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Surface-enhanced optical nonlinearities are studied in a semicontinuous film consisting of metal granules
randomly distributed on an insulating substrate. The local fields are very inhomogeneous in such films and
consist of strongly localized sharp peaks. In peaks ~‘‘hot’’ spots!, the local fields exceed the applied field by
several orders of magnitudes resulting in giant enhancements of the optical nonlinearities. Because of such a
pattern for the local field distributions, the nonlinear signals are mostly generated from small nanometer-size
areas. The corresponding spatial distributions for the generated fields form, in turn, a set of very sharp peaks
on a homogeneous, on average, semicontinuous film. It is shown that the spatial positions of the localized hot
spots at the fundamental and generated frequencies are located, in general, in different parts of a film. The local
enhancements in the hot spots exceed the average enhancement by several orders of magnitude. The predicted
giant local enhancements open fascinating possibilities in nonlinear spectroscopy of single molecules on a
semicontinuous metal film. A number of surface-enhanced optical nonlinearities are studied, namely, those that
are responsible for the Kerr-effect, four-wave mixing, second-, and third-harmonic generation. The enhancement for nonlinear optical processes is shown to strongly increase toward the long-wavelength part of the
spectrum. Spatial distributions of the local fields are calculated in our broad-scale numerical simulations. A
scaling theory for the high-order field moments is developed. It predicts that the moments of the local fields are
very large and independent of the frequency in a wide spectral range. The theory predicts anomalous field
fluctuations and giant enhancements for the nonlinear optical processes, from the visible to the far-infrared
spectral range. @S0163-1829~98!02220-6#

I. INTRODUCTION

Nonlinear electrical and optical properties of metaldielectric percolating composites have attracted much attention in recent years. At zero frequency, strong nonlinearity
may result in a breaking down of conducting elements when
the electric current exceeds some critical value.1–4 If the external electric field exceeds some value known as the critical
field, a crack spreads over the system. The critical field amplitude decreases to zero when the concentration of the conducting component approaches the percolation threshold.
That is, percolating composites become progressively more
responsive to the external field as the percolation threshold
approaches. This simplest fuse model can be applied, e.g.,
for a description of fractures in disordered media and the
related problem of weak tensility of materials in comparison
to the strength of the atomic bonds.5 The tension concentrates around weak points of the materials and a crack
spreads out starting from these weak points.
Another example of unusual nonlinear behavior has been
observed recently for the ac and dc conductivities in a percolating mixture of carbon particles embedded in the wax
matrix.6 In this case, neither carbon particles nor the wax
matrix have any nonlinearity in their conductivities; nevertheless, the conductivity of a macroscopic composite sample
increases twice when the applied voltage increases by a few
volts. Such a strong nonlinear response can be attributed to
the quantum tunneling between conducting ~carbon! particles, which is a distinguishing feature of the electric trans0163-1829/98/57~20!/13265~24!/$15.00
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port in composites near the percolation threshold.7 The current and electric field are concentrated in a few ‘‘hot’’
junctions and makes it possible to change their conductances
under the action of the high local fields, whereas the external
field is relatively small. In general, percolating systems are
very sensitive to the external electric field since their transport and optical properties are determined by a rather sparse
network of conducting channels, and the field concentrates in
the weak points of the channels. Therefore, composite materials should have much larger nonlinear susceptibilities at
zero and finite frequencies than those of its constitutes.
The distinguishing feature of the percolating composites
to amplify nonlinearities of its components have been recognized very early,8–11 and nonlinear conductivities and dielectric constants have been studied intensively in the last decade
~see for a review Refs. 12–14!. In this paper, we consider
weak nonlinearities when the dependence of conductivity
s (E) on the electric field E can be expanded in the series of
E and the leading term, i.e., the linear conductivity s (0) is
much larger than the others. This situation is typical for the
various nonlinearities in optical and infrared spectral ranges
considered here. Even weak nonlinearities lead to qualitatively new physical effects. For example, the generation of
higher harmonics can be greatly enhanced in percolating
composites, the bistable behavior of the effective conductivity can take place when the conductivity switches between
two stable values, etc.15
The local field fluctuations can be strongly enlarged in the
optical and infrared spectral ranges for a composite material
13 265
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containing metal particles that are characterized by the dielectric constant with negative real and small imaginary
parts. Then the enhancement is due to the plasmon resonance
in the metallic granules.12,14,16,17 The strong fluctuations of
the local electric field lead to a corresponding enhancement
of various nonlinear effects. Nonlinear percolating composites are potentially of great practical importance18 as media
with intensity-dependent dielectric functions and, in particular, as nonlinear filters and optical bistable elements. The
optical response of the nonlinear composites can be tuned by
controlling the volume fraction and morphology of constitutes.
A special class of metal-dielectric nanocomposites are
those with a fractal distribution of metal particles in the composite. In Refs. 10,19–21, nonlinear optical properties of
fractal aggregates have been studied. The main result is that
the aggregation of initially isolated particles into fractals results in a huge enhancement of the nonlinear response within
the spectral range of the cluster plasmon resonances. The
typical size a 0 ;10 nm of metal particles in fractal clusters is
much smaller than the wavelength l.300 nm in the optical
and infrared spectral ranges. The average density of the particles in fractals is much smaller than in bulk materials and
tends to zero with increasing fractal size. With these simplifications, it is possible to consider each particle as an elementary dipole and introduce corresponding interaction operators. Then the problem of the optical response of metal
fractals reduces to diagonalizing the interaction operator of
the dipoles induced by light. Local fields fluctuations in
metal fractals were studied in Refs. 22,23. It has been found
that the areas of large field fluctuations are localized in different small parts of a fractal that change with the wavelength.
The prediction of large enhancements of optical nonlinearities in the metal fractals was confirmed experimentally
for the example of degenerate four-wave mixing and nonlinear refraction and absorption.19 Aggregation of initially isolated silver particles into fractal clusters in these experiments
led to a 106 -fold enhancement of the efficiency of the nonlinear four-wave process and ;103 enhanced nonlinear refraction and absorption. The localized and strongly fluctuating local fields in fractals were imaged by means of the nearfield scanning optical microscopy ~NSOM! in Ref. 23. A
similar pattern for the field distribution was obtained for selfaffine thin films24 that have a fractal structure of the surface,
with different scaling properties in the plane of the film and
normal to it.
Enhanced optical processes in composites with a layered
structure were studied by Sipe, Boyd, and their co-workers25
both theoretically and experimentally. The theoretical treatment of nonlinear effects in composite with parallel slabs
microstructure can be performed analytically due to the
rather simple geometry of the system ~see also, Ref. 15!.
Nonlinear susceptibilities of some hierarchical structures and
periodic composites with shell structure were considered in
Refs. 26 and 27, respectively.
In contrast to fractal and layered systems, the local field
distribution and corresponding nonlinearities are poorly
known for percolating metal-dielectric composites in the
most interesting spectral range where the plasmon resonances occur in metal grains. When a small volume concen-
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tration p!1 of the nonlinear material is embedded in a linear
host the effective nonlinear response of the whole composite
can be calculated explicitly.28,29 As one would expect the
nonlinearities are enhanced at frequency v r corresponding to
the plasmon resonance of a single metal grain. Numerical
calculations30 for a finite concentration p also give a considerable enhancement in the narrow frequency range around
v r . These calculations also show that the system sizes tractable for the known numerical methods31 is not enough to
make quantitative conclusions about the nonlinear properties
for the frequencies v close to the resonance frequency v r .
Our results reported below are qualitatively different from
those of Stroud and Zhang.30 We show that the enhancement
of the nonlinearities in percolating metal-dielectric composites are by several orders of magnitude larger than in Ref. 30.
Moreover, the enhancement occurs not only for v ' v r but it
includes the wide frequency range v r > v .1/t , where t is
the relaxation time for the metal conductivity. This frequency range corresponds for silver particles, for example, to
the optical, infrared, and far-infrared spectral ranges. This
discrepancy may be associated with the rather moderate size
of the system L510 in the calculations of Ref. 30, whereas
the local field fluctuations typically have a much larger spatial separation j e for the frequencies v , v r . 32–36 Then the
system size L is an artificial damping factor that cuts off all
field fluctuations with j e .L and results in the corresponding
decrease of the nonlinearities.
To avoid direct numerical calculations, the effective medium theory37 that has the virtue of relative mathematical
and conceptual simplicity, was extended for the nonlinear
response of percolating composites13,38–43 and fractal
clusters.44 For linear problems, predictions of the effective
medium theory are usually sensible physically and offer
quick insight into problems that are difficult to attack by
other means.12 The effective medium theory, however, has
disadvantages typical for all mean-field theories, namely, it
diminishes the fluctuations in the system. For example, it
assumes that local electric fields have the same volume occupied by each component of the composite. The electric
fields in different components are determined selfconsistently.
For the static case, the results of the last modification of
the nonlinear effective medium theory42,43 are in best agreement with comprehensive computer simulations performed
for a two-dimensional ~2D! percolating composite.40,42,43 In
spite of this success, the application of any kind of nonlinear
effective medium theory is rather questionable for the frequency range corresponding to the plasmon resonance in
metal grains. The first theoretical33,34,36 and experimental35
results for the field distribution in percolating composites
show that the local field distributions contain sharp peaks
with distances between them much larger than the metal
grain size. This pattern agrees qualitatively with that in the
metal fractals22,23 and self-affine films.24 Therefore, the local
electric field cannot be considered by any means as the same
in all metal grains of the composite. Then the main assumption of the effective medium theory fails for the frequency
range corresponding to the plasmon resonance in the films.
In the present paper we consider in detail the field spatial
distributions and various weak nonlinear effects in random
metal-dielectric films ~also referred to throughout the text as
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semicontinuous metal films!. We focus on the optical and
infrared spectral ranges where the plasmon resonances are
effective in the films.
A semicontinuous metal film can be viewed as a twodimensional composite material. Semicontinuous metal films
can be produced by thermal evaporation or sputtering of
metal onto an insulating substrate. In the growing process,
first, small metallic grains are formed on the substrate. A
typical size a 0 of a metal grain is about a 0 55220 nm. As
the film grows, the metal filling factor increases and coalescences occur, so that irregularly shaped clusters are formed
on the substrate eventually resulting in 2D self-similar fractal
structures. The concept of self-similarity plays an important
role in the description of various properties of the percolating
systems.17,45,46 It will be used below in the scaling analysis
of the field fluctuations. The sizes of the fractal structures
diverge in the vicinity of the percolation threshold. A percolating cluster of metal is eventually formed, when a continuous conducting path appears between the ends of a sample.
This point is known as the percolation threshold.46 The
metal-insulator transition is very close to this point, even in
the presence of quantum tunneling. At higher surface coverages, the film is mostly metallic, with voids of irregular
shape. With further coverage increase, the film becomes uniform.
The optical properties of metal-dielectric films show
anomalous phenomena that are absent for bulk metal and
dielectric components. For example, the anomalous absorption in the near-infrared spectral range leads to an anomalous
behavior of the transmittance and reflectance. Typically, the
transmittance is much higher than that of continuous metal
films, whereas the reflectance is much lower ~see Refs.
12,16,17,47–49, and references therein!. Near the percolation threshold, the anomalous absorptance can be as high as
50%.35,48,50–52 A number of effective-medium theories were
proposed for the calculation of the optical properties of semicontinuous random films, including the Maxwell-Garnett53
and Bruggeman37 approaches and their various
modifications.12,48,49 The renormalization group method is
also widely used to calculate the effective dielectric response
of 2D percolating films near the percolation threshold ~see
Refs. 54–56, and references therein!. Recently, a theory
based on the direct solution of the Maxwell equations has
been suggested.35,57 This new theory allows one to quantitatively describe the anomalous absorption and other effective
optical properties of semicontinuous films.
Some properties of the local field fluctuations in semicontinuous metal films have been considered theoretically32–34,36
in the quasistatic approximation. The giant field fluctuations
in semicontinuous metal films were directly imaged in Ref.
35. This experiment has been performed for the microwave
frequency range using an original microprobe method. It is
interesting to note that the structure of the near field fluctuations appears to be similar to that observed in the metal
fractals23 and rough surfaces58 in the optical spectral range
by using near-field scanning optical microscopy. As now
well known, large field fluctuations are responsible, in particular, for surface-enhanced Raman scattering.14,21,34,36,59,60
If the skin effect in metal grains is small, a semicontinuous film can be considered as a 2D object. Then in the optical spectral range where the frequency v is much larger than
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the relaxation rate v t 5 t 21 , a semicontinuous metal film can
be modeled as a 2D L2R2C lattice.12,17,61 The capacitance
C stands for the gaps between metal grains that are filled by
dielectric material ~substrate! with the dielectric constant « d .
The inductive elements L-R represent the metallic grains that
for the Drude metal are characterized by the following dielectric function:
« m ~ v ! 5« b 2 ~ v p / v ! 2 / @ 11i v t / v # ,

~1!

where « b is a contribution to « m due to the interband transitions, v p is the plasma frequency, and v t 51/t ! v p is the
relaxation rate. In the high-frequency range considered here,
losses in metal grains are small, v t ! v . Therefore, the real
part of the metal dielectric function is much larger ~in modulus! than the imaginary part and it is negative for frequencies
v less than the renormalized plasma frequency

v*
p > v p / A« b .

~2!

Thus the metal conductivity is almost purely imaginary and
metal grains can be modeled as L-R elements, with the active component much smaller than the reactive one.
If the skin-effect cannot be neglected, i.e., the skin depth
d is smaller than the metal grain size a 0 , the simple quasistatic description of a semicontinuous film as a 2D array of
the L-R and C elements is not valid. Still we can use the
L2R2C model in the other limiting case, when the skin
effect is very strong, d !a 0 .57 In this case, losses in metal
grains are small, regardless of the ratio v / v t , whereas the
effective inductance for a metal grain depends on the grain
size and shape rather than on the material constants for the
metal. Such a system has been studied in the recent experiment found in Ref. 35.
It is instructive to consider first the film properties at the
percolation threshold p5p c , where the exact Dykhne result
for the effective dielectric constant « e 5 A« d « m ~Ref. 62!
holds in the quasistatic case. If we neglect the metal losses
and put v t 50, the metal dielectric constant « m is negative
for frequencies smaller than the renormalized plasma frequency v *
p . We also neglect possible small losses in a dielectric substrate, assuming that « d is real and positive. Then,
« e is purely imaginary for v , v *
p . Therefore, a film consisting of loss-free metal and dielectric grains is absorptive, for
v,v*
p . The effective absorption in a loss-free film means
that the electromagnetic energy is stored in the system and
thus the local fields could increase unlimitedly. In reality, the
local fields in a metal film are, of course, finite because of the
losses. If the losses are small, one anticipates very strong
field fluctuations. These large fluctuations may result in giant
enhancements of optical nonlinearities.12,14
In this paper, we study surface-enhanced optical nonlinearities of semicontinuous metal films. The paper is organized as follows. In Sec. II, we briefly recapitulate the approach developed in Refs. 32–34 for calculating local fields
in a semicontinuous film. We describe here the numerical
recipe used and show results of our calculations for local
field distributions. We show that the local field distributions
consist of very sharp peaks that in some cases are correlated
in space. We also consider here dependencies of the field
distributions on the light wavelength and metal concentration. In Sec. III, we present the scaling theory that describes
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the field distributions and their dependencies on the wavelength and metal concentration. The theory allows one to
estimate enhancements of different nonlinearities. In Sec. IV,
we derive the formalism and calculate numerically the
surface-enhanced optical nonlinearities for a number of optical processes, namely, nonlinear refraction and absorption
associated with the Kerr-type nonlinear susceptibilities, fourwave mixing, second-, and third-harmonic generation. For
all these processes, we calculate spatial local distributions of
the enhanced optical nonlinearities on a metal semicontinuous film. A distinctive feature of these distributions is that
most of the enhancement occurs in strongly localized
nanometer-scale areas. The enhancement in these ‘‘hot
zones’’ is giant and exceeds a ‘‘background’’ nonlinear signal by many orders of magnitude. These effects can be obtained experimentally in the optical range by using, for example, near-field scanning optical microscopy allowing a
subwavelength resolution23,58,63 and, in the microwave range,
by using the subwavelength probe method.35 Concluding discussions are presented in Sec. V.

A. Linear response

We consider optical properties of a semicontinuous film
consisting of metal grains randomly distributed on a dielectric substrate. The film is placed in the $ x,y % plane, whereas
the incident wave propagates in the z direction. The local
conductivity s (r) of the film takes either the ‘‘metallic’’
values s (r)5 s m in metallic grains or the ‘‘dielectric’’ values s (r)52i v « d /4p outside the metallic grains. The vector
r5 $ x,y % has two components in the plane of the film; v is
the frequency of the incident wave. The gaps between metallic grains are assumed to be filled by the material of the
substrate, so that the above introduced « d is assumed equal
to the dielectric constant of the substrate. The electric field in
the film is supposed to be homogeneous in direction z perpendicular to the film plane; this means that the skin depth
for the metal d >c/( v Au « m u ) is much larger than the metal
grain size a 0 , and the quasistatic approximation can be applied for calculating the field distributions. We also take into
account that the wavelength of the incident wave is much
larger than any characteristic size of the film, including the
grain size and the gaps between the grains. In this case, the
local field E(r) can be represented as
~3!

where Ee (r) is the applied ~macroscopic! field and f (r) is
the potential of the fluctuating field inside the film. The current density j(r) at point r is given by Ohm’s law
j~ r! 5 s ~ r!@ 2¹ f ~ r! 1Ee ~ r!# .

~4!

The current conservation law ¹•j(r)50 has the following
form:
¹ $ s ~ r!@ 2¹ f ~ r! 1Ee ~ r!# % 50.

~em! wave is much larger than all spatial scales in a semicontinuous metal film, the applied field Ee , i.e., the field of
the incident wave, is constant in the film plane Ee (r)5E(0) .
Provided the local field E(r) is known the effective conductivity s e can be obtained from the definition

^ j~ r! & 5 s e E~ 0 ! ,

~5!

We solve Eq. ~5! to find the fluctuating potential f (r) and
the local field E(r) induced in the film by the applied field
Ee (r). When the wavelength of the incident electromagnetic

~6!

where ^ ••• & denotes the average over the entire film.
The local field E(r), induced by the applied field Ee (r),
can be obtained by using the nonlocal conductivity Ŝ introduced in Ref. 34:
E~ r! 5

j~ r!
1
5
s ~ r! s ~ r!

E

Ŝ ~ r,r8 ! Ee ~ r8 ! dr8 .

~7!

According to Eq. ~7! the nonlocal conductivity Ŝ(r,r8 ) relates the applied field at point r8 to the current and the local
field at point r. The nonlocal conductivity in Eq. ~7! can be
expressed in terms of the Green function of Eq. ~5!:34
S ab ~ r2 ,r1 ! 5 s ~ r2 ! s ~ r1 !

II. GIANT LOCAL FIELDS ON SEMICONTINUOUS
METAL FILMS

E~ r! 52¹ f ~ r! 1Ee ~ r! ,
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] 2 G ~ r2 ,r1 !
,
] r 2a] r 1b

~8!

where the Greek indices take values 1 or 2. The Green function is symmetric with respect to the interchange of its arguments G(r1 ,r2 )5G(r2 ,r1 ); therefore, Eq. ~8! implies that
the nonlocal conductivity is also symmetric:34
S ab ~ r1 ,r2 ! 5S ba ~ r2 ,r1 ! .

~9!

The introduced nonlocal conductivity Ŝ is useful for an
analysis of different processes in the system.
Suppose, for example, that the external field applied to the
film has the following form:
Ee ~ r! 5E~ 0 ! 1E f ~ r! ,

~10!

where E(0) is the constant field and field E f (r) may arbitrary
change over the film but its averaged value ^ E f (r) & is collinear to E(0) . Then the average current density ^ j& is also
collinear to E(0) in the macroscopically isotropic films considered here. Therefore, the average current can be written as

^ j~ r! & 5

E~ 0 !
E

~ E~ 0 ! • ^ j~ r! & ! 5
~ 0 !2

E~ 0 ! 1
E ~ 0 !2 A

E

E ~a0 ! j a ~ r! dr,
~11!

where A is the total area of the film, the integration is over
the film area and E (0)2 [(E(0) •E(0) ). By expressing the current j a (r) in Eq. ~11! in terms of the nonlocal conductivity
matrix j a (r)5 * S ab (r,r1 )E e b (r1 )dr1 , we obtain

^ j~ r! & 5

E~ 0 ! 1
E ~ 0 !2 A

E

E ~a0 ! S ab ~ r,r1 ! E e b ~ r1 ! dr dr1 , ~12!

where the integrations are over the entire film. Now we integrate this equation over the coordinates r and use the symmetry of the matrix of nonlocal conductivity given by Eq.
~9!; this results in the expression

^ j~ r! & 5

E~ 0 ! 1
E ~ 0 !2 A

E

j 0 b ~ r1 ! E e b ~ r1 ! dr1 ,

~13!
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where j0 (r) is the current induced at the coordinate r by the
constant external field E(0) . Now we can substitute in Eq.
~13! the external field Ee (r) from Eq. ~10! and integrate over
the coordinate r1 which gives

^ j~ r! & 5

E~ 0 !
E ~ 0 !2

~0!

„E • ^ j0 ~ r! & …1

E~ 0 !
E ~ 0 !2

^ @ s ~ r! E~ r! •E f ~ r!# & ,
~14!

where the field E(r)5j0 (r)/ s (r) is the local field induced in
the film by the constant external field E(0) . Substituting in
Eq. ~14! the expression for the effective conductivity given
by Eq. ~6!, we obtain the equation

F

^ j~ r! & 5E~ 0 ! s e 1

^ s ~ r!@ E~ r! •E f ~ r!# &
E ~ 0 !2

G

~15!

.

Thus, the average current induced in a macroscopically
isotropic film by a nonuniform external field Ee (r) can be
expressed in terms of the fluctuating part E f (r) of the external field and the local field E(r) induced in the film by the
constant part E(0) of the external field. It is easy to verify that
Eq. ~15! is invariant with respect to the partition of the external field in the constant and fluctuating parts. Below we
will use Eq. ~15! in an analysis of the nonlinear response of
semicontinuous metal films since it allows one to express
various nonlinear currents in terms of the local fields.
Consider, for example, a composite with the local conductivity s (r) including the cubic nonlinearity, i.e., s (r)
5 s (0) (r)1 s (3) (r) u E(r) u 2 . To find the effective conductivity
s e ~which, of course, is also nonlinear!, we write Eq. ~5! in
the form

S F

¹ s 0 ~ r! 2¹ f ~ r! 1E~ 0 ! 1

s ~ 3 ! ~ r!
s 0 ~ r!

E8 ~ r! u E8 ~ r! u 2

GD

50,
~16!

where E8 (r)52¹ f (r)1E is the local electric field at
coordinate r in the nonlinear film, with the local conductivity
containing the cubic term. We consider the last term in the
square brackets as an external inhomogeneous field and use
the above derived Eq. ~15! to obtain the average current
(0)

^ s ~ 3 !~ r!@ E~ r! •E8 ~ r!# u E8 ~ r! u 2 &
~0!

^ j~ r! & 5 s ~e0 ! E~ 0 ! 1E

E ~ 0 !2

,

~17!

s (0)
e

where
is the effective conductivity and E(r) is the local
field found in the linear approximation @i.e., for the local
conductivity s (r)[ s (0) (r)#. Equation ~17! expresses the average current and, thus, the effective nonlinear conductivity
in terms of the local fields E8 (r) and E(r).
For a weak nonlinearity, when s (3) (r) u E(r) u 2 ! s (0) (r),
we can replace the local field E8 (r) in Eq. ~17! by the field
E(r) calculated in the linear approximation; this gives

^ j~ r! & 5

S

s ~e0 ! 1

^ s ~ 3 !~ r! E 2 ~ r! u E~ r! u 2 &
E ~ 0 !2

D

E~ 0 ! ,

~18!

where E 2 (r)[„E(r)•E(r)…. From this equation, it follows
that the effective nonlinear conductivity s e has the form

FIG. 1. The real space renormalization scheme.

s e 5 s ~e0 ! 1 s ~e3 ! u E~ 0 ! u 2 ,

~19!

where the effective nonlinear conductivity s (3)
e is equal to

s ~e3 ! 5

^ s ~ 3 !~ r! E 2 ~ r! u E~ r! u 2 &
E ~ 0 ! 2 u E~ 0 ! u 2

.

~20!

Equation ~20! expresses s (3)
e in terms of the local fields E(r)
obtained in the linear approximation.
When the local fields fluctuate strongly over a system, the
effective nonlinearity s (3)
e is strongly enhanced in comparison with the average ^ s (3) (r) & . Equation ~20! was obtained
independently by Stroud and Hui9 and by Shalaev et al.,10
and it is widely used in analyses of the nonlinear response of
composites.12,13
To calculate the local electric fields in the system we discretize Eq. ~5! on a square lattice. The potentials in the cites
of the lattice reproduce the local field potentials in a semicontinuous film. The conductivities of the lattice bonds stand
for the local film conductivity and take either s m or s d values. In such a way, the partial differential equation ~5! is
reduced to a set of Kirchhoff equations that are solved by the
method presented in the next subsection. Provided the field
distribution is known we can use formulas such as Eq. ~15!
to calculate the optical nonlinearities. Below, we first describe the numerical procedure used and then results of our
numerical simulations for the field distributions.
B. Numerical model

There now exist very efficient numerical methods for calculating the effective conductivity of composite materials
~see Refs. 12,17,46,64–66!, but they typically do not allow
calculations of the field distributions. Here, we use the real
space renormalization group ~RSRG! method that was suggested by Reynolds et al.67 and Sarychev68 and then extended to study the conductivity69 and the permeability of oil
reservoirs.70 Below, we follow the approach used by
Aharony.70 This method can be adopted to finding the field
distributions in the following way.33,34 First, we generate a
square lattice of L-R ~metal! and C ~dielectric! bonds using a
random number generator. As seen in Fig. 1, such a lattice
can be considered as a set of ‘‘corner’’ elements. Such elements are labeled A–H in Fig. 1. In the first stage of the
RSRG procedure, each of these elements is replaced by the
two Wheatstone bridges, as shown in Fig. 1. After this transformation, the initial square lattice is converted to another
square lattice, with the distance between the sites twice as
large and with each bond between the two nearest neighbor-
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ing sites being the Wheatstone bridge. Note that there is a
one-to-one correspondence between the x bonds in the initial
lattice and the x bonds in the x directed bridges of the transformed lattice, as seen in Fig. 1. The same one-to-one correspondence exists also between the y bonds. The transformed
lattice is also a square lattice, and we can again apply to it
the RSRG transformation. We continue this procedure until
the size l of the system is reached. As a result, instead of the
initial lattice we have two large Wheatstone bridges in the x
and y directions. Each of them has a hierarchical structure
consisting of bridges with the sizes from 2 to l. Because the
one-to-one correspondence is preserved at each step of the
transformation, the correspondence also exists between the
elementary bonds of the transformed lattice and the bonds of
the initial lattice. After using the RSRG transformation, we
apply an external field to the system and solve the Kirchhoff
equations to determine the fields and the currents in all the
bonds of the transformed lattice. Due to the hierarchical
structure of the transformed lattice, these equations can be
solved exactly. Then, we use the one-to-one correspondence
between the elementary bonds of the transformed lattice and
the bonds of the initial square lattice to find the field distributions in the initial lattice as well as its effective conductivity. The number of operations to get the full distributions
of the local fields is proportional to l 2 to be compared with l 7
operations needed in the transform-matrix method12,31 and l 3
operations needed in the well-known Frank-Lobb
algorithm,64 which does not provide the field distributions
but the effective conductivity only. The RSRG procedure is
certainly not exact since the effective connectivity of the
transformed system does not repeat exactly the connectivity
of the initial square lattice. To check the accuracy of the
RSRG, we solved the 2D percolation problem using this
method. Namely, we calculated the effective parameters of a
two-component composite with the real metallic conductivity s m much larger than the real conductivity s d of the dielectric component s m @ s d . We obtained the percolation
threshold p c 50.5 and the effective conductivity at the percolation threshold that is very close to s (p c )5 As m s d .
These results coincide with the exact ones for 2D
composites.62 This is not surprising since the RSRG procedure preserves the self-duality of the initial system. The critical exponents obtained by the RSRG procedure are also
close to the known values of the exponents from percolation
theory.12 Therefore, we believe that the numerical method
used describes, at least qualitatively, the field distributions
on semicontinuous films. Below, using the described numerical procedure, we calculate the local field distributions on a
random semicontinuous metal film.
C. Field distributions on semicontinuous metal films

As mentioned, we model the film as a square lattice consisting of metallic bonds with the conductivity s m 5
2i« m v /4p (L-R bonds! and the concentration p, and dielectric bonds with the conductivity s d 52i« d v /4p and concentration 12p (C bonds!. The applied field E (0) is set to be
equal to unity E (0) 51, whereas the local fields inside the
system are complex quantities. The dielectric constant of silver grains has the form of Eq. ~1! with the interbandtransition contribution « b 55.0, the plasma frequency v p
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59.1 eV, and the relaxation frequency v t 50.021 eV.71 Below, we set « d 52.2 typical for a glass. In Fig. 2 we show the
field distributions G(r)5 u E(r)/E (0) u 2 for the plasmon resonance frequency v 5 v r that corresponds to the condition
Re@ « m ( v r ) # 52« d . The value of the frequency v r is
slightly below the renormalized plasma frequency v *
p defined above in Eq. ~2!. For silver particles the resonance
condition fulfilled at wavelength l'365 nm. The frequency
v r gives the resonance of an isolated metal particle. „For a
2D, i.e., z-independent problem, particles can be thought of
as infinite in the z direction cylinders that resonate, in the
quasistatic approximation, at the frequency v 5 v r corresponding to the condition Re@ « m ( v r ) # 52« d , for the field
polarized in the x,y plane.… The results are presented for
various metal fractions p. For p50.001 metal grains practically do not interact, so that all the peaks are almost of the
same height and indicate the locations of metal particles.
Note that a similar distribution is obtained for p50.999
when the role of metal particles is played by the dielectric
voids. For p50.1 and, especially, for p50.5, metal grains
form clusters of strongly interacting particles. These clusters
resonate at different frequencies ~than that for an isolated
particle!, therefore, for the chosen frequency the field peaks
are smaller, on average, than those for the isolated particles,
and the height distribution is very inhomogeneous. Note that
the spatial scale for the local field distribution is much larger
then the metal grain size a 0 chosen to be unity for all the
figures. Therefore the main assumption of effective medium
theory13,38–43 that the local fields are the same for all metal
grains fails for the frequencies of the plasmon resonance and
nonvanishing concentrations p. We emphasize a strong resemblance in the field distributions for p and 12p @cf. Figs.
2~a! and 2~g!, 2~b! and 2~f!, 2~c! and 2~e!#.
For larger wavelengths, a single metal grain is off the
plasmon resonance. Nevertheless, as one can see from Figs.
3~a!–3~d!, the local field fluctuations are even larger than
those at the plasmon resonance frequency. At these wavelengths, clusters of the conducting particles ~rather than individual particles! resonate with the external field oscillations. Therefore, it is not surprising that the local field
distributions are quite different from those in Fig. 2. In Fig.
3, we show the field distributions at the percolation threshold
p5 p c 50.5 for different wavelengths, namely, Fig. 3~a!: l
50.5 m m, Fig. 3~b!: l51.5 m m, Fig. 3~c!: l510 m m, and
Fig. 3~d!: l520 m m. Note that the field intensities in peaks
increase with l, reaching very high values ;105 u E (0) u 2 ; the
peak spatial separations increase with l as well. These results are also in contradiction with effective medium theory
that predicts strong field fluctuations30 in the vicinity of plasmon resonance frequency v r only. In the next section, we
present a scaling theory for the field distributions on a semicontinuous film that explains the above results of the simulations.
The field pattern obtained in our simulations resembles
the experimentally measured field distribution in percolating
metal-dielectric films in the microwave band.35 We note that
we simulate films in such a way that samples with the same
p correspond to identical films. Thus from Fig. 4, we can
conclude that spatial locations of the field peaks strongly
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8 52 e d 5
FIG. 2. Distribution of the local field intensities G(x,y)5 u E(x,y) u 2 / u E ( 0 ) u 2 on a metal ~silver! semicontinuous film for « m
22.2 (l'365 nm! at different metal concentrations p. ~a! p50.001, ~b! p50.01, ~c! p50.1, ~d! p50.5, ~e! p50.9, ~f! p50.99, and ~g!
p50.999.

depend on frequency. Qualitatively similar results were previously demonstrated for fractals and self-affine films in the
optical spectral range.21,24 Thus by changing the frequency
one can excite different nm-size hot spots on the film. This
effect is of great importance for various applications, and it
can be studied experimentally in the optical spectral range
using near-field scanning optical microscopy providing subwavelength resolution.23,58,63 In the microwave range it can
be studied easily by the local probe method developed
recently.35 We note that there are nontrivial correlations in

the positions of different peaks;33 they are not necessarily
associated with different clusters independently resonating
with the applied field. For instance, some peaks that one
might think of as different modes, in reality, are spatially
disconnected parts of the same mode; in other cases, however, different peaks do correspond to different modes.
We emphasize that all results are shown in natural linear
scales. What we see in Figs. 2 and 3 is the top part of the
field distribution, i.e., the largest fields only. The fields in
other points forming a background, although smaller, are not,
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FIG. 3. Distribution of the local field intensities G(x,y)5 u E(x,y) u 2 / u E ( 0 ) u 2 in a semicontinuous film at the percolation threshold for
different wavelengths. ~a! l50.5 m m, ~b! l51.5 m m, ~c! l510 m m, and ~d! l520 m m.

of course, zero. However, for the nonlinear optical effects
studied here the largest fields play the most important roles
and the smaller background fields ~that are not seen in the
figures! can be neglected in most cases.
In Fig. 4, we also show results of our calculations for the
average enhancements for the intensity of the local fields
^ u E(r) u 2 & / u E(0) u 2 . The results are presented as a function of p

for different wavelengths l50.5 m m, l51.5 m m, and l
510 m m. We see that the field enhancements are large, on
average, (;102 ) but much smaller than in the local peaks in
Fig. 3. This is because the largest peaks are separated by
relatively large distances so that the average enhancement is
not as large as the local one in the peaks. The other moments
of the field distribution, which are important for an estimation of the nonlinear response, experience even stronger enhancement, especially for concentrations close to the percolation threshold. For example, the fourth moment
^ u E(r) u 4 & / u E(0) u 4 exceeds the value 106 for p5p c and l
.1 m m. This is not surprising since the local fields raised to
the fourth power, u E(r) u 4 / u E(0) u 4 , reach in the peaks the values 1010, as follows from Fig. 3.
The range of p, where the enhancements occur is very
large in the visible range (Dp5 u p2 p c u '0.45). However, it
shrinks towards larger wavelengths, as seen in the figure.
From the above results, it follows that the local fields experience strong space fluctuations on a semicontinuous film;
the large fields in the peaks result in giant enhancements of
the optical nonlinearities considered below.
III. SCALING THEORY OF THE FIELD FLUCTUATIONS
AND THE HIGH-ORDER FIELD MOMENTS

FIG. 4. The average enhancement of the field intensity G
5 ^ u E(r) u 2 & / u E( 0 ) u 2 on a silver semicontinuous film as a function of
the metal concentration p for three different wavelengths.

As pointed out above the spatial field fluctuations on a
semicontinuous metal film have the form of huge local fields
within spatially separated peaks on the film. One could anticipate that the local fields are strong on a semicontinuous
film for v slightly smaller than v *
p —the renormalized
plasma frequency introduced above by Eq. ~2!. For the fre-
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quency range v < v *
p , the real part of the metal dielectric
constant « m is negative and its absolute values are of the
order of unity, i.e., they are close to the dielectric constant of
the film substrate « d . Therefore, the conductivities of the LR and C elements in the equivalent network have opposite
signs and they are close to each other in absolute values.
@The exact resonance condition occurs in our model at v
5 v r, v *
p , which corresponds to the requirement Re(« m )
52« d .# Thus, a semicontinuous film can be thought of as a
system of contours tuned in resonance with the frequency of
the external field. These resonance modes are seen as giant
spatial fluctuations in the field distributions over the film. In
the dilute case p!1 these resonances are associated with
plasmon resonances of individual metal grains.
What might be more surprising is the fact that the giant
fluctuations of the local fields also occur for v ! v *
p , when
the contrast H5 u « m u /« d @1. If the contrast H@1, the conductivity of the L-R and C elements of the equivalent network are quite different and a single contour cannot be excited by the external field. However, as our numerical
simulations show, the field fluctuations become larger with
the increase of the wavelength l toward the infrared spectral
range ~see Fig. 3!.
To understand the origin of the giant field fluctuations for
the large contrast H@1, we invoke scaling arguments of
percolation theory.46 Below we develop further the scaling
approach from our previous works33,34 and apply it for calculating the high-order field moments.
Since enhancements for the nonlinear optical processes
have maxima near the percolation threshold p c , we assume
first that the concentration of the conducting particles p is
exactly equal to the percolation threshold p5p c . We consider the case when the frequency v is much smaller than the
plasma frequency v ! v p , so that the contrast is large and
can be approximated as H'( v p / v ) 2 /« d @1 for a Drude
metal. We also assume that v @ v t , i.e., losses in metal
grains are relatively small.
To find the field distributions over the system, we apply
the renormalization procedure first suggested in Refs. 67,68.
We divide a system into squares of size l and consider each
square as a new element. All such squares can be classified
into two types. A square that contains a path of conducting
particles spanning over is considered as a ‘‘conducting’’ element. A square without such an ‘‘infinite’’ cluster is considered as a nonconducting dielectric element. Following finite size arguments,17,46,67,68 the effective dielectric constant
* (l) decreases with increasing
of the conducting square « m
size l as

* ~ l ! > ~ l/a 0 ! 2t/ n p « m ,
«m

~21!

where a 0 is the average size of metal grains and t and n p are
the critical exponents for the conductivity and the percolation correlation length, respectively. For a 2D system
t' n p 54/3.12,17,46 The effective dielectric constant of a dielectric square « *
d (l) increases with increasing size l as
s/ n p
«d ,
«*
d ~ l ! > ~ l/a 0 !

~22!
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where s is the critical exponent for the static dielectric constant; s' n p 54/3, for a 2D system.12,17,46 We now set the
square size l to be equal to l * :

8 u /« d ! n p / ~ t1s ! ,
l5l * 5a 0 ~ u « m

~23!

8 1i« m9 [Re(« m )1iIm(« m ). Then, in the renormalwhere « m
ized system, where each square of size l * is considered as a
single element, the ratio of the dielectric constants of these
new elements is equal to
* ~ l * ! /« *d ~ l * ! >« m / u « m8 u 5211i k ,
«m

~24!

9 / u « m8 u ' v t / v !1. ~Recall that in
where the loss factor k 5« m
the visible and infrared spectral ranges the real part of the
8 is negative and large in magnimetal dielectric constant « m
8 u @« d .)
tude, u « m
It follows from Eq. ~24! that the renormalized system is a
system of the L-R and C elements tuned in the resonance.
Therefore, the local electric fields E* (r) are significantly
enhanced in comparison with the macroscopic field E(0) . As
* to « *
shown in Ref. 33, in a 2D system with the ratio of « m
d
given by Eq. ~24!, the field E * can be estimated as
E * > A^ u E* ~ r! u 2 & >E ~ 0 ! k 2 g /2@E ~ 0 ! ,

~25!

where the critical exponent g introduced in Ref. 33 is near
unity, g >1.0.
In the renormalized system the local field E* (r) is still
strongly inhomogeneous. Really, we see the spatially separated peaks in Fig. 2 where the field distributions are shown
for the frequency v 5 v r corresponding to the plasmon resonance in a metal grain, i.e., for Re@ « m ( v ) # 52« d @cf. Eq.
~24!#. The spatial scale j *
e for the field fluctuations in the
renormalized ~resonance! system have been estimated in
Refs. 32,33 as
2ne
j*
,
e }k

~26!

where the critical exponent is equal to n e 50.420.5. Therefore, the field distribution in the renormalized system might
be thought of as a set of peaks with amplitude

* >E * ~ j *e /a 0 !
Em

~27!

so that E * 2 > ^ u E* (r) u 2 &
separated by distance j *
e
2
2
* /( j *e /a 0 ) .
>E m
Now we can estimate the field fluctuations in the original
system. A typical configuration of conducting clusters that
resonate at frequency v ! v p is sketched in Fig. 5. The gap
between the two conducting clusters A and B has a capacity
conductance S AB
c (l).2i v « *
d (l)a 0 /4p that depends on the
size l of the considered clusters. The conducting paths coming to the gap have an inductive conductance S AB
i ; this is
8
because the metal conductivity is inductive for v , v *
p (« m
8 u @« m9 ). The effective value of S AB
,0, u « m
can
be
estimated
i
from a simple observation that a conducting square of the
* (l)/4p that we atsize l has a typical conductivity 2i v « m
tribute to the presence of the conducting path. Thus, we ob* (l)a 0 /4p . We chose the size l5l * so
tain S AB
i (l).2i v « m
that capacitive and inductive conductances are equal to each
AB
other in modulus, u S AB
c (l * ) u . u S i (l * ) u . Then there is a
resonance in the configuration presented in Fig. 5. Note that
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* ~ l * /a 0 ! ;E ~ 0 ! ~ u « m8 u /« m9 ! g /21 n e ~ u « m8 u /« d ! n p / ~ t1s ! .
E m >E m
~29!

FIG. 5. Typical configuration of the conducting clusters that
resonate at the frequency v smaller than renormalized plasma frequency v *
p.

intercluster capacity conductance S AB
c (l) increases with
cluster size l, whereas inductive conductance S AB
i (l) decreases with increasing l. Therefore, we can always find
proper pairs of clusters with the size l5l * to fulfill the resoAB
nance condition u S AB
c (l * ) u 5 u S i (l * ) u for any large ~in
modulus! value of the metal dielectric constant « m ( v ) pro8 ( v ),0 ~i.e., v , v *p ).
vided « m
Since the resonance clusters interact with each other, the
local field concentrates in some subset of them only. The
average distance between the field maximums in the renormalized system is equal to j e* @see Eq. ~26!# and the average
distance j e between the field maximums in the original system can be estimated as
2ne
8 u /« m9 ! n e ~ u « m8 u /« d ! n p / ~ t1s !
j e> j *
l * >a 0 ~ u « m
e l * /a 0 > k
~28!

which is much larger than the grain size j e @a 0 . This is the
reason why the giant field fluctuations exist up to the farinfrared spectral range and their spatial structure is rather
inhomogeneous as we can see in Figs. 3~a!–3~d!.
In Fig. 5, we do not show the many finite conducting
clusters that are always present in the system. These clusters
are off resonance and, therefore, are not important for our
consideration. Therefore, only a small part of the metal component is involved in the resonance excitation at any particular frequency of the applied field. Nevertheless, the resonance clusters cover almost the whole area of the film due to
their fractal structure. Even for the resonance clusters, the
local field is concentrated in only a small part of them. Accordingly, only a few metal grains actually carry most of the
current. If we change the frequency, another set of metal
clusters will resonate; these new resonating clusters still include only a small part of the metal.
The field E AB in the intercluster gap is strongly enhanced
for clusters with sizes l5l * , yet the local field is strongly
enhanced only for a part of these clusters as discussed above.
We consider one such resonating cluster. The potential drop
* ;E m* l * @see Eqs. ~23!
across the gap can be estimated as U AB
and ~27!#, and the local field is concentrated in the points of
the close approach where the gap shrinks to a 0 . In the points
of the close approach the local field acquires the largest values

The points of the close approach determine the gap capacity
conductance S AB
c (l * ) ~cf. Ref. 7! that depends on the cluster
size l * . Therefore, the number n c (l * ) of the points of the
close approach scales with size l * in the same way as cons/ n p
ductance S AB ; namely, n c (l * );S AB (l * );« *
d (l * );l *
@see Eq. ~22!#.
The following pattern of the local field distribution
emerges from these speculations: The largest local fields are
concentrated in resonant clusters, in areas of the size l * ; the
areas with high local fields are separated in distance by the
field correlation length j e @a 0 , given by Eq. ~28!. Within
each resonant area there are n c (l * ) sharp peaks with amplitude E m (l * ). With an increasing wavelength of the incident
wave ~i.e., decreasing the frequency! the scale l * increases,
as do the amplitude E m and the number of the local field
maxima n c (l * ) in one resonating cluster; the average distance j e between the resonant sets of the field peaks also
increases with decreasing frequency. We can track this behavior of the field fluctuations in Fig. 3. For smallest frequencies @Figs. 3~c!, 3~d!# the local fields have only a few
groups of maxima. Typical distances between the groups of
field peaks are much larger than a 0 ~the grain size a 0 is
chosen as unity in the figures!. The number of peaks in each
group increases systematically with decreasing frequency.
From this pattern of the local field distribution we obtain
the following estimate for the moments of the local fields
^ u E(r) u n & , in random semicontinuous metal films ^ u E(r) u n &
;E nm n c (l * )/ j 2e . The substitution in this equation of expressions of the field amplitude E m @Eq. ~29!#, the field correlation length j e @Eq. ~28!#, and the number of maxima in one
cluster n c (l * );(l * ) s/ n p gives

^ u E~ r! u n & . u E~ 0 ! u n ~ u « m8 u /« d ! n n p / ~ t1s ! 2 ~ 2 n p 2s ! / ~ t1s !
8 u /« m9 ! n ~ g /21 n e ! 22 n e .
3~ u « m

~30!

For a 2D system, t's' n p 54/3.
Substituting these
critical indices and g 51, n e 50.5 ~Refs. 32,33! in Eq. ~30!
gives
12,17,46

^ u E~ r! u n & . u E~ 0 ! u n ~ u « m8 u /« d ! ~ n21 ! /2~ u « m8 u /« m9 ! n21 . ~31!
Since in the visible, infrared, and far-infrared spectral ranges
the real part of the dielectric constant of a typical metal is
8 u @« d , whereas the losses are small, « m9 ! u « m8 u , the
large, u « m
values of the field moments ^ u Eu n & exceed the corresponding
moments of the incident field u E(0) u n by several orders of
magnitude. This indicates the presence of giant field fluctuations in semicontinuous metal films in the visible and, especially, in the infrared spectral ranges.
For the Drude metal, we can simplify Eq. ~31! for sufficiently small frequencies, v ! v p , as

^ u E~ r! u n & . u E~ 0 ! u n « ~d12n ! /2

S D
vp
vt

n21

.

~32!

From this equation it follows that for frequencies v ! v p the
local field moments are independent of frequency.
Now we can estimate the local field moments for silver
semicontinuous films @ v p 59.1 eV, v t 50.021 eV ~Ref. 71!#.
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Using « d 52.2 typical for glass substrate, we obtain from Eq.
~32! the estimate ^ u Eu n & .33102 , 83104 , 2.53107 ,
73109 , and 231012 for n52, 3, 4, 5, and 6, respectively,
(E (0) 51).
The above estimates of the moments can be used, for
example, for Raman scattering that does not depend on the
phases of the local fields.34,36 Although Raman scattering is a
linear process, its enhancement is proportional to u Eu 4 ~Ref.
34! and in that sense is similar to nonlinear processes discussed in Ref. 21. From Eq. ~32! we obtain the following
expression for the enhancement G RS of Raman scattering in
semicontinuous metal films:
G RS; ^ u E~ r! u 4 & ;

8 u 9/2
u«m
93
« d 3/2« m

.

~33!

Note that this equation is somewhat different from that obtained in our previous work.34 This difference is a consequence of the more detailed analysis of the local field fluctuations in the present paper. Nevertheless the main results
of the rough scaling analysis34 and the more elaborate consideration presented here are essentially the same: Surface
enhancement of the Raman scattering on semicontinuous
metal films is rather large, G RS;105 2107 , and independent
of frequency for v ! v *
p when the enhancement is proportional to G RS;( v p / v t ) 3 /(« d ) 3/2.
Now we turn to nonlinear coherent processes. To estimate
enhancements for nonlinear coherent processes, such as harmonic generation, one should average the nonlinear electric
induction D (n) } ^ E n & ; the resultant enhancement is then
given by G (n) } u D (n) u 2 } u ^ E n & u 2 ~see, e.g., Ref. 21!. Therefore, the parametric nonlinear optical processes are very sensitive to the relative phases of the fields at different points on
the film. It is impossible to estimate enhancements, in general, considering only the absolute values of the field. However, we can estimate the upper limit for the enhancements
assuming that all the fields are in phase. Formally, the upper
limit for the enhancements can be obtained by neglecting the
phase fluctuations, i.e., with the replacement of ^ E n & for a
nonlinear process of the nth order by ^ u Eu n & . By doing so, we
obtain the estimate given by Eq. ~31!. We also note that the
widely used ‘‘decoupling procedure’’ ^ u Eu n & → ^ u Eu 2 & n/2 ~see,
for example, Refs. 13,38,42,43! that works well in the static
case,42,43 results in significantly underestimated ~by several
orders of magnitude! enhancement in the visible, infrared,
and far-infrared spectral ranges, as follows from the above
consideration. Accordingly, the mean-field theories based on
the decoupling procedure are not applicable for an estimation
of the optical nonlinearities in metal-dielectric composites
with strong field fluctuations, which provide largest enhancements for various nonlinear effects.
It is instructive to summarize the above discussion and
note that the field intensities in a random semicontinuous
metal film u E(x,y) u 2 can be viewed as groups of peaks with
amplitudes u Em u @ u E(0) u . Different groups of peaks are separated by distance j e @a 0 @see Eqs. ~28! and ~29!#. The amplitudes of the peaks, as well as the typical distance between
them, increases with decreasing frequency v . This picture is
in qualitative agreement with Figs. 3~a!–3~d!, where the field
fluctuations on a silver semicontinuous film are shown. We
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would like to stress that despite the large distances between
the peak groups, the field fluctuations can be highly correlated in space.33
We should note that in the above estimations of the local
field moments we implied that they do exist, i.e., we assumed that the moments converge when the size of a system
increases. This is the case for incoherent processes ~such as
Raman scattering! which are phase insensitive and depend
on the absolute values of the fields only, i.e., } ^ u Eu n & . However, as we show below, enhancements for coherent processes, which are proportional to ^ E n & ~rather than to
^ u Eu n & ), do depend on the size of the system for sizes up to
L5512 used in our simulations. The reason for the size effect is probably the interference between the fields in different points of the film.
Above, for the sake of simplicity, we assumed that p
5p c . Now we estimate the concentration range D p5p
2p c , where the above estimates for the local field moments
are valid.33,34 Although the above estimates have been done
for the percolation threshold p5 p c they must also be valid in
some vicinity to the threshold. Indeed the above speculations
are based on the finite size scaling Eqs. ~21! and ~22!, which
hold until the scale l * of the renormalized squares @see Eq.
~23!# is smaller than the percolation correlation length j p
>a 0 ( u p2 p c u /p c ) 2 n p . At the percolation threshold, where
the correlation length j p diverges, our estimates are valid in
a wide frequency range v t , v , v *
p which includes the visible, infrared, and far-infrared spectral ranges for a typical
metal. For any particular frequency from this interval, we
estimate the concentration range Dp, where the giant field
fluctuations occur, by equating the values of l * from Eq. ~23!
and j p . Thus we obtain the relation

8 u ! 1/~ t1s ! .
u Dp u < ~ « d / u « m

~34!

For a 2D semicontinuous metal film, the critical exponents
are s't' n p 54/3, and the above relation acquires the form

8 u ! 3/8.
u Dp u < ~ « d / u « m

~35!

For Drude metal, in the frequency range v *
p ! v ! v t , Eq.
~35! can be rewritten as
Dp<« d 3/8~ v / v p ! 3/4.

~36!

As follows from Eq. ~36!, the concentration range for the
enhancement shrinks when the frequency decreases far below the renormalized plasma frequency v *
p @see Eq. ~2!#.
This result is in agreement with our computer simulations
presented in Fig. 4.
It is important to note that although the above consideration of the local field distributions is based on the assumption of the large contrast H@1, the estimation ~36! reproduces the concentration interval for the giant field
fluctuations for all the frequencies below v *
p ~but larger than
v t ) well. Also the estimate ~33! quantitatively describes recent experimental studies of Raman scattering60 in a semicontinuous metal film, as well as results of our computer
simulations34,36 for the whole frequency range.
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IV. GIANT ENHANCEMENTS
OF OPTICAL NONLINEARITIES
IN SEMICONTINUOUS METAL FILMS

a direction perpendicular to the film plane. Then the current
in a semicontinuous film with the adsorbed nonlinear molecules on it is equal to

In this section, we consider enhancements for different
nonlinear optical processes on a semicontinuous metal film.
Third- and second-order optical nonlinearities are analyzed.
All numerical calculations are presented for p5p c . The concentration region for the enhancement of nonlinearities was
estimated in the previous section.

j~ r! 5 s ~ r! E8 ~ r! 1 s ~ 1 ! ~ r! E8 ~ r! 1 s ~ 3 ! ~ r! u E8 ~ r! u 2 E8 ~ r! ,

A. Kerr-type optical nonlinearities

The Kerr-type nonlinearities are third-order optical nonlinearities that result in addition to the linear electric induction D a nonlinear term of the form
~3!

~3!

D a ~ v ! 5« abg d ~ 2 v ; v , v ,2 v ! E b E g E * d ,

~37!

where
~3!

« abg d ~ 2 v ; v , v ,2 v !

~38!

~39!

where E(0) is the amplitude of the external ~macroscopic!
electric field at frequency v , E (0)2 [(E(0) •E(0) ), a and b are
some constants @not to be confused with the tensor components in Eq. ~37!#. Note that the second term in Eq. ~39! for
the nonlinear induction of an isotropic film can result in a
change of the polarization of the incident light.72 Equation
~39! simplifies for the case of linear and circular polarization
of the incident light.72 For the linear polarization the complex vector E(0) reduces to a real vector. Then the expressions u E(0) u 2 E(0) and E (0)2 E(0) * in Eq. ~39! become the same
and the equation can be rewritten as

^ D~ 3 !~ r! & 5« ~e3 ! u E~ 0 ! u 2 E~ 0 ! ,

~40!

is scalar now.
where the nonlinear dielectric constant « (3)
e
For the sake of simplicity, we consider below the linearly
polarized incident wave. Equation ~40! we rewrite in terms
of the nonlinear average current ^ j(3) (r) & and the effective
(3)
Kerr conductivity s (3)
e 52i v « e /4p ; this gives

^ j~ 3 !~ r! & 5 s ~e3 ! u E~ 0 ! u 2 E~ 0 ! .

where E8 (r) is the local fluctuating field at the coordinate r
of the film, s (r) is the local film conductivity, and s (1) (r)
and s (3) (r) are the linear and Kerr-type nonlinear conductivities of the adsorbed molecular layer. By using this expression in the current conservation law given by Eq. ~5! we
obtain @cf. Eq. ~16!#

F

S

¹ @ s ~ r! 1 s ~ 1 ! ~ r!# 2¹ f ~ r! 1E~ 0 !
1

is the third-order nonlinear dielectric constant,72 and E is an
electric field at frequency v ; summation over repeated Greek
indices is implied. The Kerr optical nonlinearity results in
nonlinear corrections ~proportional to the light intensity! for
the refractive index and the absorption coefficient.
Below we consider macroscopically homogeneous and
isotropic films and the normal incidence of light. Then the
third-order terms in the average electric induction has in general the form

^ D~ 3 !~ r! & 5 a u E~ 0 ! u 2 E~ 0 ! 1 b E ~ 0 ! 2 E~ 0 ! * ,

~42!

~41!

This form of Kerr nonlinearity is used in the discussion below.
Consider the case when the nonlinearities in metal grains
of a semicontinuous film and dielectric substrate are negligible, and the film is covered by molecules possessing the
Kerr-type nonlinearity. We still assume that the film is thin
enough to consider the local electric field as homogeneous in

s ~ 3 ! ~ r!
s ~ r! 1 s ~ 1 ! ~ r!

E8 ~ r ! u E8 ~ r ! u 2

GD

50,

~43!

where E(0) is the applied electric field, and 2¹ f (r)1E(0)
5E8 (r) is the local field. By considering the last term in the
square brackets as an external inhomogeneous field we obtain from Eq. ~15! the equation for the average current

F

^ j~ r! & 5E~ 0 ! s ~e0 ! 1

^ s ~ 3 !~ r!@ E~ r! •E8 ~ r!# u E8 ~ r! u 2 &
E ~ 0 !2

G

,
~44!

where s (0)
e and E(r) are the effective conductivity and local
fluctuating field, respectively, obtained in the linear approximation, i.e., for s (3) [0. Comparing Eqs. ~44! and ~41!, we
find the equation for the effective Kerr conductivity

s ~e3 ! 5

^ s ~ 3 !~ r!@ E~ r! •E8 ~ r!# u E8 ~ r! u 2 &
E ~ 0 ! 2 u E~ 0 ! u 2

.

~45!

In this paper, we consider the case of weak nonlinearities.
Then the local field E8 (r) in Eq. ~45! can be replaced by the
linear local field E(r) resulting in the following equation for
the Kerr conductivity:

s ~e3 ! 5

^ s ~ 3 !~ r! E 2 ~ r! u E~ r! u 2 &
E ~ 0 ! 2 u E~ 0 ! u 2

,

~46!

which reproduces the formula ~20!.
Now we suppose for simplicity that the Kerr-type nonlinear surface conductivities of the adsorbed molecules s (3) are
uniformly distributed over the film surface. Then Eq. ~46!
simplifies to

s ~e3 ! 5 s ~ 3 !

^ E 2 ~ r! u E~ r! u 2 &
E ~ 0 ! 2 u E~ 0 ! u 2

.

~47!

In the absence of metal grains the effective nonlinear Kerr
conductivity s (3)
coincides with the Kerr conductivity s (3)
e
of the layer of the absorbed nonlinear molecules. Therefore
the enhancement of the Kerr nonlinearity G K is given by the
equation
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G K5

^ E 2 ~ r! u E~ r! u 2 &
E ~ 0 ! 2 u E~ 0 ! u 2
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~48!

.

From the above equation it follows that the enhancement of
the Kerr nonlinearity is expressed in terms of the local field
E(r) found in the linear approximation; this field experiences
the giant fluctuations studied in Secs. II and III.
Above we assumed that the nonlinear Kerr conductivity
s (3) is due to the adsorbed molecules covering the film. In
some cases, the nonlinear response can also be due to the
metal and/or dielectric grains forming the film, with no adsorbed molecules on it. If this is the case, s (3) (r) in Eq. ~42!
is the nonlinear conductivity of the grain, and the sum of the
linear conductivities s (r)1 s (1) (r) of the grain and adsorbed molecule should be replaced in Eq. ~42! by the linear
conductivity of the grain itself s (r). Repeating the above
derivations after the Eq. ~42!, we arrive at the following result for the effective Kerr conductivity:

s ~e3 ! 5p s ~m3 !

^ E 2 ~ r! u E~ r! u 2 & m
E ~ 0 ! 2 u E~ 0 ! u 2

1 ~ 12p ! s ~d3 !

^ E 2 ~ r! u E~ r! u 2 & d

,
E ~ 0 ! 2 u E~ 0 ! u 2
~49!

where ^ ••• & m and ^ ••• & d stand for the averaging over the
(3)
metal and dielectric grains, respectively, and s (3)
m and s d
are the corresponding nonlinear conductivities. Formula ~49!
for enhancement of the cubic nonlinearity in percolating
composites was previously obtained by Aharony,8 Stroud
and Hui,9 and Bergman.11 A similar formula was independently obtained by Shalaev et al. to describe the Kerr enhancement in aggregates of metal particles.19–21
Note that E(0) in Eqs. ~6! and ~43! is actually the average
macroscopic field that can be, in general, different from the
incident field Einc . For the thin 2D films considered here in
the quasistatic limit, the macroscopic field is constant and
related to the incident field through the transmittance T as
E(0) 5TEinc ~see discussion in Ref. 34!. Above we defined
the enhancement factor as the ratio of nonlinear signals from
a film with and without metal grains on it. This means that in
the denominator of expression ~48! we should replace
@ E(0) # 4 by @ Einc# 4 5 @ E(0) # 4 /T 4 ; this gives an additional prefactor T 4 in formula ~48!, if by E(0) we mean the macroscopic
field. ~For a purely dielectric film without metal grains, we
can set T d 51 and E(0) 5Einc .) For the sake of simplicity,
hereafter we omit this prefactor associated with the transmittance T. To take it into account one should do the above
replacement E(0) →E(0) /T in the denominators of the following formulas for the enhancements of nonlinear optical processes.
According to Eq. ~48! the value of the Kerr enhancement
G K is proportional to the fourth power of the local field
averaged over the sample. This is similar to the case of
surface-enhanced Raman scattering having the enhancement
factor34,36
G RS5

^ u s ~ r! u 2 u E~ r! u 4 &
u s d u 2 u E~ 0 ! u 4

.

~50!

~Note that in Refs. 34,36 a different notation, A, was used for
G RS .) We note, however, that G K is complex, whereas G RS
is a real positive quantity. Because the enhancement for Ra-

FIG. 6. The average Kerr-nonlinearity enhancements ~real G K8
and imaginary G K9 parts! on a silver semicontinuous film as a function of wavelengths ~a!: G K8 , ~b!: G K9 . In all cases, p5 p c . The
open triangles correspond to the positive values G K8 .0 and G K9
.0; the solid triangles stand for the negative values G K8 ,0 and
G K9 ,0. The film sizes are 5123512.

man scattering is determined by the average of u Eu 4 , which is
phase insensitive, the upper limit for the enhancement is realized in this case @see Eq. ~33! and the accompanying discussion#. In accordance with this, our results of numerical
simulations34,36 are well described by the scaling formula
~33!.
Below we present results of our numerical simulations for
the surface-enhanced Kerr-nonlinearity in a semicontinuous
metal film at the percolation threshold. We used formula ~48!
for calculating the enhancement; the local fields were found
following the numerical procedure described in the previous
section. We generated an ensemble of 100 random films with
the size 5123512. In Figs. 6 we show the average enhancements for the real and imaginary parts of the Kerr-
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nonlinearity enhancement, G K8 and G K9 , as functions of the
wavelength ~the data are given for silver films!. Note that for
both quantities G K8 and G K9 not only the magnitude but also
the sign depends strongly on the wavelength. ~The positive
values are given by open triangles, the solid triangles represent the negative values.! For G K8 , the positive and negative
values are close in magnitudes and their dependence on the
wavelength l can be roughly approximated as u G K8 u ;l q 1 ,
where the exponent q 1 51.460.2. For G K9 , the magnitudes
of the positive values are systematically larger than those for
the negative values; the wavelength dependence of the positive enhancements G K9 .0 is approximated as G K9 .0;l q 2 ,
q 2 51.260.3, and the dependence of the negative enhancements is approximated as G K9 ,0;l q 3 , q 2 51.660.3. The
strong enhancement of the Kerr nonlinearity toward the long
wavelength part of the spectrum is due to the increase of the
local fields in this part of the spectrum ~see Figs. 3!.
The real and imaginary parts of G K are responsible for the
enhancement of the nonlinear refractive index and absorption, respectively. The above calculations were performed,
however, in the quasistatic approximation which does not
account for wave propagation effects. Still, the above results
can be used for a description of samples that are large compared to the wavelength. For example, they can be applied
for a large ~in comparison with l) multilayer system composed of many subwavelength-size films such as the ones
considered above; then, the obtained formulas define the enhanced microscopic nonlinear responses for each layer of the
multilayer system.
According to the above calculations, the enhancement is
very large and reaches, on average, values ;104 at l;1 m m
~the enhancement further increases for larger wavelengths!.
Such strong enhancements for the Kerr nonlinearities in
semicontinuous metal films indicate their high potential for
various applications based on large s (3)
~or « (3)
e
e ); for example, optical switches. A semicontinuous metal film might
also be used as a Fresnel lens in different applications.
B. Four-wave mixing

So far we considered optical responses of a semicontinuous metal film to a single incident light beam. A number of
nonlinear optical processes occur when several beams with,
in general, different frequencies are incident on a film. In this
paper, we consider four-wave mixing ~FWM! as a typical
process of this kind. The FWM is determined by a nonlinear
electric induction similar to Eq. ~37!;72
~3!

~3!

~1!

D a ~ v ! 5« abg d ~ 2 v s ; v 1 , v 1 ,2 v 2 ! E b E g8

~1!

E*
d

~2!

,
~51!

where v s 52 v 1 2 v 2 is the frequency of a field that is generated as a result of the wave mixing, v 1 is the frequency of
the incident waves with the amplitudes E(1) and E8 (1) , and
v 2 is the frequency of the incident wave with the amplitude
E(2) . Note that the induction in Eq. ~51! is proportional to the
complex conjugate of the applied field E(2) which indicates
that the generated wave can be thought of as a time-reversed
E(2) wave; this effect of the optical phase conjugation ~OPC!
makes possible the restoring of the wave phase-front.72
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Coherent anti-Stokes Raman scattering is an example of
the FWM. In one elementary act of the coherent anti-Stokes
Raman process, the two v 1 photons are converted into one
v 2 and one v s photon. Another example is degenerate
FWM; this process is used for the above mentioned optical
phase conjugation that can result in the complete removal of
optical aberrations.72 In degenerate FWM, all waves have the
same frequency ( v s 5 v 1 5 v 2 ) and differ only in their
propagation directions and, in general, in their polarizations.
In a typical OPC experiment, two oppositely directed pump
beams, with field amplitudes E(1) and E8 (1) , and a probe
beam, with amplitude E(2) ~directed at some small angle with
respect to the pump beams!, result in the OPC beam that
propagates against the probe beam, i.e., the wave vector ks of
the new OPC beam generated in the FWM process is equal
to ks 52k2 .
Because of the interaction geometry, the wave vectors of
the beams satisfy the relation k1 1k81 5k2 1ks 50. Clearly,
for the two pairs of oppositely directed beams with the same
frequency v the phase-matching conditions are automatically fulfilled making the OPC possible.72
For simplicity, we consider the degenerated FWM
~DFWM! process where all the components of the total applied field E(0) 5E(1) 1E8 (1) 1E(2) have the same amplitude
and polarizations. The effective nonlinear conductivity ~di(3)
electric constant! s (3)
(« (3)
e
e 5i4 ps e / v ), which results in
the DFWM, coincides with the above considered nonlinear
conductivity, which is responsible for the Kerr optical nonlinearity. Note also that the above nonlinear conductivity
s (3)
can be associated with either the metal-dielectric film
e
itself or molecules adsorbed on it. We first assume the latter
to be the case.
For coherent effects, including the ones discussed in this
section, the averaging is performed for the generated field
amplitude ~rather than intensity! or, equally, for the nonlinear current in the system.21,34 As shown in the previous section, the average nonlinear electric current, with the nonlinear conductivity given by Eq. ~41! is j (3) ( v )} s (3)
e
5 s (3) G K . The signal for coherent processes is proportional
2
to u j(3) u 2 } u s (3)
e u . Thus we conclude that the resultant enhancement for the degenerate ~or nearly degenerate! in frequency four-wave mixing can be expressed in terms of the
enhancement for the Kerr conductivity as
G FWM5

U U
s ~e3 !

s~3!

2

5 u G Ku 25

z^ E 2 ~ r! u E~ r! u 2 & z2
u E ~ 0 !u 8

.

~52!

If the nonlinear conductivity s (3) is due to metallic grains
in the film ~rather than due to the adsorbed nonlinear molecules!, the formula ~52! should be replaced by
G FWM5 p 2

z^ E 2 ~ r! u E~ r! u 2 & z2
u E ~ 0 !u 8

.

~53!

@See also Eq. ~49!.#
The numerical calculations for FWM were performed as
above for 100 random samples of the 5123512 size each. In
Figs. 7 we show the average enhancement G FWM as a function of the wavelength at p5 p c . The calculations were performed based on formula ~52!. Similar to the Kerr effect, the
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tric field Ev (r) excited in a film by the external field Ev(0)
generates the nonlinear current
j~s33 !v ~ r! 5 s ~33v! ~ r! E v2 ~ r! Ev ~ r! ,

~56!

with frequency 3 v , which flows in the layer of the adsorbed
molecules. This current in turn interacts with the film and
generates the ‘‘seed’’ electric field ~at frequency 3 v ) with
the amplitude given by
E~33v! ~ r! 5

j~s33 !v ~ r!

s ~31v! ~ r!

5

F G
s ~33v! ~ r!

s ~31v! ~ r!

E v2 ~ r! Ev ~ r! ,

~57!

where s 3(1)
v (r) is the linear conductivity of the adsorbed nonlinear molecule at the frequency 3 v . The electric field
E3(3)
v (r) can be thought of as an inhomogeneous external field
that excites the film at the 3 v frequency. The THG current
(3)
j3(3)
v (r) generated in the film by the seed field E3 v (r) can be
found now in terms of the nonlocal conductivity defined by
Eq. ~7! as
FIG. 7. The average FWM enhancement G FWM on a silver semicontinuous film as a function of the wavelength at p5p c . The film
sizes are 5123512.

average enhancement G FWM increases toward the infrared
part of the spectrum, reaching giant values ;109 at l'1
m m ~it keeps increasing further toward larger wavelengths!.
The increase with decreasing wavelength can be roughly approximated as G FWM;l q , where q52.260.2. The dependence on the film size will be discussed below in the last
subsection of this section. The above results indicate that
semicontinuous films can be used, in particular, as a phase
restoring material because of their high efficiency in the degenerate FWM resulting in the optical phase conjugation.

j~33v! ~ r! 5

^ j ~33v!a ~ r! & 5 s ~33v!e abg d E ~v0b! E ~v0g! E ~v0d! ,

~54!

where Ev(0) is the amplitude of the incident wave with frequency v and s 3(3)
v e abg d is the effective nonlinear conductivity. The nonlinear conductivity s (3)
3 v e for THG in an isotropic
medium can be expressed in terms of only one independent
constant so that the nonlinear current can be written as72 ~see
also discussion at the beginning of Sec. IV A!

^ j~33v!~ r! & 5 s ~33v!e E ~v0 ! 2 E~v0 ! ,

~55!

where s (3)
3 v e is the ~scalar! nonlinear conductivity; frequencies of the fields and currents are shown in the subscripts.
We assume that adsorbed molecules with nonlinear conductivity s 3(3)
v (r) result in THG from a film. The local elec-

Ŝ 3 v ~ r,r8 ! E~33v! ~ r8 ! dr8 ,

~58!

where Ŝ 3 v is the nonlocal conductivity at frequency 3 v and
the integration is over the entire film area. For the macroscopically isotropic films considered here the average THG
(0)
current ^ j3(3)
v (r) & is collinear with the average field E3 v
(3)
5 ^ E3 v (r) & . Thus we can write the average current in the
form

^ j~33v!~ r! & 5

E~30v!
E ~30v! 2

^ @ E~30v! •j~33v!~ r!# &

E~30v! 1
5 ~ 0 !2
E 3v A

C. Third harmonic generation

We consider now higher harmonic generations in semicontinuous metal films under the action of the incident wave
with frequency v , and we begin with the third-harmonic
generation ~THG!. The THG process is due to the third-order
nonlinearity. The corresponding average nonlinear current
that results in the generation of a signal with frequency 3 v
has the form

E

E

E~30v! Ŝ 3 v ~ r,r8 ! E~33v! ~ r8 ! drdr8 ,
~59!

where the integrations are again over the entire area A of the
(0)
(0)
film and E 3(0)2
v [(E3 v •E3 v ). The integration over the coordinate r gives

^ j~33v!~ r! & 5

E~30v!
E ~30v! 2

^ s 3 v ~ r!@ E3 v ~ r! •E~33v!~ r!# & ,

~60!

where s 3 v (r) is the linear film conductivity at frequency 3 v
and E3 v (r) is the local field induced in the film by the uniform field E3(0)
v oscillating with frequency 3 v .
When the frequency 3 v is within the band of plasmon
resonances, i.e., 3 v , v *
p the field E3 v (r) is also a subject of
giant fluctuations. Substituting in Eq. ~60! the expression for
the nonlinear field E3(3)
v (r) defined in Eq. ~57!, we obtain the
following equation for the THG current:

^ j~33v!~ r! & 5

E~30v!
E ~30v! 2

K F G
s 3 v ~ r!

s ~33v! ~ r!

s ~31v! ~ r!

L

@ E3 v ~ r! •Ev ~ r!# E v2 ~ r! .

~61!
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From this equation it follows that the average nonlinear current ^ j3(3)
v & resulting in the THG process can be expressed in
terms of the linear local fields Ev (r) and E3 v (r) which are
generated in the film by the uniform external fields Ev(0) and
E3(0)
v , respectively.
In the absence of metal grains, we can neglect the fluctuations and the fields Ev (r) and E3 v (r) coincide with the
fields Ev(0) and E3(0)
v , respectively. Therefore, for a film with
no metal grains on it ~but with nonlinear molecules!, we find

^ j~33v!0 ~ r! & 5E~30v! s d

F G
s ~33v! ~ r!

s ~31v! ~ r!

~ E~30v! •E~v0 ! ! ,

~62!

where s d 52i v « d /4p is the film linear conductivity with no
metal grains, i.e., the conductivity of the dielectric substrate.
As pointed out in the previous subsection, the nonlinear
current ~electric induction! should be averaged for coherent
effects to find a signal from the system. The generated 3 v
signal is proportional to the average current squared,
2
u ^ j3(3)
v (r) & u . Accordingly, the factor characterizing the
surface-enhanced THG is given by

G THG5

U

^ j~33v!~ r! &
^ j~33v!0 ~ r! &

U

2

~63!

.

As above, we assume that the adsorbed molecules possessing
nonlinear conductivity cover the film homogeneously so that
(1)
(3)
(3)
s 3(1)
v (r)5 s 3 v and s 3 v (r)5 s 3 v , i.e., both are r independent. Then substituting Eqs. ~61! and ~62! into Eq. ~63!, we
obtain the following equation for the enhancement G THG of
the THG process in semicontinuous metal films:

G THG5

5

U
U

U
U

^ s 3 v ~ r!@ E3 v ~ r! •Ev ~ r!# E v2 ~ r! &
s d ~ E~30v! •E~v0 ! ! E ~v0 ! 2

^ « 3 v ~ r!@ E3 v ~ r! •Ev ~ r!# E v2 ~ r! &
« d ~ E~30v! •E~v0 ! ! E ~v0 ! 2

2

2

,

~64!

where s 3 v (r), s d and « 3 v (r), « d are the linear conductivities and dielectric functions of the film with and without
metal grains, respectively ~for clarity, we also indicate the
frequencies v and 3 v in the subscripts!. The local fields in
Eq. ~64! resulting in the surface enhancement for the THG
experience giant fluctuations in the spectral range corresponding to the plasmon resonances, i.e., for v , v *
p , 3v
. v t ~see discussion in Sec. III!. This includes the optical,
infrared, and far-infrared spectral ranges, where a huge enhancement of the THG can be observed in semicontinuous
metal films.
When the frequency v of the incident wave is large
enough so that the third harmonic frequency 3 v is out of the
spectral range of the plasmon resonances, i.e., 3 v . v *
p , we
can neglect the fluctuations of the 3 v field in Eq. ~64! and
this equation simplifies to

G THG5

5
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u ^ s 3 v ~ r! Ev ~ r! E v 2 ~ r! & u 2
u s d u 2 u E ~v0 ! u 6
u ^ « 3 v ~ r! Ev ~ r! E v 2 ~ r! & u 2

« 2d u E ~v0 ! u 6

~65!

.

Note that in a macroscopically isotropic semicontinuous
metal film the surface enhancements of the THG given by
Eqs. ~64! and ~65! do not depend actually on the amplitude
of the external field Ev(0) . The field E3(0)
v in Eq. ~64! is in a
sense imaginary; it serves as a linear source of the fluctuating
field E3 v (r) and the amplitude of the field E3(0)
v can be chosen arbitrarily in calculations of the THG enhancement in
Eqs. ~64! and ~65!.
In Figs. 8 we show the average enhancements G THG as
functions of the wavelength which are calculated using Eqs.
~65! and ~64! @Figs. 8~a! and 8~b!, respectively#. Note that in
calculating the mean third and second harmonic signals we
first found the generated intensity for each film separately
and then averaged it over random samples. As for the processes considered above, the enhancements strongly increase
toward larger wavelengths reaching at l'3 m m the values
;107 and ;105 , for the cases of Eqs. ~64! and ~65!, respectively. The wavelength dependence of the THG enhancement
in Eqs. ~64! and ~65! can be approximated as G THG;l q , q
53.960.2 and G THG;l q , q52.160.2, respectively. ~See
also the discussion on the scaling in the dependence of G THG
on the film size given below.! Note that the enhancements
for THG are significantly less than those in the case of four
wave mixing, despite the fact that both processes are due to
the same, third, order of nonlinearity. This is due to the partially destructive interference of the local fields at different
points @see also the discussion accompanying Eq. ~31!#. The
magnitude of the enhancement in this case is smaller than
that predicted by the upper limit in Eq. ~31!.
As follows from Eqs. ~61! and ~62!, in the case when the
generated field Ev (r) does not excite the plasmon resonances in the film and the 3 v field is uniform, E3 v (r)
(3)
(3)
5E3(0)
v , the local currents j3 v (r) and j3 v 0 (r) depend only on
the local conductivities and fields at the same point r. In the
red and, especially, infrared parts of the spectrum, the distri2
2
2
bution of u j3(3)
consists of spatially
v (r) u } u Ev (r)E v (r) u
separated large peaks that can be probed independently by
means of near-field scanning optical microscopy. This means
that in this case we can consider the spatial distribution of
2
the local third-harmonic signals I 3 v (r)} u j3(3)
v (r) u and the local enhancements for THG defined as
g THG~ r! 5

U U U UU
j~33v! ~ r!

j~33v! ~ r!

2

5

v 3 v ~ r!
sd

2

U

Ev ~ r! E v 2 ~ r!
E~v0 ! E ~v0 ! 2

2

. ~66!

@We should note that since THG is a coherent process, the
average enhancement G THG cannot be found by simply averaging g THG(r).# In Fig. 9, we show the distribution
g THG(r) for the surface-enhanced local THG signals at two
different wavelengths, l50.5 m m and l51.5 m m. We can
see that the local THG signals consist of spatially separated
sharp peaks, as expected. The local enhancements can be
huge, up to 1013, for the chosen wavelengths. The spatial
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FIG. 9. Spatial distributions of the local THG enhancements
g THG(r) for l50.5 m m ~a! and l51.5 m m ~b! at p5p c .

frequency. However, this is not the case for nearly degenerate FWM, when all the waves have slightly different frequencies and the enhancements are especially large.
There is no simple formula for the local THG signal when
the frequency of the third harmonic is less than the renormalized plasma frequency 3 v , v *
p . In this case, the THG amplitudes excite the giant field fluctuations at 3 v frequency,
so that the THG field experience the additional enhancement
considered above. Still, in this case, we can also anticipate
highly localized sharp peaks for the local field intensities at
frequency 3 v that can be probed using the methods of nearfield optics.
FIG. 8. The average THG enhancement G THG on a silver semicontinuous film as a function of the wavelength at p5p c . ~a! No
additional enhancement associated with the excitation of the film
resonances at 3 v ; ~b! the additional enhancement is included. The
film sizes are 5123512.

positions of the hot zones for the local nonlinear scattering
associated with THG are very sensitive to the frequency of
the incident light. We emphasize again that the enhancements in the peaks significantly exceed the average background enhancement. As above, the reason for this is, in part,
the destructive interference between generated fields in different points, and, in part, the fact that the peaks are separated by distances significantly larger than their spatial sizes.
For a frequency-degenerate coherent process, such as
DFWM, one cannot find the local enhancement in such a
simple way as above. Also we note that for frequencydegenerate nonlinear processes on random semicontinuous
films one probably cannot distinguish in experiment the local
nonlinear field from the local linear field at the same point;
this is because both linear and nonlinear fields have the same

D. Second harmonic generation

Second harmonic generation ~SHG! is a nonlinear process
resulting in the generation of the signal at double frequency
2 v when light with frequency v is incident on a system. The
second harmonic wave is generated due to the nonlinear current j(2) (2 v ) which is expressed in terms of the amplitude of
the macroscopic field E(0) ( v ) at fundamental frequency v as
!
j ~a2 ! ~ 2 v ! 5 s ~e2abg
~ 2 v ! E ~b0 ! ~ v ! E ~g0 ! ~ v ! ,

~67!

where s e(2)
abg (2 v ) is the tensor of the effective nonlinear
conductivity responsible for the SHG process. ~Note that in
this subsection we put frequencies in the arguments of the
considered quantities to avoid awkward indices.! The existence of the SHG conductivity applies some restrictions on
the symmetry of the system. For example, the tensor of the
nonlinear conductivity is equal to zero for centrosymmetric
media.72 As a result, a relation between the SHG current and
microscopic fields cannot be reduced to a simple vector form
as in the case of the THG and FWM processes considered
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above. @Note that usually the phenomenon of SHG is described in terms of the nonlinear dielectric function « (2)
5i4 ps (2) /(2 v );72 however, we will keep the concept of
nonlinear currents and conductivities chosen for this paper,
which is completely equivalent to the concept of nonlinear
polarizations and dielectric functions ~susceptibilities!.#
We will assume that a semicontinuous metal film, which
is macroscopically homogeneous and isotropic, is covered by
a layer of the SHG-active molecules. Then the local electric
field E( v ,r) excited by the external field E(0) ( v ) generates
linear and nonlinear currents j(1) ( v ,r) and j(2) (2 v ,r) in the
adsorbed molecules. The nonlinear current is expressed in
terms of the local field E( v ,r) in the following way:
2!
j ~s,2a! ~ 2 v ,r! 5 s ~abg
~ 2 v ! E b ~ v ,r! E g ~ v ,r! ,

^ j~ 2 !~ 2 v ,r! & 5

^ j~ 2 !~ 2 v ,r! & 5

j ~s2a! ~ 2 v ,r!

s ~ 1 !~ 2 v !

5

F

2!
s ~abg
~2v!

s ~ 1 !~ 2 v !

G

E b ~ v ,r! E g ~ v ,r! ,
~69!

5

5

E
E

KE
F G

F

2!
s ~bg
d~ 2 v !

s ~ 1 !~ 2 v !

G

E g ~ v ,r8 ! E d ~ v ,r8 ! ,dr8 ,
~70!

where the integration is over the entire area A of the film. As
above, the summation over the repeating Greek indices
~which take values 1 and 2 in the considered 2D case! is
implied. The second equality in the above equation is obtained by substituting the field E s(2)
b (2 v ,r) from Eq. ~69!.
Now we introduce the uniform probe field
E~ 0 ! ~ 2 v ! 5 ^ E~s2 ! ~ 2 v ,r! & ,

2!
s ~bg
d~ 2 v !

s ~ 1 !~ 2 v !

E~ 0 ! ~ 2 v ! 1
E ~ 0 !2~ 2 v ! A

F

E ~a0 ! ~ 2 v ! S ab ~ 2 v ,r,r8 !

E

2!
s ~bg
d~ 2 v !

s ~ 1 !~ 2 v !

E g ~ v ,r8 ! E d ~ v ,r8 ! ,dr8

G

L

E ~a0 ! ~ 2 v ! S ab ~ 2 v ,r,r8 !

E g ~ v ,r8 ! E d ~ v ,r8 ! ,dr,dr8 ,
~73!

where both integrations are over the film area A. Integrating
Eq. ~73! over r and using the symmetry of the nonlocal conductivity @see Eq. ~9! and the accompanying discussion#, we
obtain
E~ 0 ! ~ 2 v ! 1
^ j ~ 2 v ,r! & 5 ~ 0 ! 2
E ~2v! A
~2!

F

3

5

Es

2!
s ~abg
~2v!

s ~ 1 !~ 2 v !

E~ 0 ! ~ 2 v !
E ~ 0 !2~ 2 v !

F

S ab ~ 2 v ,r,r8 ! E ~s2b! ~ 2 v ,r8 ! dr8

3

~72!

E ~ 0 !2~ 2 v !

3

S ab ~ 2 v ,r,r8 !

^ @ E~ 0 !~ 2 v ! •j~ 2 !~ 2 v ,r!# & .

E~ 0 ! ~ 2 v !

3

where s (1) (2 v ) is the linear conductivity of the adsorbed
molecules at frequency 2 v , which is assumed to be a scalar.
We consider the electric field E(2)
s (2 v ,r) as an external nonuniform electric field that excites the local current
j(2) (2 v ,r) in a semicontinuous film at frequency 2 v . This
current can be found using the nonlocal conductivity matrix
defined by Eq. ~7!; this gives
j ~a2 ! ~ 2 v ,r! 5

E ~ 0 !2~ 2 v !

3

(2)
s abg
(2 v )

E ~s2a! ~ 2 v ,r! 5

E~ 0 ! ~ 2 v !

Substituting in the above equation the expression for the current j(2) (2 v ,r) from Eq. ~70!, we obtain

~68!

is the nonlinear conductivity of the molwhere
ecule layer which is responsible for SHG. For the sake of
simplicity, we assume that the SHG molecules cover a semicontinuous metal film uniformly and, therefore, the linear
and nonlinear conductivities of the molecular layer s (1) and
s (2) are independent of the coordinate r in the film plane.
We also assume that the linear conductivity s (1) is a scalar.
The nonlinear current given by Eq. ~68! excites the seed
electric field with frequency 2 v ,
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K

G

~ 2 v ,r! E a ~ 2 v ,r!

E g ~ v ,r! E d ~ v ,r! dr

s ~ 2 v ,r! E a ~ 2 v ,r!

2!
s ~abg
~2v!

s ~ 1 !~ 2 v !

G

L

E b ~ v ,r! E g ~ v ,r! , ~74!

where the field Ea (2 v ,r) is the local field excited in the film
by the uniform external field E(0) (2 v ) and s (2 v ,r) is the
~linear! local film conductivity at the second harmonic frequency.
For the following consideration it is instructive to present
the local fields as E( v )5e1 ( v )E( v ) and E(2 v )
5e2 (2 v )E(2 v ), where e1 and e2 are real unit vectors of
polarization @ (e1 •e1 )51, (e2 •e2 )51#. Then Eq. ~74! can be
rewritten in the form

^ j~ 2 !~ 2 v ,r! & 5

E~ 0 ! ~ 2 v !
E ~ 0 !2~ 2 v !
3 ^ s ~ 2 v ,r! h ~ v ,r! E ~ 2 v ,r! E 2 ~ v ,r! & ,
~75!

~71!

where ^ ••• & denotes, as above, the average over the film
area A. Since we consider macroscopically isotropic semicontinuous films the average nonlinear current ^ j(2) (2 v ,r) &
has the same direction as the field E(0) (2 v ), and it can be
written as

where the function h ( v ,r) is defined as

h ~ v ,r! 5

F

2!
s ~abg
~2v!

s ~ 1 !~ 2 v !

G

e 2 a ~ 2 v ,r! e 1 b ~ v ,r! e 1 g ~ v ,r! .
~76!
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Since all fluctuating quantities in Eq. ~76! are of the order of
unity it is plausible to suggest that the function h (r) fluctuates over the film much less than the local field amplitudes
E( v ,r) and E(2 v ,r). There is also no reason for the zeros
of the function h (r) to coincide systematically with the
maxima of the amplitudes. Therefore, for the estimation of
the order of magnitude one can use the decoupling procedure
and replace h ( v ,r) by its average value which we denote as
h̃ ( v )5 ^ h ( v ,r) & . Then Eq. ~75! for the second-harmonic
current acquires the simple form

^ j~ 2 !~ 2 v ,r! & 5

E~ 0 ! ~ 2 v !
E~ 0 ! 2 ~ 2 v !

h̃ ~ v !

3^ s ~ 2 v ,r! E ~ 2 v ,r! E 2 ~ v ,r! & .

~77!

In the absence of metal grains there are no local field fluctuations. Under the same assumption, as above the nonlinear
current is equal to
j~ 20! ~ 2 v ! 5

E~ 0 ! ~ 2 v !
E~ 0 ! 2 ~ 2 v !

h 0 ~ v ! s d E ~ 0 !~ 2 v ! E ~ 0 ! 2 ~ v ! ,
~78!

(2)
h 0 ( v )5 @ s abg
/ s (1) # e 20a e 10b e 10g ,

where
and e10 and e20 are
the unit vectors of the polarization of the fields E(0) ( v ) and
E(0) (2 v ), respectively.
The enhancement factor for SHG is given by the modulus
squared of the ratio of the average nonlinear currents with
and without metal grains @cf. Eq. ~63!# G SHG5
2
u ^ j(2) (2 v ,r) & u 2 / u j(2)
0 (2 v ) u . Assuming that the ratio h̃ / h 0 is
of the order of unity we obtain the following estimate for the
SHG enhancement:
G SHG;

u ^ s ~ 2 v ,r! E2 ~ v ,r! E~ 2 v ,r! & u 2
u s d u 2 u E~ 0 ! ~ v ! u 4 u E~ 0 ! ~ 2 v ! u 2

.

~79!

In the case when the second harmonic frequency is above the
renormalized plasma frequency, i.e., 2 v . v *
p @Eq. ~2!# the
local field fluctuations can be neglected at frequency 2 v .
Then the local field E(2 v ,r)'E(0) (2 v ) and the surface enhancement for SHG simplifies to
~80!

FIG. 10. The average SHG enhancement G SHG on a silver semicontinuous film as a function of the wavelength at p5 p c . ~a! No
additional enhancement due to excitation of the film resonances at
2 v ; ~b! the additional enhancement is included. The film sizes are
5123512.

The enhancement of the SHG process given by Eqs. ~79! and
~80! does not depend on the amplitudes of the fields
E(0) ( v ) and E(0) (2 v ) for the macroscopically homogeneous
and isotropic random semicontinuous films considered here.
These fields can be taken as arbitrary for the computer simulation of the local fields E( v ,r) and E(2 v ,r) excited by
E(0) ( v ) and E(0) (2 v ).
In Figs. 10~a! and 10~b!, the average enhancements G SHG
found from Eqs. ~80! and ~79! are shown as functions of the
wavelength. ~As above, p5 p c , the film sizes are 5123512,
and the results were averaged over 100 realizations of the
system!. As seen in the figure, the enhancement increases
toward the infrared part of the spectrum reaching values
;104 and ;106 at l'3 m m, in the first and second cases,
respectively. The corresponding wavelength dependencies

can be approximated by power-law expressions with indices
4.760.3 and 6.160.4, for the above two cases.
Similar to the consideration of the local THG in the previous subsection, we can calculate spatial distributions of the
local SHG signals, provided that the generated frequency is
outside of the film resonance band, so that the local current
j(2) (2 v ,r) depends only on the local conductivities and
fields taken at the same point r. As above, in the red and,
especially, infrared parts of the spectrum, the distribution of
u j(2) (2 v ,r) u 2 } u E(2 v ,r) u 2 consists of very large spatially
separated peaks, which can be probed independently by
means of near-field scanning optical microscopy. Thus, it is
important to consider the spatial distributions of the local
SHG signals I 2 v (r)} u j(2) (2 v ,r) u 2 and the local enhancements for SHG, defined as

G SHG;

u ^ s ~ 2 v ,r! E2 ~ v ,r! & u 2
u s d u 2 u E~ 0 ! ~ v ! u 4

.
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FIG. 11. Spatial distributions of the local SHG enhancements
g SHG(r) for l50.5 m m at p5p c .

g SHG~ r! 5

u s ~ 2 v ,r! u 2 u E~ v ,r! u 4
u s d u 2 u E~ 0 ! ~ v ! u 4

.

~81!

In Fig. 11 we show the SHG distribution g SHG(r) at l
50.5 m m. We can see that the local SHG signals are formed
by spatially separated sharp peaks. The local enhancements
can be huge, up to 108 . It is interesting to note that the
average enhancement for SHG is small; at l50.5 m m it is
only of the order of 10, whereas the local enhancements can
be very large. As in the case of the THG process, this is due
to the destructive interference of the fields generated from
different points of the film and large spatial separations of
the peaks. The spatial positions of the hot zones for the local
SHG signal are sensitive to the incident wave frequency,
which is the same as for the above considered nonlinear processes.
Note that when SHG is very efficient, the energy associated with the nonlinear current j(2 v ) can be transformed
back to j( v ) due to the same nonlinear conductivity s (2)
which provides the SHG. This would result in nonlinear corrections to the absorption and refraction, an effect which was
described above in terms of the third-order nonlinear conductivity s (3) responsible for the Kerr effect. This is an example of the so-called cascaded nonlinearities that simulate
with s (2) the optical effects typically associated with s (3) .73
This phenomenon is very important for a number of applications in nonlinear optics, such as s (2) -based materials for
optical switches and soliton localization.73 Semicontinuous
metal films providing very strong enhancements for secondorder optical nonlinearities can be considered as candidates
for advanced optical materials with large cascaded nonlinearities.
In our above calculations of the optical nonlinearities we
used samples of the same size, 5123512. Below, we show
that the enhancements for nonlinear optical processes scales
with the film size.
E. Size-effects for nonlinear optical processes
on a semicontinuous film

Different peaks in the field distributions ~see, for example,
Fig. 3! correspond to the fields that can have correlated
phases and therefore can interfere. This implies that there
may be a characteristic phase-coherence length l p which is
larger than or comparable to the size of the film. In this case,
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the enhancement is anticipated to depend on the film size. In
Fig. 12, we show results of our calculations of enhancements
for the nonlinear optical processes performed for different
film sizes. We used three different ensembles in these calculations consisting of 100 samples of 5123512 size, 400
samples of 2563256 size, and 1600 samples of 1283128
sizes. In Fig. 12, we plot the ‘‘scaled’’ enhancements
G (n) (L)(L/L 0 ) a , where L 0 5512 as in the above calculations
~the results shown with triangles!, L5256 ~circles!, and L
5128 ~crosses!. The following nonlinear processes are
shown in the figure: 12~a! FWM ( a 52.2 was used to collapse the data on the same curve!; 12~b! and 12~c!: THG
with and without the ‘‘additional’’ enhancement at the generated frequency 3 v ( a 52.1 and a 52.0 were used, respectively!; 12~d! and 12~e!: SHG with and without the ‘‘additional’’ enhancement at the generated frequency 2 v ( a
52.0 for both cases!. Similar calculations for the enhanced
Kerr nonlinearity ~not shown! give a 51.1 for u G K8 u , a
50.7 for G K9 .0, and a 51.4 for G K9 ,0. ~Note that for G K
the calculations show large deviations of the average values.!
The above indicated values of a were used to provide the
best collapse of the data for different sizes L. However,
within the standard deviation, all the results can be roughly
expressed as
G ~ n ! }L 22 ,

~82!

for parametric processes, such as FWM and THG (n53),
and SHG (n52), and
G K }L 21

~83!

for the nonparametric process, such as nonlinear refraction
and absorption described by the Kerr susceptibility.
We should stress that the number of different sizes of the
semicontinuous metal film (L5128, 256, 512) investigated
by the computer experiment is not enough to make definite
conclusions about the indexes a or to attempt to develop
some L-l scaling for the enhancements of the various nonlinearities originating from the giant fluctuations of the local
field in the films. Yet the above results can be considered as
an indication that there is a destructive ~in part! interference
between the well-separated peaks in the field distributions;
these peaks often represent morphologically disconnected
parts of the same antisymmetric ~or partially antisymmetric!
mode, so that their contributions cancel each other in part.
Also, we can conclude that the phase-coherence length is
comparable or larger than the size of the samples used in our
calculations. Because Raman scattering is a local effect and
the enhancement given by Eq. ~50! depends only on the field
magnitudes ~but not their phases!, the enhancement for Raman scattering does not depend on the size of the sample.
This was verified in our simulations ~not shown!.
We also note that the above results on the size effect for
the enhanced nonlinear optical processes in a semicontinuous
film are different from those obtained previously in
fractals.21 For fractals, because of the localization of the
modes, different hot spots in most cases are not phase correlated, and the enhancements do not depend on the size of the
sample. To verify this, we recently performed calculations
~similar to those described in Ref. 21! for fractal smallparticle aggregates and for self-affine films with very differ-
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FIG. 12. The ‘‘scaled’’ enhancements G ( n ) (L)(L/L 0 ) a for various nonlinear optical processes. L 0 5512 ~triangles!, L5256 ~circles!, and
L5128 ~crosses!. ~a! FWM ( a 52.2), ~b! THG with an additional enhancement at 3 v ( a 52.1), ~c! THG with no additional enhancement
( a 52.0), ~d! SHG with an additional enhancement at 2 v ( a 52.0), and ~e! SHG with no additional enhancement ( a 52.0).

ent sizes; the calculations showed that in fractals there is no
size effect similar to the one described above for semicontinuous metal films, at least for fractal samples with the number of particles up to N510 000 used in our simulation.
V. CONCLUSIONS

In this paper we studied surface-enhanced optical nonlinearities of random metal-dielectric films ~also referred to
throughout the text as semicontinuous films!. We showed
that electric fields in such films consist of localized sharp
peaks resulting in very inhomogeneous spatial distributions
of local fields. In peaks ~hot spots!, the local fields exceed
the applied field by several orders of magnitudes. These
peaks are localized in nm-sized areas and can be associated
with the plasmon modes of metal clusters formed in a semicontinuous film. For any particular frequency in the visible

infrared and far-infrared spectral ranges we can find a family
of metal clusters so that each cluster from the family possesses a plasmon resonance. The amount of metal grains
comprising these resonance clusters is negligibly small in
comparison with the total number of metal grains. Nevertheless, the resonance clusters densely cover the entire surface
of the film due to their fractality. The incident light excites
the resonance clusters and they interact with each other. As a
result, the local field is concentrated in sharp peaks placed in
some subset of the resonance clusters. The amplitudes of the
peaks and the average distances between them increase towards the infrared.
The strongly fluctuating fields associated with the sharp
peaks in various random parts of a film, result in giant enhancements of nonlinear optical processes since they are proportional to the enhanced local fields raised to a power
higher than 1. Because of such a pattern for the local field
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FIG. 12. ~Continued!.

distribution, the nonlinear signal is mostly generated from
very small nm-sized areas. The corresponding spatial distributions for the generated fields also look similar to a set of
very sharp peaks ~actually, even sharper than those for the
field at fundamental frequency!. The enhancement in these
peaks is much larger ~by several orders of magnitude! than
the ensemble-average enhancement because the peaks are
separated by distances much larger than the peak sizes which
are comparable with the metal grain sizes. Another important
reason is related to the fact that the well-separated peaks are
represented as being often disconnected in space parts of the
same mode and, therefore, are correlated in phase. Destruc-
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tive ~in part! interference between the local fields in different
parts of the film results in the decreased average enhancements. Note that the latter mechanism of the destructive interference is not important for incoherent processes, such as
Raman scattering. Both the local and average enhancements
for nonlinear optical processes strongly increase toward the
long-wavelength part of the spectrum.
Since the applied ~fundamental! and generated fields
have, in general, different frequencies and polarizations, they
excite different eigenmodes of the film so that the field spatial distributions for the fundamental and generated waves
are different as well. Accordingly, the spatial positions of the
hot spots at the fundamental and generated frequencies are
located, in general, in different parts of a film. This picture is
expected to be typical for various optical processes in
strongly disordered systems,32,35 such as the random semicontinuous films studied here ~similar field patterns also occur, for example, in metal fractal aggregates21 and self-affine
thin films24!. Specifically, hot spots associated with fields at
different frequencies and polarizations are localized in spatially separated nm-sized areas. Note also that because the
hot spots are localized in nm-sized areas and provide giant
enhancement in their locations, a fascinating possibility of
nonlinear spectroscopy of single molecules on a semicontinuous metal film becomes feasible. These nanooptical effects can be probed, for example, with near-field scanning
optical microscopy providing subwavelength spatial resolution.
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