomer in kth cluster.

For an ensemble of spherically symmetrical (on average) clusters, the depen-
dence of (I) on ¢ is weak (it vanishes for an infinite ensemble); therefore, we will
use the notation (/) = (I(8)) = (I(g)), where ¢ is defined by (9.87).

If we detect the scattered light from just one cluster, it can be much different from

{I). A convenient measure of these variations is the standard deviation (dispersion)
(eF N

3

o7 = (I") = (I)? (9.90)

The value of oy characterizes possible deviations of i from (I) calculated for an
infinite ensemble of clusters and has a simple mathematical meaning: The
probability that an individual I; lies within the interval (I) & o; is approximately
two-thirds.

In the case of a finite M, one can be interested in a measure of fluctuations of the
average value (9.88) itself [the “lim” sign in this case should, of course, be omitted
in (9.88) and (9.89)]. If we register the scattered light from different ensembles of
clusters consisting of some finite number of clusters M, we will come up with
different results. We can define the standard deviation \" of these random values in

the usual way. The relation between QM\S and o; = Qm_ is well-known from mathe-

matical statistics:
G =—= (9.91)

The actual value of M depends on the scheme of the experiment. In one possible
setting, the scattering volume is small enough (e.g., due to focusing a laser beam)
and contains only one cluster at a time. Because of the random motion of clusters, it
contains different clusters in different moments of time. In this case, one can register
scattered radiation for some large period of time (excluding the periods when the
volume contains no clusters at all and the signal is zero) and calculate the time-
averaged intensity and its standard deviation, which coincides with ;. If the volume
contains an average of M clusters at a given time, the measured standard deviation
would be QME. As will be shown numerically in Section 9.5.2, o; is universal for
cluster—cluster aggregates over a wide range of scattering angles. The relation (9.91)
can be used to find the average number of clusters in the scattering volume (and,
hence, the number density of clusters).
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9.5.2. Monodisperse Clusters

First, we consider monodisperse ensembles of clusters consisting of N Eoz%ﬂwwa
each. The task of calculating o; includes finding two average <.m;:om” S ww Aa _vm
Apart from calculating the dispersion (Eq. 9.90), Iy is .::Qomsmm E\m:moﬁ. M: "
experimentally measurable. It is well known that the pair correlation ﬂcsoo_movwom:
(9.1) can be used to calculate (I). Indeed, for a monodisperse ensemble, (9.

be simplified to
(I) = N+ N(N — 1){exp(iq - ri)) (9.92)

where r; = r; — Ij, and only distinct monomers belonging to E@. same cluster are
considered. Now, we can use the function p(r) to calculate (exp(iq - ry)):

o0 drsinf do do
fexplia xy)) = | p(Iexplia 1) g 999)

After performing the angular jntegration, (9.93) simplifies to

8 &:Q,
....H & G.fv
A%Ei_o%va\
" i .94) without
In the case of D <2 and ¢ > R, 1 we can om_o&m:.o the integral _G _omﬁwow\w o
specifying the form of the cutoff function for p(r), similarly to the calcu
coefficient B; in Section 9.4.2. Indeed, in this case the cutoff function can be set to
unity, and the result is

. al'(D — Dsin[n(D = 1)/2] 9.95)
fexplia 1)) = H 2 A

imiti —1, sl i d in a powel
In the other limiting case, ¢ < R !, sin (gr) in (9.94) can be oxwmnaw , p
series, and the result of integration up to the lowest nonzero power of g

(expliq - 1)) = 1 — (qRg)*/3 (9.96

As follows from (9.96) and (9.92), (I(0 = 0)) = N2, EEM: means that the forware
ing i coherent in the first Born approximation. .

momMMHw%ow_szm\% (9.92), it can be concluded that the minimum wOmm:u_m <M_=oﬁm
(I) is N, which can be reached for large values of g. For the gowmomnnzswwé y.odva_
value of g is maximum, the expression for I becomes (I)=~ N[l +.m X HI HAm / )
where we used the numerical values for all the coefficients Ammmc.Bam D =1238). )

characteristic value of A is A, = 5.4, so that (I) approaches its lower UoE.a C
A < .. However, the above inequality oozﬁm&.oﬁm the ?bam:.swﬁ& mmwc%ﬂ@aowb M
this chapter that . is much larger than monomer size %5 (or lattice unit, ). H aMm MM _
in the spectral region where the monomers are optically small, kR, <1, the fir

term in (9.92) can be neglected.
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Figure 9.11. Average intensity of the scattered light as a function of the scattering angle 6 for
A = 10.5] and A = 50.51 Calculations were performed for a computer-generated mono-
disperse ensemble of 40 random cluster—cluster aggregates consisting of N = 10,000
monomers each, similar to the one shown in Fig. 9.1. Noninteger values of A/1 are chosen to
avoid lattice effects. The definition of I is given in Eq. (9.86).

The theoretical asymptotes (9.95) and (9.96), along with the results of numerical
calculations for (I) for different values of A, are illustrated in Fig. 9.11 (see the figure
caption for details).

Whereas (I) is defined by p(r), one needs a higher order correlation function for
the calculation of (/2. Indeed, the definition of (I?), analogous to (9.89), contains a
fourfold summation, which, after grouping together the terms with different indexes
matching each other, turns to

(%) = N(2N — 1) + 4N (N — 1)*(exp(iq - r;))
+ N(N —1)(N? — 3N + 3){exp(iq - ryu)) (9.97)

where Ty = Iy — X, i # j,k # 1 and any of the pair of indexes (i,7) can coincide
with any of the pair (k, [). It is easy to show that (exp(iq - Tyu)) is expressed through
the four-point correlation function, pa(r), which was introduced in Section 9.2 (see
also Fig. 9.3), exactly in the same form as in Eq. (9.94) with r;; being replaced by ryju
and p by pa. :

We now turn to the numerical results for fluctuations that are presented in Fig.
9.12. In this calculation, we allowed 0 to change from 0 to 27, so that the “observer”’
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|
A =10.51

o1(8)/(1(6)) A= 2050 ——=--

0 /2 T 3n/2 27

Figure 9.12. Relative fluctuations o1(8)/{1(8)) for different wavelengths as functions of the
scattering angle 0. For each curve, the horizontal line corresponds to the level oy J{I) = 1; the
distance between the nearest horizontal lines is 1; and o7 (0)/{1(0)) = o;(2m)/ (2n)) = 0.
Calculations are performed for the same ensemble of computer-generated clusters as in Fig
9.11. Note that 0 is allowed to change from O to 2r (unlike the usual spherical system of
coordinates where 0 < 8 < m), so that the “observer” makes a complete revolution from the
“forward’ direction of scattering to the “packward” direction and back to “forward”.

makes a whole revolution from the “forward” direction of scattering to th
“packward” direction and back to «forward”’. In the usual spherical system o
coordinates, this corresponds to @ varying from 0 to =, then changing ¢ to ¢ + 7, an
varying 8 back from 7 to 0. Note that, for a finite ensemble of random clusters, thy
result is not necessarily symmetrical with respect to the point § = n. However, i
must be symmetrical for an infinite ensemble of spherically symmetrical (0
average) clusters; this follows from the fact that neither o nor (I) can depend on ¢
in this case.

First, we consider the domains of O where the asymptote (9.95) is valid. Th
characteristic values of 0, [defined from the condition g(8.) = wm; are 5.4 x 1073
for . = 10.5, 1.0 - 1072w for A = 20.51, 2.6 x 10~2x for A = 50.5l, and 0.167 fc
% = 100.51. One can easily see that the value of o;/(I) fluctuates near unity
9, < 0 < 21 — 0,.° Tt should be noted that for a finite ensemble, o;/(I) is a randor
quantity itself. Since there is no noticeable systematic dependence on 0 in the domai

6 As can be seen from Figs. 9.11 and 9.12, there is no need for strong inequalities here.
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defined above, we can perform additional averaging of o;/(I) over 0, the results for
this averaging are (up to the third significant figure): 0.98 for A = 10.51, 1.00 for
A = 20.5[, 0.96 for A = 50.5[, and 1.01 for A = 100.5..

The numerical data suggest that the value of the relative fluctuations of the
intensity of light scattered by cluster—cluster aggregates is very close to unity and
statistically independent of the scattering angle 6, as long as 0 lies in the domain
defined above. This is true for a wide range of wavelengths A. However, for very

large ), the domain of  shrinks and becomes essentially empty when A = 4nR,.

9.5.3. Polydisperse Clusters

Now, we consider a polydisperse ensemble of clusters, that is, an ensemble con-
taining clusters with different N’s. We first look at the case of large g, when the
condition g > me is fulfilled for almost every cluster in the ensemble.

We can calculate (I} by performing an additional averaging over N in Eq. (9.92).
In the case of large g, this averaging leads to

(1) = (N {1+ al'(D — Dysinn(D — 1)/2]/(a)"} (9.98)

1t is natural to assume that the intensity scattered by some individual cluster I, can be
represented as

I = NiJi (9.99)

where N, and J; are statistically independent random variables, and
NH=1+al'(D - D)sin[rn(D — :\B\Scw (9.100)

Then, ensemble averaging of (9.99) results in (9.98).

For a monodisperse ensemble, J coincide with ; up to some constant, common
for each cluster. Therefore, the relative dispersion of J, 6y /{J), coincides with the
relative dispersion of / in a monodisperse ensemble.

. Further, we can use (9.99) to calculate the relative dispersion of scattered
intensity in a polydisperse ensemble in terms of that in a monodisperse ensemble and
the dispersion of the random variable N. Straightforward algebra yields

2 .\N
.mlwumlw % TL% +1 (9.101)

mGB the numerical results of Section 9.5.2, we know that &;/(J) is very close to
unity. By substituting this value into (9.101), we obtain

,mlwn %%Ll (9.102)
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It follows from formula (9.102) that c;/(I) is always close to unity, even for very
polydisperse ensembles. The value of oy/(N) cannot be much > 1 for any
physically reasonable distribution of N. For example, if N is uniformly distributed
from O to Nyax, this value is equal to 1/ /\w _If the distribution has two sharp peaks of
equal height near Ny and N,, it is equal to [Ny — Na|/ (N1 + Na).

In order to verify Eq. (9.101), we calculated oy J{I) for a polydisperse ensemble
of 100 clusters. The number of particles in a particular cluster was found from the
Gaussian probability distribution with the average (N) = 5000 and the &%Q&ozq

oy = 4/ (N?) — (N)? = 2000. The ratio on/(N) for this ensemble is = 0.37. The
calculations were done for two different values of \. After additional averaging over
angles (as described in Section 9.5.2), the results obtained are as follows:
o;/{I) = 1.109 for A = 10.5, and o;/{I) = 1.087 for & = 20.5. The results follow-
ing from the theoretical formula (9.101) and the corresponding results for a mono-
disperse ensemble (c;/(J)) are 1.109 and 1.120, respectively. As we see, the results
match closely. For the case of A = 10.5, the difference is only in the fifth figure.

9.5.4. Fluctuations of Light Scattered by
Trivial (Nonfractal) Clusters

It is interesting to compare the fuctuations of light scattered by fractal and by trivia
(D = 3) clusters. In this Section, we discuss fluctuations in light intensity scattere
from such systems, restricting consideration to only monodisperse ensembles.

To model random nonfractal clusters, we use the algorithm of randomly close
packed hard spheres. In this algorithm, one first chooses a volume to be occupied b
a cluster. In our simulations it is a sphere of radius R, (s’ standing for “sphere”
since we intended to build clusters that are spherically symmetrical. Then, monome!
are randomly placed inside the volume. At each step, the intersection condition
checked: If the newly placed monomer approaches any of the previously placed one
closer than the distance , this step is rejected and the next random position is trie
In this way, each monomer can be thought of as a hard sphere of radius /2. Tt
procedure stops when a large number of tries is consequently rejected. In o
simulations, this number was chosen to be 2 X 107. This algorithm allows one
achieve a fairly dense packaging. Consequently, we have packed 40 differe
clusters with an average of 9200 monomers per cluster into a spherical volume wi
radius R, = 14.21. The volume fraction occupied by the particles was ~ 040.F
comparison, it is & 0.52 in the case of a simple cubic lattice and can be even low
for some other types of lattices. The minimum distance from a given monomer to
nearest neighbor was very close to [; the maximum distance varied from 1.2/ to 1.
Although this ensemble of clusters was not completely monodisperse, the variati
of N was very small: The ratio of the standard deviation of N and the mean was eqt
to 2.4 x 107°.

7 These parameters characterize the porbability distribution according to which the values of N w
picked for each cluster. The actual parameters of the ensemble were slightly different: {N) =53
oy = 1953.
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Figure 9.13. (a) Relative fluctuations o,(6)/{(/(8)) for random close-packed nonfractal
clusters (D = 3) packed in a sphere of the radius R, = 14.2/, for different wavelengths. (b)
Relative fluctuations, o;(8)/{I(8)), compared to the average scattered intensity () for the
same ensemble of clusters and A = 10.51.

The results of numerical simulations of o;/{I) for the ensemble of 40 clusters
described above are shown in Fig. 9.13(a). As in Section 9.5.3, the scattering angle 0
varies from 0 to 2m. First, we notice the strong and systematic dependence of 6;/(I)
on 0. [For fractal clusters, this dependence looks like statistical noise (cf Fig. 9.12)].
Second, for most angles the value of o;/(I) is significantly < 1 and decreases when
L grows. This dependence on A is anticipated, because if there are many monomers
in the volume A%, a cluster becomes optically similar to a dielectric sphere, and its
random structure is of no importance. But this is not the case for fractal clusters; they
are geometrically different and random on all scales up to the maximum scale R,. As
seen from Fig. 9.12, o;/{I) for fractal clusters is on the order of 1, even for
A = 100.51. But for nonfractal clusters, o;/(I) is much smaller, on the order of 107>
for A = 50.5L

The second feature of Fig. 9.13(a) is the presence of sharp maxima in o;/(I),
where it becomes on the order of 1. These maxima occur for the angles 6 at which
(1(0)) has a minima {see Fig. 9.13(b)].

The problem of fluctuations can be solved exactly for spherically symmetrical

random clusters, provided the positions of monomers in clusters are absolutely -

uncorrelated. This is not the case for the close-packed clusters discussed above,
because in this model monomers cannot approach each other closer than /, which
brings about short-range correlations. It is clear that the model of totally uncor-
related clusters (random gas) is not exact since the monomers act like hard spheres
during aggregation. However, theoretical results for uncorrelated clusters help
explain the main features shown in Fig. 9.13.
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Consider a “random gas” of uncorrelated particles inside a spherical volume of
radius R,. The ensemble-average quantities (exp(iq - r:)), (exp(iq - 1)), and
(exp(iq - Tyu)) can be obtained from straightforward integration and are as follows:

(expliq - 1)) = 9(aRy) = @mﬂ sin(gR;) — qRwcos(gR)]  (9.103)
(exp(iq - T7)) = ©*(qRs) (9.104)
(exp(iq - ryu)) = 9*(qRs) (9.105)

The values of (I) and (I%) can be found according to (9.92) and (9.97), with the use
of (9.103)—(9.105). The expression for (I is

(I) = N+ N(N — 1)¢*(¢R;) (9.106)

and the expression for o;/(I) is (in the limit of large N)

or _/1—4¢7 +3¢* +2¢(1 — ¢*)N
[ 1+ @2N

(9.107)

If ©(gR;) turns to zero for some value of g, this means that o;/(/) has a EmiBJB
and is on the order of 1 for this g. At the same time, the average scattered intensity
(9.106) has a minimum.

The function ¢(x) becomes exactly zero if x is a solution to tan(x) = x. The first
root of this equation is x & 1.437. The corresponding scattering angle is defined by
cosd = 1 — 0.26(1/R,)*. This equation has a solution only if A < 2.8R;. In Fig.
9.13, we have sharp maxima in o;/(I) for A = 10.5/ and & = 20.5[, but there are nc
sharp maxima for A = 50.5/. For the clusters considered, R, = 14.21, and the critical
value of % is 39.71. We see that A = 50/ exceeds the critical value and, therefore, the
corresponding curve in Fig. 9.13 has no sharp maxima. .

Now, we analyze the expression (9.107) in more detail. First, when N — oo, thi

expression assumes the form

or _ 20/9*=1) (9.108

i) N

—~

As one would expect, the relative fluctuations are proportional to 1/ V/N. To obtaix
(9.108), we took the limit N ©? > 1. This condition can be expressed in terms of thy
density v of monomers in clusters, where N = m:%w{ /3. By using (9.103), we fin
that, in order to obtain (9.108), the following inequalities must hold

v ——g if gR; ~ 1 (9.109
127
qR; 3 .
f gR, >1 9.110
V> 12n? nod (
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The condition is always fulfilled if gR; < 1, since ¢(0) = 1. Note that in order
to derive (9.109) and (9.110), we assumed that tan(gR;) # gR, and sin(gR;),
cos(gRy) ~ 1. As discussed above, if tan{qR;) = ¢gR;, ©(qR;) turns exactly to zero
the condition N¢? > 1 cannot be fulfilled.

The above inequalities show that in order to observe the 1/v/N dependence
for the fluctuations, one needs to have many monomers in the volume qu.
This condition depends on the value of gR,; and is stronger when gR; > 1.
We emphasize that for fractal clusters we can never obtain the 1/+/N dependence
for relative fluctuations (see, e.g., the curve in Fig. 9.12 for A = 100.5]). The
reason is that the fractal clusters are disordered on all scales up to the maximum
scale Ry, whereas trivial random clusters become homogeneous on scales larger
than 1//v.

Now, we turn our attention to the nature of the sharp maxima in o;/(I), which are
seen in Fig. 9.13(a). As mentioned above, these maxima coincide with the diffrac-
tion minima of the average scattered intensity. The diffraction minima occur because
within the first Born approximation, and for certain scattering angles, the EM fields
produced by monomers in a cluster almost exactly cancel each other due to destruc-
tive interference. As a result, the scattered field for these scattering angles is
produced, in fact, by a very few monomers, rather than by the whole cluster. This
results in strong relative fluctuations.

>

9.6. ABSORPTION OF LIGHT BY SMOKE CLUSTERS
PLACED IN A WATER DROPLET

Soot clusters often form agglomerates with water microdroplets, especially in the
clouds [59-63]. Naturally, this might be expected to lead to dramatic changes in
the optical characteristics. In this section, we obtain qualitative results concerning
the absorption cross-section of such composite microdroplets in the first Born
approximation, with an account of the fractal morphology of carbon soot clusters.
Our consideration includes the nonfractal homogeneous distribution of carbon
inclusions as a limiting case. A more detailed account can be found in [64].

The theoretical treatment in this section is somewhat different from the rest of the
chapter. The small parameter of the perturbation expansion will not be ¥, as above,
but the volume fraction of carbon soot inside a water droplet. The microdroplet
radius will be denoted by R; (“d” standing for “‘droplet”), and its volume by
vy = (4n/ wvxw, so that the small parameter of the expansion i v/ Vg, With Vg
still being the total volume of carbon inclusions. It is not assumed, however, that
the carbon inclusions in a microdroplet form one self-supporting cluster, or are
built from spherical monomers. The only important quantity entering the calcula-
tions will be the average density of inclusions, {p(r)), where the averaging is
performed over an ensemble of droplets of the same radius with random carbon
inclusions inside. Correspondingly, the results obtained in Section 9.6.1 are of a
statistical nature.
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9.6.1. Introductory Remarks and Review

When soot particles are placed inside a water droplet, they are no longer exited by a
plane wave, but rather by internal modes of a high-quality optical resonator. To
complicate things further, the resonator modes can effectively couple to the modes
of clusters themselves.

There have been a considerable number of experimental [65-70] and theoretical
[51,71-78] studies of scattering and absorbing properties of inhomogeneous spheres.
The simplest model for a water droplet with an inclusion inside is a spherical
dielectric particle with an eccentric spherical inclusion. An exact formal solution to
the problem of light scattering and absorption by such composite spheres was
obtained by Borghese et al. [72] and generalized for the case of multiple arbitrarily
positioned spherical inclusions by Borghese et al. [75] and Fuller [51,52,76,79].
The solutions were obtained by the vector spherical harmonic (VSH) expansion
of electrical fields inside the homogeneous spherical regions and satisfying the
boundary conditions at all the discontinuity surfaces. Even in the case of one
spherical inclusion, the solution must be obtained from an infinite-order system
of linear equations. As discussed in Section 9.4.3, the VSH expansion is truncated
at some maximum order L, and the system contains ~ L? equations [72]. When
multiple inclusions are considered, the number of equations is further increased,
which makes the problem very complicated numerically. Also, the approach based
on the consideration of the exact boundary conditions requires a knowledge of the
exact geometry of the problem before the time-extensive calculations. This fact
complicates the averaging of solutions over a random distribution of inclusions
inside water droplets.

An alternative approach based on perturbation theory was developed by Kerke:
etal. [71] and Hill et al. [77]. According to their method, the dielectric function of ar
inhomogeneous sphere is represented as a sum of a constant (unperturbed) value anc
a small coordinate-dependent perturbation. In the zeroth-order approximation, the
field inside the droplet is calculated within the assumption that the perturbation o
the dielectric function is equal to zero. This field is given by the Mie expansion i
terms of the VSH. In the next iteration, the field in the zeroth-order approximatio
induces some additional polarization (or, equivalently, current) in the volume
proportional to the perturbation of the dielectric function. This additional polariza
tion can be used to calculate changes of scattering and absorbing characteristic
of the inhomogeneous sphere as compared to the homogeneous (unperturbed
one. A big advantage of this method is that it allows one to perform averagin
over random perturbations. However, it has a drawback. As was pointed out by Hil
et al. [77], the internal field must be computed iteratively. That is, the additiona
polarization calculated in the first iteration described above should produce som
additional internal electrical field, which, in turn, gives rise to additional polarizatio:
(now proportional to the unperturbed dielectric function), and so on. Physically
this means that the modes of a spherical resonator are coupled to the modes ©
the perturbation of the dielectric function. In order for a finite-order approximatio
to be accurate, it is necessary that the perturbation expansion of any physic:
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quantity under consideration converges. In Section 9.6.2, we show that, in general,
this is not the case. More specifically, this expansion always diverges for physical
quantities related to scattering (such as the differential scattering cross-section).
However, the perturbation expansion converges for the absorption cross-section
when the imaginary part of the unperturbed dielectric function is zero (or sufficiently
small).

We will use the above fact to calculate absorption cross-sections of carbon smoke
particles inside spherical water droplets in the first order of the perturbation theory.
The perturbation expansion is mathematically similar to that of Kerker et al. [71] and
Hill et al. [77]. The water itself is assumed to be nonabsorbing. We perform calcula-
tions for a fractal distribution of carbon inclusions with a power-law dependence of
the density on the distance from the center of a water droplet; the case of trivial
(nonfractal) geometry is considered as a limiting case when D = 3.

The approach developed below applies to any spherical highly transparent
microcavities doped with strongly absorbing inclusions with the fractal dimension
from 1 to 3, not just to carbon soot inside water droplets. However, the numerical
results are strongly dependent on the refractive index of the host. The difference
between microdroplets with the refractive index of water (~1.33) and of sulfate
(~ 1.52) was demonstrated by Fuller [52,79].

9.6.2. Formulation of the Model

Consider a plane monochromatic wave of the form (9.7) incident on a spherical
water droplet of a radius R, containing a carbon soot cluster inside. The physical
system under consideration can be characterized by a dielectric function of the form

_Jat(—e)plr) <R
et =11 SR, (9.111)

Here €; and ¢; are the dielectric constants of water and carbon, respectively, and p(r)
is the density of carbon inclusions inside the droplet, normalized by the condition

‘ p(r)d’r = v (9.112)
Va )

where vy is the total volume occupied by carbon and h\& denotes integration over
the spatial area defined by r < Ry Q.S d*r = v;). We assume that the volume
fraction of carbon is small, so that the small parameter of the problem is vt/ v4. We
also assume that p(r) = 0 for » > Ry, that is, the soot cluster is completely covered
by water.

In our notations, p(r) denotes the exact density of carbon inclusions for some
given random realization of a soot cluster. As such, p(r) = 1 if the radius vector r
lies in the area occupied by carbon, and p(r) = 0 otherwise. We will see that for a
calculation of some average physical characteristics, such as absorption, one needs
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to average p(r) over random realizations of carbon soot clusters. We Qosoﬂo. the
average density by (p(r)); it can be interpreted as the probability to find some given
point r inside a droplet occupied by carbon. If (p(r)) is bound everywhere inside the

sphere, the condition v /va < 1 implies that {p(r)) < 1vr.
The integral equation for the electric field E(r) analogous to (9.5) has the form

E(r) = Einc(r) + _< G(r—r') mﬁw%wﬂmv%m (9.113)

This equation differs from (9.5) is that the coupling oosmﬁmﬂ w.m now oooH&cwﬁm‘
dependent and cannot be moved out of the integral. Therefore, it 1s more oo&o:_o:ﬁ
to write it explicitly as a function of &(r’). Note also that the equation is written for
the electric field rather than for polarization P(r) = [(e(r) — 1)/4n]E(r).

At the next step, we represent the electrical field inside the sphere as a sum of two

contributions:

E(r) = E(r) + E.(x) _ (9.114)
where E4(r) is the solution to Eq. (9.113) with g; = €1, that is,

E,(r) = Eno(r) + w_mﬁl; G(r — ¥ )E(r) Y (9.115)

and E.(r) is the additional term, which w@@mmam because of the presence of a carbon
cluster. The parameter E;(x) is given by the Mie solution for a &o_m.oq_o sphere and
we assume that it is known. Substituting E(r) in the form (9.114) into (9.113), we

find the equation for E.(r):

E(r) = Wm h p(t')G(r — 1)Es(r)d’r’
d
. % g — 1+ AMN —g1)p(r') G(r — V)E()dF  (9.116
Va ﬁ”

The first term in (9.116) with the known function E,(r) serves as a free term for the
integral equation (9.116). .

For many practical problems, a knowledge of the ensemble-averaged interna
field is sufficient. (Evidently, this class of problems does not include the problem
of nonlinear optics that require consideration of fluctuations of the _wo&. field.
We cannot perform direct averaging of Eq. (9.116) over random realizations o
inclusions, because suchaveraging wouldadd anadditionalunknownterm {p(r)E.(r))
In the general case, we cannot factorize this ooQQm.ﬁoH as (p(r)E.(r)) = (p(r)
(E.(r)). However, in the linear (in vy /v4) mcwnoxmﬁmzo.z we omn.uom_moﬁ Eo.mcos
term as a higher-order correction. Then, it becomes possible to write an equation fc
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the ensemble-average value (E.(r)):

€ — &y

€)== 5| (06~ VB

+ mlwm —s G(r — ') (E.(r'))dr’ (9.117)

We can draw two important conclusions from the general form of (9.117). First, the
ratio of |(E.)|/|Es]| is of the same order of magnitude as v/ vq. This can be seen by
multiplying {p(r’)) in (9.117) by some arbitrary constant o. The average field
(E.(r)) is also multiplied by the same factor o. This means that |(E.(r))|/[Es(r)| ~
(p(r)) ~ ot/ 4. A similar result is readily obtained for the exact field E(r) (before
the averaging).

Second, it is generally impossible to apply the Born expansion or similar perturba-
tion expansion to a calculation of (E.(r)). Indeed, both terms on the rhs of (9.117)
are of the same order of magnitude (proportional to v/ v,4). Suppose we start from
the zeroth-order approximation (E(%(r)) = 0, and substitute it into (9.117) to obtain
the first-order approximation, and so on. It is easy to see that all the terms in the
generated expansion will be of the same order of magnitude, and thus convergence
cannot be reached.

The above fact makes the general scattering problem for a water droplet contain-
ing a cluster inside very complicated. Indeed, the only small parameter of the
problem, wyt/vy, cannot be used to generate a converging expansion for E.(r).
However, as we show below, we can use the fact that [E.(r)|/|Es(r)| ~ vt/ va to
calculate the absorption cross-section when water itself is weakly absorbing.

The formula for the absorption cross-section in terms of the polarization function
can be obtained from the optical theorem and direct integration of the scattering
amplitude [34,35], and is analogous to (9.20), except the dielectric function g(r) now
is not constant inside the integration volume:

k
|Eo|

Oy =

16m%k I
7T ~—. EmAﬂv " _MUAHV_M&wH —
ve €

[Eol? ) — 1| 3 _s Im[e(r)][E(r)|*d’r  (9.118)

By using formulas (9.111) for &(r) and (9.114) for E(r), we can rewrite Eq. (9.118)
for the absorption cross-section as

kIme
o, = |L IE, (r)[2d’r +
_—wo_ Vu

+ w§|,w_ _ {2Re[E,(r) - E5(r)] + [Ec(r)["}d’r
_Hwo_ Va
kTm (g5 — &)

+ llw.|% RJSEEJ.mHSTj_FE_J%..G.:ov
|Eo Va

kIm (g2 — &)

S LG
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Now, we analyze the terms on the ths of (9.119). The first term gives the absorption
cross-section by a water droplet without inclusions. It is given by the well-known
Mie solution and, consequently, is of no interest to us. Taking into account that
(p(r)) ~ |Ec|/|E;| ~ vior/va, we find that the second and the third terms are of the
same order of magnitude and give the first-order ooﬁoo:os to the absorption cross-
sections. Finally, the fourth term is of the order of (vior/ §v and can be neglected in
the first approximation.

Even in the first approximation, the expression for the absorption cross-section
contains the unknown field E.(r) in the third term of (9.119). However, for the
particular case of carbon and water, Im g >> Im &;. This additional factor allows one
to neglect the third term in the expansion (9.119). In principle, the first term can be
still large or comparable to the second one due to the large factor v/ v, but this fact
does not complicate further derivations.

Finally, we can represent the absorption Cross-section as G4 = Og water T Oa,carbons
where G, water 18 given by the first term in (9.119), and

kIme
(Gasatn) =52 | pIE) (9.120)
__wo_ Va

Formula (9.20) gives the absorption cross-section associated with carbon E&:Eo:m
in first order in wo/vg; the higher corrections are of the order of (vtot/ e&v In the
ideal case of Img, = 0, this formula gives the total absorption of a composite
droplet. Below, we will assume for simplicity that €, is a real number.

Since p and E; are statistically independent, we can perform direct averaging of
(9.120) over random realizations of carbon soot inclusions:

kIm 5%

AssganAmw;yngpq%%a Aps:

Note that in the above averaging the radius of a water droplet is fixed.

9.6.3. Enhancement Factor

We define the enhancement factor G as the ratio of the absorption cross-section
of a carbon soot cluster in a water microdroplet , defined by (9.121) to that in
vacuum:

G = {Tacuten) (9.122)

0
AQMva&oav
where (o Monww&gv is the average absorption cross-section of carbon soot in vacuum.
The latter can be easily calculated cmEm mn_ (9.118) and replacing E(r) by Einc(r).

By taking into account that |Eip. (r r)[*= |Eq|* and g(r) = 1 -+ (g2 — 1)p(r) for carbon
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soot in vacuum, we find that AQMOWE_Snv = kvIm g, and

1

G= PN —sAnEv_mxa_N%n G.Swv

The average density of carbon inclusions {p(r)) must be spherically symmetrical:
(p(r)) = (p(r)). Therefore, the angular integration in (9.123) can be done in %o.
most general form, without specifying (p):

ﬂ 5 .
¢= %—o }oSK;_Eqv_N% (9.124)

The internal field E; is given by the expansion in terms of the VSHs, M M
Nomns .m:a Ngmn (for a detailed description of the VSH expansion mmo _M‘mmw mm‘wﬁ
Ems.o :.652: wave, only the VSHs with m = 1 are left in this oxvmsmwo: mﬁ.\&@a if
the SQ&.@E wave is polarized along the x axis, M,;, and N,, are not o.xo:om !
. ﬂoH linear absorption, it is sufficient to consider a linear polarization 0m th
59%.»\5 wave. An elliptical polarization can be described as a superposition M
2<.o ::om.:_% polarized waves; the absorbed power due to these two ém,wwm is add o&
mEE.Bo:ow:% because of the linear nature of the interaction. Below, we will ad mﬂ
the linear mo_mdwmnos of the incident wave along the x axis (Ey = e m_ ), and will .
the following simplified notations for the VSHs that can be oxo:oaaw:oawzm cmaoﬂmww
case: M, = M,,;, and N,, = N,,,. Then, the expansion for the E; field takes the form

© Ey(2n+1)
E. — 5 &0 .
c= i D) M= @) (9.125)

n=1

Here ¢, and d,, are the internal field coefficients [80] defined by

o, — D@ = () g ()]

Jn(e)benD @) — b () Peag )] (9:120)
PR 1165 230 GG

(et /%) i (e ) e ()] = (/e )P () e )] 127
X = \A%& X] = \A_Nm& \S = /\m\a AWHNMV

_M”MHM M.: (x) %EM w:vm&rﬁo the spherical Bessel and Hankel functions of the first
, respectively, and the pri i iati i
S y. prime denotes differentiation with respect to the argument

If we take into account the mutual ortho, i
. onality of the V i
in (9.124) can be written as ¢ ’ © VOHs. theanguarnteera

& |Eol*(2n + 1)
E,(r)[’d) = [Bol@n+1)" [, 2
%_ (r)] M 2t 1) lcal? | M2d$2 + _&_M—zm% (9.129)
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Note that for a %ﬁw@ real dielectric constant €; the VSHs are also real; this is why
|M,,|* and |N,|* were replaced by M?2 and N2 in (9.129).

Integration according to (9.129) can be performed directly using the normal-
ization formulas for the VSHs (the details omitted), and the result is

o0

mea_w% = 2m|Eo[* Y (2n+ 1)
n=1
« el 20rr) 4 ldaf? [ n(n + 1) \:M\MWV g
j 2
" ;m% ) (9.130)

Further calculations require specifying the form of (p(r)). Below, we consider
two cases: fractal distribution of the inclusion density and homogeneous distribution.

An important question is how the carbon inclusions are located inside the micro-
droplets. This can be influenced by many factors such as the chemical composition
of soot particles, surface-tension forces, temperature, and so on. The formation of
agglomerates of soot clusters and water can change the geometrical propetties of the
clusters due to the action of surface-tension forces [81,82]. The average density of
inclusions must be spherically symmetrical if there is no distinguished direction in
space. We also assume that, in accordance with the fractal density distribution, it
obeys a power law with the scaling parameter D according to

votD poz .
(p() = 375" 3 if r<Rq (9.131)

Here the radius of the microdroplet, Ry, serves as the cutoff, and the density functior
(9.131) satisfies the pormalization (9.112).

Note that, according to its physical meaning as the probability of finding a spo
at the distance r from the droplet center occupied by carbon, {p(r)) <1.In fact
the perturbation expansion used above relies on the assumption that {p(r)) < 1. Thy
formula (9.131) may seem to contradict this assumption when r — 0. However, th
divergence of (p(r)) at small r is not significant since all the physically importan
radial integrals converge fast enough in this limit (see below); thus the actual valu
of {p(0)) is not important. The small parameter of the perturbation expansion, Vi, 1
obviously present in the definition (9.131).

The case D = 1 corresponds to inclusions in the form of long linear sticks, whil
D = 3 corresponds to a homogeneous distribution of inclusions. If D =3 (trivis
geometry), the problem becomes mathematically equivalent to the Mie problem fi
a homogeneous dielectric sphere with some effective dielectric constant €eff. .
nonperturbative analytic solution can be obtained in this case. However , this methe
has certain difficulties. First, the form of . is not obvious. For carbon inclusior
of spherical shape and small concentration, one can Us€ &eff = g1 + (Bviot /v
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(g2 — €1) /(&2 + 2¢1) [83]. But this formula is not applicable when the inclusions are
not of spherical shape or form clusters of touching particles. An approach based on
determining the effective dielectric function was used by Chowdhury et al. [74,78]
who suggested averaging of the € with the weight that includes the local intensity of
the unperturbed electric field inside the sphere. Chowdhury et al. define two different
averaged dielectric constants, one of which is used for computation of the internal
(or external) field coefficients and the other for the effective absorption (or gain).
This method is somewhat similar to the perturbative approach used here in that it
uses the unperturbed electric field to compute the effective €. Different effective
medium approximations were also used by Videen and Chylek [84]. The second
difficulty is that the extinction and scattering cross-sections in the analytical Mie
solution are expressed as infinite series involving the scattering coefficient a,, c,; the
absorption cross-section must be calculated as the difference between these two
values. When the absorption is small, such a calculation involves a numerical
procedure of finding a small difference between two large numbers, and the round-
off errors become very significant. Instead of finding an analytical solution based on
some definition of .5, we will use the perturbative approach developed above for
the D = 3 case. This approach is also valid for D < 3 (fractal geometry), when an
analytical solution cannot be obtained, thus allowing us to maintain self-consistency
of the results.

9.6.4. Numerical Results

By using the average density function (9.131), and the result of the angular integra-
tion of |E,(r)|* (9.130), one can express the absorption enhancement factor (9.124)
in terms of simple radial integrals involving spherical Bessel functions. By inserting
the expressions (9.130) and (9.131) into (9.124) and taking the integrals ooEmEEm,
derivatives of the spherical Bessel functions by parts, we arrive, after some
rearrangement of terms, at the following result:

D & -
G = S 20 DY) + 4|25 2 )
+ 277 () ) 4 (1) + @-D)3-D) Ewa —D) L,(3) (9.132)
I(a) = _o_ xP%j2(x)dx (9.133)

The integrals I, (e) converge for all physically interesting values of the parameters
and must be evaluated numerically, except in the trivial case D = 3.

As was pointed out by Bohren and Huffmen [80], the diffraction parameter
x =kRy (or x; = \/ex) cannot be, in general, viewed as the only independent
variable of the problem, although it may seem so from the mathematical form of
Egs. (9.123) and (9.132). Indeed, when g, depends on A, x1 /x # const. Instead, there
are two physically independent parameters that completely define the solution to
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the scattering problem: Ry and %. However, when &; does not ds
X1/x = & = const, and the diffraction parameter x becomes the only
variable. In this case, we do not need to know whether x changes due t
Ry orin A.

For the particular case of water, the assumption x; /x =constisag
mation in the spectral range from 0.3 to 2.0pm [85]. We have set
const, which allowed us to perform numerical calculation of the enhanc
G as a function of one independent variable, x = kR,. We allowed x to
0 to 1000. This range of x includes most of the practical values of Ry an
A = 0.4 um, R, can vary from 0 to ~ 60 pm.

Now, we turn to the calculation of the internal field coefficients, ¢
calculated the Bessel functions and their first derivatives that are
definitions (9.126) and (9.127) of the internal field coefficients, using tt
recursion relation [86]. The maximum order » that gives significant ct
the optical cross-sections can be roughly estimated [80] as rpax &
internal field coefficients |c,|* and |d,)* decrease dramatically for
illustrated in Fig. 9.14. In Fig. 9.14(a), we plot the internal field cc
Ve =133 andx = 259.664. The specific value of x was chosen from
that the absorption cross-section has a resonance. In terms of th
resonance occurs for the order n = 131, when _S__N reaches the valu
107; there is also a large number of weaker resonances of _Q_m. (Note
no strong resonances.) Since the total number of VSHs that cont
absorption is of the order of 300, and le131 _N is more than five orders
larger than the average background, we can conclude that the resona
the prevailing input to the optical cross-sections. For comparison, w
9.14(b) the internal field coefficients for the same refraction index, t
resonant value of x = 260.400. Both pictures look very similar, aj
resonance order # = 131 in Fig. 9.14(a).

The numerical results for the absorption enhancement factor G(x)
Fig. 9.15 for D = 1.1 [Fig. 9.15(2)] and D = 3.0 [Fig. 9.15(b)]. As ¢
Fig. 9.15, G(x) has a large number of quasirandom morphology-deper
ces (due to the presence of resonances in the internal field coefficient:
Fig. 9.14), but only a very slight systematic dependence of G(x)onx
the interval 10 < x < 1000. The slight systematic increase of G(x) ca
to an increase in the average resonance quality with the size paramet
also seen from a comparison of Figs. 9.15(a) and (b) that the enhance
larger, on average, for D = 1.1 than for D = 3.0.

In a polydisperse ensemble of microdroplets with size paramete:
range 10 < x < 1000 the individual resonances are smoothed out ar
absorption enhancement factor, (G), which is practically important, i
averaging of G(x) over x. We performed such averaging in the interva
above for different D (1 < D < 3) and the results are shown in I
averaging was performed with the step size in x equal to 0.1. This step
enough so that most resonances were visually resolved. Averaging
resolution resulted in a smaller value of (G) because the resonances ir
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Figure 9.14. Internal field coefficients, |c,]” and _&LN as functions of the VSH order, n. (a):
x = 259.664 (resonance order n = 131); (b): x = 260.400 (no pronounced resonances).

narrow. It is important to emphasize the significance of the averaging process. For a
randomly chosen x, G(x) is, with a large probability, less than (G) by a factor of 4 or
5. Thus the resonances of G(x) play an important role and should not be ignored. It
should be noted that the averaging was performed in the region of 10 < x < 1000,
where there is no pronounced systematic dependence of G(x) on x. For x < 10, the
averaged G is considerably smaller.

As can be seen in Fig. 9.16, (G) is maximum for D = 1 and decreases toward
D = 3. For the practically important value D = 1.8, (G) = 16, and the maximum
variation of (G) with D, does not exceed +6. The dependence of (G) on D can be
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Figure 9.15. Absorption enhancement factor G as a function of the diffraction parame
x = kRy for D= 1.1 (a) and D = 3.0 (b).

explained by an interference between the fractal density function (p(r)) and
modes of a spherical resonator.

The averaging procedure involved in our calculations might explain why «
estimates of the enhancement factor are significantly larger than those repor
earlier [52,79,84,87]. Fuller calculated the specific absorption cross-section fo
single spherical carbon grain located near the surface of a water droplet [52]
inside the water droplet [79] as a function of the grain’s position. Although Fulle
data are not averaged over the whole volume of the microdroplet, they indicate ¢
the volume-averaged absorption enhancement factor is < 14. Chylek et al. [
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Figure 9.16. Average absorption enhancement factor (G) as a function of the fractal
dimension, D.

averaged the same quantity for the carbon inclusion location distributed evenly
within a spherical cone with the axis collinear to the incident wave propagation
direction and over the whole volume [84]. In the first case, the authors estimate the
enhancement factor to be ~ 4, and in the second = 2. However, all of the above
calculations were performed for a fixed value of the diffraction parameter x. Because
the resonances are very narrow, it is unlikely that a randomly selected value of x will
lie within a resonance. Our calculations indicate that if x is chosen exactly in
resonance, the volume-averaged enhancement factor can be as large as 10*. Our
calculations indicate that the averaged absorption factor is larger by a factor of
~ 4—5 than that calculated for a randomly selected value. of x. For the trivial
distribution of carbon inclusions (D = 3), we obtain the averaged enhancement factor
of 14, while for a randomly selected value of x the typical (most probable)
enhancement factor is from 2 to 4. This suggests that, although the resonances in x are
very narrow, they are not small in the integral sense, and should be taken into account.

In conclusion, we note that within the framework of the first Born approximation
that was used throughout this section, the absorption cross-section of a free carbon
soot cluster excited by a plane wave is proportional to the total volume of carbon and
does not depend on the cluster’s geometrical configuration. However, this is not the
case when the cluster is excited by the inhomogeneous modes of a spherical
resonator instead of plane waves. In this case, the absorption is stronger, on average,
if the inclusions tend to concentrate in the spatial regions where the intensity of local
fields is higher.
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