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The results of theoretical and experimental studies of nonlinear optical phenomena in
fractal nanostructures are reviewed. Localization of optical excitations in fractal metal
nanocomposites, such as colloidal aggregates, self-affine and semicontinuous films, results
in strong enhancements of optical nonlinearities. The localized modes of fractals cover a
broad spectral range, from the visible to the far-infrared. A number of optical processes
are studied such as the Kerr-type nonlinearities, four-wave mixing, second and third
harmonic generation and frequency- and polarization-selective photomodification.

1. Introduction

Giant enhancement of optical responses in metal'nanocomposites and rough thin
films consisting of small nanometer-sized particles or roughness features has been
intensively studied during the last few years, and a number of fascinating optical
phenomena have been discovered, such as a giant enhancement of optical nonlin-
earities. This enhancement is associated with optical excitation of surface plasmons
which are collective electromagnetic modes and strongly depend on the geometrical
structure of the material.

Typically, nanocomposites and rough thin films are characterized by fractal ge-
ometry. The emergence of the concept of fractals was a significant breakthrough
in the description of irregularity. Fractal objects are not translationaly invariant
and, therefore, cannot transmit running waves. Accordingly, collective excitations,
such as surface plasmons, tend to be localized in fractals.)’> Mathematically, this
is a consequence of the fact that plane running waves are not eigenfunctions of the
operator of dilation symmetry that characterizes fractals.

131



132 V. M. Shalaev et al.

In fractals, collective plasmon oscillations are strongly affected by the fractal
morphology, leading to the existence of “hot” and “cold” spots (i.e., areas of high
and low local fields). In many cases, local enhancements in the hot spots exceed
the average surface enhancement by many orders of magnitude because the local
peaks of the enhancement are spatially separated by distances much larger than the
peak sizes. Also, the spatial distributions of these high-field regions are very sensi-
tive to the frequency and polarization of the applied field.2” The positions of the
“hot spots” change chaotically but reproducibly with frequency and /or polarization.
This is similar to speckle created by laser light scattered from a rough surface with
the important difference that the scale-size for fractal plasmons in the hot spots is
in the nanometer range rather than in the micrometer range for photons.

Two classes of surface plasmons are commonly recognized: localized surface
plasmons (LSP) and surface plasmon waves (SPW). (SPW are also called surface
plasmon polaritons (SPP) — coherent mixture of plasmons and photons.) SPW
propagate laterally along a metal surface whereas LSP are confined to metal parti-
cles that are much smaller in size than the wavelength of the incident light. However,
in fractal media, plasmon oscillations in different forms strongly interact with each
other via dipolar or, more generally, multipolar forces. Thus, plasmon oscillations
on a self-affine surface and in a fractal aggregate are neither conventional SPW
nor independent LSP. Rather, they should be treated theoretically as collective
eigenmodes arising from multipolar interactions in a fractal object.

Fractal nanostructured materials can be fabricated with the aid of well-established
chemical and depositional methods. Forvexample, colloidal clusters with the fractal
dimension D = 1.78 can be grown in colloidal solutions via the aggregation pro-
cess which is known as the cluster-cluster (or Meakin) aggregation.® Alternatively,
clusters with fractal dimension D = 2.5 can be grown by the particle-cluster aggre-
gation process (termed Witten-Sander aggregation or WSAS), Also, by controlling
conditions of atomic beam deposition and substrate temperature, self-affine thin
films may be grown with various fractal dimensions. 9 Finally, metal-dielectric films
(called also semicontinuous metal films) produced by metal sputtering onto an insu-
lating substrate also include fractal clusters of metal granules near the percolation
threshold.®?®

The fractal plasmon, as any wave, is scattered from density fluctuations (or,
in other words, fluctuations of polarization). The strongest scattering occurs from
inhomogeneities of the same scale as the wavelength. In this case, interference
in the process of multiple scattering results in Anderson localization. Anderson
localization corresponds typically to uncorrelated disorder. A fractal structure is
in some sense disordered, but it is also correlated for all length scales, from the
size of constituent particles, in the lower limit, to the total size of the fractal, in
the upper limit. Thus, what is unique for fractals is that because of their scale-
invariance, there is no characteristic size of inhomogeneity — inhomogeneities of
all sizes are present from the lower to the upper limit. Therefore, whatever the
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plasmon wavelength, there are always fluctuations in a fractal with similar sizes, so
that the plasmon is always strongly scattered and, consequently, localized.2?

Large fluctuations of local electromagnetic fields in inhomogeneous metal nano-
structures result in several optical effects. A well-known effect is the surface-
enhanced Raman scattering (SERS) by molecules adsorbed on a rough metal surface
or on aggregated colloid particles.!* A giant enhancement of nonlinear optical re-
sponses was predicted’? for metal fractals. In an intense electromagnetic field, a
dipole moment induced in a particle can be expanded in a power series:
d = aVEF) + P [E®)? + oB[E(r)] + .-+, where oD is the Linear polariz-
ability of a particle, «®, a® are the nonlinear polarizabilities and E(r) is the
local field at the site 7. The polarization of the medium (dipole moment per unit
volume), which is an additional source of electromagnetic field in a medium, can be
represented in an analogous form with the coefficients called susceptibilities. When
the local field considerably exceeds the applied field, E{®), huge enhancements of
nonlinear optical responses occur. Our paper is concerned with the theoretical and
experimental results obtained in'this promising area.

2. Surface-Enhanced Optical Responses

Below we consider enhancement of optical responses on different fractal surfaces,
such as aggregates of colloidal particles, self-affine thin films and semicontinuous
metal films in a vicinity of the percolation threshold. We assume that each site of
the surface possesses a required nonlinear polarizability, in addition to the linear one.
The local fields associated with the light-induced eigenmodes of a fractal surface
can significantly exceed the applied macroscopic field, E(®). For metal surfaces, this
enhancement increases toward the infrared part of the spectrum where resonance
quality-factors are significantly larger, in accordance with the Drude model of a
metal. 2> ‘

2.1. Kerr-Type Nonlinearity

We begin our consideration with the Kerr-type nonlinearity, X(S)(—w;w,w,—w),
that is responsible for nonlinear corrections to absorption and refraction. This type
of optical nonlinearity can be used, in particular, for optical switches and optical
limiters. The local nonlinear dipole, in this case, is proportional to |E(r)|2E(r),
where E(r) is the local field at the site r. For the resonant eigenmodes, the local
fields exceed the macroscopic (average) field by a quality-factor, g.

The fields generated by the nonlinear dipoles can also excite resonant eigen-
modes of a fractal surface resulting in the additional “secondary” enhancement
o E(r)/E©. Accordingly, the surface-enhanced Kerr-susceptibility, ¥, can be
represented as (the angular brackets in the following formulas denote an ensemble-
average)?

o - (EQPEQ)

(3) /0 (3) _
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Here x®) is the initial “seed” susceptibility; it can be associated with some ad-
sorbed molecules (then, %® represents the nonlinear susceptibility of the composite
material consisting of the adsorbed nonlinear molecules and a surface providing the
enhancement). The seed x(® can be also associated with an isolated colloidal par-
ticle. Then, Gk represents the enhancement due to clustering of initially isolated
particles into aggregates, with the average volume fraction of metal given by p. The
applied field with the frequency in the visible, near IR or IR parts of the spectrum
is typically off resonance for an isolated colloidal particle (e.g., silver) but it does
efficiently excite the eigenmodes of fractal aggregates of the particles; the fractal
eigenmodes span a large frequency interval including the visible and infrared parts
of the spectrum.?°

For simplicity, we assume that E(© in Eq. (1) is linearly polarized and therefore
can be chosen real. The above formula was proven®” from rigorous first-principle
considerations. Note also that Gx depends on the local-field phases and it contains
both real and imaginary parts.

2.2. Four-Wave Mixzing

Because of the random character of fractal surfaces, the high local fields associated
with the localized eigenmodes look like strong spatial fluctuations. Since a nonlinear
optical process is proportional to the local fields raised to some high power, the
resultant enhancement associated with the fluctuation area (“hot” spot) can be
extremely large. In a sense, one can say that enhancement of optical nonlinearities
is especially large in fractals because of very strong field fluctuations.

Four-wave mixing (FWM) is determined by the nonlinear susceptlblhty similar
to Eq. (1) ng,y s(—ws; w1, w1, —w2), where w, = 2w; —w, is the generated frequency,
and w; and w; are the frequencies of the applied waves. Coherent anti-Stokes Raman
scattering (CARS) is an example of FWM. In one elementary CARS process, two wy
photons are transformed into the wy and w, photons. Another example is degenerate
FWM (DFWM); this process is used for optical phase conjugation (OPC) that can
result in complete removal of optical aberrations.'® In DFWM, all waves have the
same frequency (ws = w; = ws) and differ only by their propagation directions
and, in general, by polarizations. In a typical OPC experiment, two oppositely
directed pump beams, with field amplitudes E®) and E'®), and a probe beam, with
amplitude E® (and propagating at a small angle to the pump beams), result in a
OPC beam which propagates against the probe beam. Because of the interaction
geometry, the wave vectors of the beams satisfy the equation k; +kj =k, +k, = 0.
Clearly, for the two pairs of oppositely directed beams, that have the same frequency
w, the phase-matching conditions are automatically fulfilled.!3

The nonlinear susceptibility, x(®, that results in DFWM, also leads to the (con-
sidered above) nonlinear refraction and absorption that are associated with the Kerr
optical nonlinearity. Note also that, as above, the nonlinear susceptibility, x®®), can
be associated with either the fractal surface itself or molecules adsorbed on the
surface.
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For coherent effects, including the ones discussed in this section, averaging is
performed for the generated field amplitude (rather than intensity) or, equally, for
the nonlinear polarization of a medium. The average polarization, P(®)(w), is pro-
portional to the nonlinear susceptibility, P (w) o« ¥® = x(®)Gg. The measured
signal for coherent processes is proportional to |¥(®[2. Thus we conclude that the
resultant enhancement for degenerate (or near degenerate) four-wave mixing can be
expressed in terms of the enhancement for the Kerr susceptibility as follows®

(E@)|*[E@)]*) |
EOEE

(2)

Grwum = lG’K|2 =

Note that one can equally describe the optical response of the medium in terms
of nonlinear currents rather nonlinear polarizations; these two approaches are com-
pletely equivalent.”

2.3. Raman Scatlering

Raman scattering is a linear optical processes. For small Stokes shifts, however,
the surface-enhanced Raman scattering is proportional to an average of the fourth

power of the local fields,5! so that the corresponding enhancement factor is®
4
(melY 3
g =~ ——. ®3)
[E©)]

Note that in contrast to the enhanced Kerr nonlinearity considered above, Ggg is
real and the local enhancement is phase insensitive, so that there is no destruc-
tive interference of signals from different points of a surface. As a result, Ggs is,
typically, much larger than Gg. '

2.4. Harmonic Generation

Under some simplifying conditions, the enhancement for the second harmonic gen-
eration can be written as? :

swne=[([55] (55

where Eég,) and Ey, (r) are the macroscopic and local linear fields at frequency 2w.

2

(4)

If there is no enhancement at frequency 2w, then Ey,(r) = Eéow .
The above formula can be easily generalized for the n-th harmonic generation:

)

Note that the above formulae are valid for arbitrary surfaces, either fractal or non-
fractal. In fractals, however, because of the extremely large field fluctuations the

2

(5)
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ensemble average enhancements are typically much larger than for non-fractal sur-
faces. In addition, the fractal modes provide enhancements in a very large spectral
range including the infrared part, where the enhancement is particularly large be-
cause of the high quality-factor for metal surfaces in this spectral range.? We will
also show below that the local enhancements in the “hot” zones (associated with
the localized eigenmodes) can exceed the ensemble-average enhancement by many
orders of magnitude.

3. Fractal Aggregates of Colloidal Particles

As is well known, there is only one dipolar mode that can be excited by a homoge-
neous field in a spherical object. For a 3-dimensional (non-fractal) collection of small
particles, such as randomly close-packed hard spheres of particles or a random gas
of particles, absorption spectra are peaked near the relatively narrow resonance of
the individual particles, i.e., all eigenmodes of the collection of particles are located
within a small spectral interval.5

In contrast to such conventional (non-fractal) 3-dimensional systems, dipolar
interactions in low-dimensional fractal clusters are not long range. This results
in the spatial localization of the eigenmodes at various random locations in the
cluster.2719 The spectrum of these eigenmodes exhibits strong inhomogeneous
broadening as a result of the spatial variability of the local environment. It is
also important to note that, despite the asymptotically zero mean density of par-
ticles in a fractal cluster, a high probability always exists of finding a number of
particles in close proximity to a given particle (stated more precisely, in fractals,
the pair correlation g oc rP~¢ (D < d), where D is the fractal dimension and d is
the dimension of the embedding space; accordingly, g becomes large at small r).
Thus, objects with fractal morphology possess an unusual combination of properties.
Namely, despite the fact that the volume fraction filled by N particles in a fractal
is very small, « N1=%/D _ 0, strong interactions nevertheless exist between neigh-
boring particles.? These strong interactions between neighboring particles, which
are highly variable because of the variability of local particle configurations in a
cluster, lead to the formation of inhomogeneously broadened eigenmodes covering
a broad spectral range.*5

Localization of eigenmodes in fractals leads to a patchwork-like distribution of
the local fields associated with “hot” and “cold” zones.2~%10 This, in turn, results in
large spatial fluctuations of local fields in fractal composites and in giant enhance-
ments of various optical effects.210:12:14

For the special case of fractals formed by metal particles, the dipole eigenmodes
span the visible and infra-red regions of the spectrum,; since the mode quality-factors
increase with wavelength, local fields are especially large in the long wavelength part
of the spectrum.?>

Electron microscope pictures of a typical aggregates of silver colloidal particles
are shown in Figs. 3(a) and 3(c). The fractal dimension of these aggregates is
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D =~ 1.78. Using the well-known model of cluster-cluster aggregation, colloidal
aggregates can be readily simulated numerically.® Note that voids are present at all
scales from the minimum one (about the size of a single particle) to the maximum
one (about the size of the whole cluster). This is indication of the statistical self-
similarity of a fractal cluster. The size of an individual particle is ~ 10 nm, whereas
the size of the whole cluster is ~ 1 pm.

1 T T T T T T T T
: Monomers
Colloidal aggregates —----

0.5

Absorption

| 1 1
900 1000 1100 1200

Fig. 1. Absorption spectra of a polymer film, doped by silver fractal colloidal aggregates and by
monomers. :

A typical broadening of absorption spectra of silver colloidal aggregates due to
the interaction between particles constituting the aggregates'® is shown in Fig. 1.
The results of calculation of the absorption wing shape by the coupled dipoles
method describe experimental data fairly well.516 ‘

In Figs. 2(a) and 2(b), we show results of our calculations for the real, G%, and
imaginary, G% (see Eq. (1)), parts of the enhancement for the Kerr-nonlinearity, and
in Fig. 2(c), the enhancement for the four-wave mixing in silver colloidal aggregates,
Grwum = |Gk 2. The enhancement factors increase toward the infrared part of the
spectrum where the resonance quality-factors are larger and the localization of the
eigenmodes is stronger.?:°

The nonlinear susceptibility, ¥(3) of the composite material consisting of fractal
aggregates of colloidal particles in solution is given by % =p-G sz,:? , where xg)
is the susceptibility of the non-aggregated colloidal particles and p is the volume
fraction filled by metal. The experimentally measured value'®'5 of ¥ for silver
monomers at A = 532 nm is ng) ~~ 10~%esu. The value of XS,‘? re-estimated
for A = 532 nm from the datal? is close to the above value. When the initially
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Fig. 3. Electron micrographs of silver colloid aggregates before (a,c) and after (b,d) irradiation
by laser pulses at Az, = 1079 nm, and the energy of laser a pulse per unit areaW = 11 mJ/cm?
(b), and A = 450 nm, W = 20 mJ/cm? (d). The circles in Fig. 1(b) are aid to the eye.

separated silver particles aggregate and fractal clusters are formed, a huge enhance-
ment of the cubic susceptibility is observed.'* The enhancement factor as high as
10° was obtained for the degenerate four-wave mixing. As follows from Fig. 2(c),
the calculated value of Grwas agrees satisfactorily (within an order of magnitude)
with the measured one for A = 532 nm. The cubic susceptibility obtained experi-
mentally for an aggregated sample was'® |¥(3)| = 5.7 - 10710 esu with p ~ 5 - 10~6.
(In this paper, the values of x(®) are given in accordance with the definitions of
Ref. 13, in contrast to Refs. 14, 15 and 18.) Note that p is a variable quantity and
can be increased. We can assign the value 10~% esu to the nonlinear susceptibility,
x©F), of fractal aggregates, i.e., ¥® = p . x®, with x3f) ~ 10~%esu. This is a
very large value for the third-order nonlinear susceptibility.

In another series of experiments, using the Z-scan technique,’® both nonlinear
refraction and absorption were measured.®!8 It has been found that for A = 540 nm
and p = 5- 1078, the aggregation of silver colloidal particles into fractal clusters
is accompanied by the increase of the nonlinear correction, s, to the absorption,
aw) = ap + azl, from g = —9- 1071 cm/W to az = —5-10~7 cm/W, ie.,
the enhancement factor’® is 560 (I is the laser intensity). The measured nonlinear
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refraction at A = 540 nm for fractal aggregates of silver colloidal particles is n(w) =
ng +ngl, with nz = 2.3-107'? cm?/W. Similar measurements at A = 1079 nm give
the following values nz = —0.8- 1072 cm?/W and ap = —0.7- 107 cm/W.

The measured n2 and az allows one to find the real and imaginary parts of
the Kerr susceptibility’®!?; they are Re[x®] = 110 %esu, Im[x®] = —0.8 -
10~ esu, for A = 540 nm, and Re[¥®] = —3.5 .10~ esu, Im[¢®)] = —2.7-10~11,
for A = 1079 nm. This means that the saturation of absorption and nonlinear
refraction provide comparable contributions to the nonlinearity. Note that the real
part changes its sign with the wavelength. The measured enhancement factors
are comparable with the calculated values of G% and GY% with the accuracy of
approximately one order of magnitude.

Using a different technique based on a dispersion interferometer, the nonlinear
correction to the refractive index, ns, was also measured for A = 1064 nm (at
p = 5-107° and low intensity). The obtained value is ny = —1.5- 10~ cm?/W
that corresponds to Re[}(®)] ~ —7- 10710 ggu.18 )

Note that fractal aggregates of colloidal particles can be placed into a polymer
matrix (like gel). Then, thin films can be prepared with fractal aggregates in such
matrices. The volume fraction filled by metal fractal aggregates in such thin films is
typically larger than in the case of colloidal solution and therefore the nonlinearities
are significantly higher.1%

The laser pulse duration used in the above experiments was ~ 10 ns. The Kerr
type third-order nonlinearity was also detected with the use of 30 ps laser pulses.
However, the obtained optical nonlinearities were in this case significantly smaller
than in the experiments with nanosecond laser pulses. Our studies indicate that
there are probably two different types of the optical nonlinearities, 3. The smaller
one has the time of nonlinear response in the picosecond scale and the larger one in
the nanosecond scale. The first of them can be associated with thermalization of the
photoexcited “hot” electron gas of metal particles in an aggregate through electron-
phonon coupling,'” whereas the second one probably involves effects connected with
the heating of the crystal lattice of the metal.

The above high nonlinearities were obtained at the laser intensity I < 1.5 MW /-
cm?. At higher intensities the light-induced modification (selective in frequency
and polarization) occurs resulting in local re-structuring of resonant domains (hot
spots) in the irradiated cluster. This modification can be also observed in a pulsed
laser regime when the pulse energy per unit area, W, is higher than a certain
threshold, Wy,. Electron micrographs of colloidal silver aggregates before and after
irradiation by a sequence of laser pulses at two different wavelengths are shown in
Fig. 3. Comparison of the micrographs of the cluster before and after irradiation
at the laser wavelength Az, = 1079 nm (Figs. 3(a) and 3(b), respectively) shows
that the structure of the cluster as a whole remained the same after the irradiation,
but monomers within small nm-sized domains change their size, shape, and local
arrangement.?® The minimum number of monomers in the region of modification is
2-3 at Ay, = 1079 nm. Thus, the resonance domain at A;, = 1079 nm can be as small
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as Az /25. Although there are fluctuations in both shape and size of the modified
domains, Fig. 3(b) reveals that “hot” zones associated with resonant excitation
are highly localized, in accordance with the theoretical predictions.’%'2 When the
laser wavelength is close to the isolated monomer absorption peak, A\; = 450 nm
(Figs. 3(c) and 3(d)), localization of optical excitations is much weaker. We estimate
that about 70% of all monomers are photomodified at Az, = 450 (see Fig. 3(d)), while
only about 14% of monomers were modified at A\;, = 1079 nm. Note that the ratio
W/Wy, was approximately the same in both cases. The increase of localization of
optical excitations in fractals toward longer wavelengths (relatively to the monomer
absorption peak) was predicted theoretically in Ref. 10.
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Fig. 4. (a) Absorption spectrum of silver aggregates in a gelatin film. (b) Difference in the
absorbance of the silver-gelatin film before and after irradiation by pulses at Ay = 532 nm, W =
24 mJ/cm? and at Az, = 1300 nm, W = 11 mJ/cm?. (c) An example of five spectral holes recorded
at the same area. The vertical bars denote laser frequencies. W/W,, = 1.1-1.3; the number of
pulses increases from 5 in the visible to 30 in the IR range to obtain the holes of the same depth.

The photomodification leads, in turn, to a dip in the aggregate absorption spec-
trum in the vicinity of the laser wavelength.*2? An example of spectral hole burning
is shown in Fig. 4. The dependence of the hole dépth on laser intensity demonstrates
a threshold character of the photomodification process.* Therefore, one can find a
contribution of the resonant domains (hot spots) to the enhanced nonlinearities by
measuring the nonlinear responses before and after photomodification. Correspond-
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ing experiments show evidence of a considerable decrease of the four-wave mixing
signal, nonlinear absorption and refraction when the photoburning occurs.'%18 This
decrease is illustrated in Fig. 5 for the case of the nonlinear refraction.8

8

Fig. 5. Dependence of the nonlinear addition to the refractive index of aggregated silver colloid
on laser intensity, Any, = [n(w) — ng] - 10°.

It is noteworthy that in the DFWM experiments, when I exceeds the photo-
modification threshold, a quasistatic holographic grating is recorded in a colloidal
solution. This results in an additional contribution to the measured signal.'8

Of particular interest for nonlinear optics are composites of particles with a high
intrinsic nonlinearity and metal fractal aggregates that can provide a significant
enhancement of the local fields. High efficiency of four-wave mixing in films of
J-aggregates of pseudoisocyanine in a polymer matrix was observed.?! A 30-fold
increase in the nonlinear susceptibility of a film under doping of gold colloidal .
aggregates in a composite was observed. Very high optical susceptibilities, || ~
1078 esu with a subpicosecond response time were achieved.

The authors reported?? the observation of a 200-fold enhancement in the third-
order optical coefficient of a polydiacetilene doped by gold clusters with respect to
that of a pure polymer. An increase of the quadratic electro-optic coefficient of a
polymethylmethacrylate due to the doping by silver aggregates was also reported.23

The surface-enhanced second-order optical nonlinearity was found in Ref. 24. A
102 times increase was observed in the second-harmonic intensity in silver particles
aggregated into clusters.

Thus, the experiments provide evidence for the enhancement of nonlinear coeffi-
cients in fractal-structured aggregated colloids in comparison with non-aggregated
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ones. There is a qualitative agreement between the theory and experiments. We
mention that rather strong enhancements of optical nonlinearities were obtained in
non-fractal composite materials as well.25

To conclude this section, we also show in Fig. 6 results of our theoretical cal-
culations and experimental studies of SERS in fractal aggregates of silver colloidal
particles.>!! As seen from the figure, the theory successfully explains the experi-
mental observations. Note that the enhancement increases toward the red part of
the spectrum, where the local fields associated with the localized fractal modes are
significantly larger.
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Fig. 6. Theoretical and experimental enhancement factors, Grg, for silver colloid aggrega.tes as
a function of the wavelength.

4. Self-Affine Thin Films

We also performed studies of linear and nonlinear optical properties of self-affine
thin films. Rough thin films, formed when an atomic beam condenses onto a low-
temperature substrate, are typically self-affine fractal structures.’ Contrary to the
case of “usual” roughness, there is no correlation length for self-affine surfaces,
which implies that inhomogeneities of all sizes are present (within a certain size
interval) according to a power-law distribution. Self-affine surfaces obtained in the
process of the film growth belong to the Kardar-Parisi-Zhang universality class.
Unlike statistically self-similar structures, to reveal scale-invariance, a self-affine
surface (SAS) requires different scaling factors in the (z, ¥)-plane and in the normal
direction, z
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To simulate a self-affine film, we used the restricted solid-on-solid (RSS) model
(for details see Ref. 6 and references therein). In this model, a particle is incor-
porated into the growing aggregate only if the newly created interface does not
have steps which are higher than one lattice unit, a. The surface structure of such
deposits is relatively simple, because there are no overhangs. In this way strong
corrections to scaling effects are eliminated and the true scaling behavior appears
clearly, even for small dimensions. In the long-time regime, the height-height cor-
relation function for a self-affine surface has the form

([h(r) — h(x + R)?) ~ R*F,

where R, is the radius-vector in the plane normal to the growth direction, z, and the
scaling exponent (co-dimension), H, is related to the fractal dimension, D, through
the formula H = 3 — D. For the RSS model, D = 2.6 and the scaling formula
above is valid for large values of the average height, h, (which is proportional to
the deposition time), such that k > I¢, where ¢ = 2(d + 1)/(d+2) = 2 — H; here,
! is the linear size of a system and d is the dimension of the embedding space.
Our simulations satisfied this condition, and the above scaling relation was well
manifested.

Our analysis revealed that the eigenmodes of a self-affine film possess strongly in-
homogeneous spatial distributions characterized by various degrees of localization.®
On a metal self-affine film, the intensities in areas of high local fields (“hot” zones)
exceed the applied field intensity by approximately three orders of magnitude, in
the visible part of the spectrum. In common with the mode-structure of fractal
aggregate media, the spatial locations of “hot” zones on a self-affine thin film are
very strong functions of the frequency and polarization of the incident light.

In Fig. 7(a), we show a computer-generated self-affine film obtained within the
restricted solid-on-solid model (D = 2.6). The model provides an accurate descrip-
tion for Ag cold-deposited films having approximately the same fractal dimension.®

The importance of field localization in accounting for the optical properties
of self-affine surfaces has recently been demonstrated experimentally.?® Self-affine
fractal surfaces were prepared by gravitationally depositing fractal aggregates of
colloidal silver particles out of solution onto pyrex microscope cover-slides. Thick
deposits were prepared in order to ensure a self-affine structure. Our numerical
simulation of this process showed that the surface resulting from deposition of many
clusters on top of each other is self-affine with the fractal dimension D = 2.5. Note
that a similar strong dependence on frequency and polarization of the applied field
was also obtained in previous experiments on near-field scanning optical microscopy
of localized optical modes in Ag fractal aggregates deposited onto a surface.

In Fig. 7(b), we show results of our theoretical calculations for the average
enhancement of Raman scattering for both small and large Stokes shifts on self-
affine films generated in the RSS model. Ggs,| and Grs, . describe enhancements
for the applied field polarized in the plane of the film and perpendicular to it,
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Fig. 7. (a) Self-affine film obtained in the restricted solid-on-solid model. (b) The enhancement
of Raman scattering on silver self-affine films for the applied field polarized in the plane of the
film (Gprg,)|) and normal to the plane (G Rs,L) for small and large Stokes shifts.

respectively. As seen in the figure, the enhancement increases toward the long-
wavelength part of the spectrum and reaches very large values, ~ 107. This agrees
well with the experimental observations of SERS on cold-deposited thin films.
In Fig. 8, the field spatial distributions at the fundamental and Stokes frequencies
are shown. As seen in the figure, the distributions contain “hot” spots, where the
fields are very high. Although the Stokes signal is proportional to the local field at
the fundamental frequency, w, the generated Stokes field, with frequency w;, excites,
in general, other eigenmodes. Hence the field spatial distributions produced by the
applied field and by the Raman signal can be different, as clearly seen in the figure.
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Fig. 8. Spatial distributions for the local fields at the fundamental frequency, A = 550 nm,
(bottom; the field distribution is magnified by Eq. (3) and for the Stokes fields, As = 600 nm,

(top). [The applied field is linearly polarized in the plane of the film.] (b) and (c) Contour-plots
for the field distributions shown on (a).
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Fig. 9. The enhancement for second harmonic generation, Ggua, on the self-affine silver surface
for the applied field polarized in the plane, G" , and normal to the plane, G .
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This pattern is expected to be typical for various optical processes in strongly
disordered fractal systems, such as self-affine thin films. Specifically, hot spots
associated with fields at different frequencies and polarizations can be localized in
spatially separated nm-sized areas. These novel nano-optical effects can be probed
with NSOM providing sub-wavelength resolution.326

If molecules possess the nonlinear susceptibility, x(?), then second harmonic
generation (SHG) can be strongly enhanced when adsorbing the molecules on a
metal self-affine surface. In Fig. 9, we plot the calculated enhancement for SHG
from molecules on a silver self-affine surface (for the applied field polarized parallel
and perpendicular to the surface, Gg Ha,| and Gsga, 1, respectively). To calculate
the enhancements, we used Eq. (4). As seen in the figure, the enhancement is very
large and increases toward larger wavelengths.

5. Semicontinuous Metal Films

Self-affine thin films are typically produced by condensing atomic beams onto a low-
temperature substrate. When placed into the air at room temperatures these films
are annealed and change their morphology, yet remain random. Our preliminary
calculations showed that such annealed films produced originally at low-temperature
still provide large enhancement of local fields, however, the spectral range, where
the enhancement occurs, is somewhat narrowed.

For applications, it is important to have fractal films that retain their fractal
morphology at room temperatures, such as two-dimensional semicontinuous metal
films near the percolation threshold. In the vicinity of this threshold, fractal clusters
are formed from metal granules (produced by thermal evaporation or sputtering of
metal onto an insulator substrate). In contrast to self-affine films that are essen-
tially 3-dimensional, the 2-dimensional semicontinuous films remain stable at room
temperatures.

In the growing process of the metal semicontinuous films, first, small metallic
grains are formed on the substrate. As the film grows, the metal filling factor
increases and coalescence occurs, so that irregularly shaped clusters are formed
on the substrate eventually resulting in 2d fractal structures. The sizes of these
structures diverge in a vicinity of the percolation threshold. A percolating cluster of
metal is eventually formed, when a continuous conducting path appears between the
ends of a sample. The metal-insulator transition (in other words, the conductivity
threshold) is very close to this point.

We showed that SERS from Raman active molecules adsorbed onto a semicon-
tinuous films in the vicinity of the percolation threshold is given by’

2 4 ’ 19/2
Grs = (o] IE(I;)I ) ~ 0.03 5’;' ,
&3 [E(O)] g4 (e")3

(6)

where ¢ is the dielectric constant of the film consisting of a dielectric substrate, with
€ = €4, and metal metal grain s, with e = ¢, = ¢/ + iey,. The second approximate
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equality in Eq. (6) was obtained using the scaling analysis.® Note that Eq. (6) differs
from Eq. (3) by factor |e(r)/ sd|2. The difference results from the fact that in Eq. (3)
we assumed that both the Raman and linear polarizabilities are associated with the
same site on a fractal surface, whereas to obtain Eq. (6), we assumed that the linear
polarizability is due to a metal grain on the film but the Raman polarizability is
due to a molecule adsorbed on the grain.
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Fig. 10. The enhancement factor, Grs, for Raman scattering from a silver semicontinuous film at
the percolation threshold (wavelength is in um). The points are results of the numerical simulations
based on the exact formula (6); the solid line represents results of calculations based on the scaling
formula (second approximate equality in (6)).

In Fig. 10, we show results of our Monte Carlo simulations for Raman scattering
from a silver semicontinuous film at the percolation threshold (based on the first
equality in Eq. (6)) and results of the calculations based on the approximate scaling
formula (second equality in Eq. (6)). One can see that the scaling formula works
well for almost all frequencies, except the small frequencies that are compafable to
or smaller than the relaxation constant.

In Fig. 11 we show distributions of the local Raman signals on a silver semicon-
tinuous film at p = p,, for different wavelengths, A = 1.5 um and A = 10 pm. As
seen in the figure, the Stokes field intensities have the forms of sharp peaks sparsely
distributed on the film, with the magnitudes increasing toward the long-wavelength
part of the spectrum. The local enhancement in peaks achieve 10°, for A = 1.5 um,
and 10'2, for A = 10 pm. (The Raman signal distributions were calculated using
the first formula in Eq. (6) but with no averaging over samples (so that the sign
(..) should be omitted in this case).) The average enhancement, Ggrg, is much less,
of the order of 108, for both wavelengths (see Fig. 10). As seen in Fig. 11, the
peak positions strongly depend on the frequency. This non-trivial pattern for the
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local SERS distribution can be probed by means of near-field optical microscopy.
If the density of Raman-active molecules is small enough, each peak in Fig. 11 is
due to Raman scattering from a single molecule. Thus the presented picture of the
SERS distribution opens an unique opportunity to perform Raman spectroscopy of
a single molecule on a semicontinuous metal film.

(b)

Fig. 11. The local SERS distribution on a. silver semicontinuous film at the percolation threshold
for different wavelengths: (a) A = 1.5 pm; (b) A =10 pm.

Let molecules, possessing the nonlinear susceptibility x(z)(—2w;w,w), be ad-
sorbed on a dielectric substrate. Then the adding of metal grains on the film
results in enhancement of the second-harmonic generation by the factor

£20(r) [ B, (r)]? By, (®) 1\ |?
0 o ; (7)

care | B9 | | BD
where Eég,) and Ey,(r) are the macroscopic and local linear fields at frequency 2w.

The difference between Eqgs. (7) and (4) is due to the same reason as the difference
between Eqs. (6) and (3) (see the discussion following Eq. (6) above).

Gspa =




150 V. M. Shalaev et al.

We also calculated the local distributions of the nonlinearly scattered light, with
frequency 2w found from the formula '

 e2,(r) [Eu(x)]?
gsue(r) = cane [ 0 ] : (8)
(For simplicity, we assumed in Eq. (8) that there is no “secondary” enhancement for
the generated field at frequency 2w.) The distribution of the local SHG enhance-
ments, gsga(r), are shown in Fig. 12(b) for A = 1.5 pm and A = 20 pm at p = pc.
Similar to the case of the SERS local distributions, the peaks in the SHG become
much larger with the increase of the wavelength. The spatial separations between
them, however, also increase with A. For the “hot spots” the local enhancement can
be giant, reaching values up to 105, whereas the ensemble-average enhancement is
relatively small, as seen from comparison of Figs. 12(a) and 12(b).

(®)

Fig. 12. Distributions of the local SHG enhancements, ggzc(r), for A = 0.5 pm (a) A = 20 pm
(b) at p = pc. The film sizes are 512 X 512.
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Huge local enhancements for Raman scattering, SHG, and other nonlinear opti-
cal scattering, that significantly exceed the ensemble average enhancements, opens
a fascinating possibility to perform Raman and nonlinear spectroscopy for a single
molecule. We note that SERS from a single molecule on a colloidal particle and a
fractal aggregate of colloidal particles was recently reported.2’

6. Conclusion

Light excitation of objects with fractal morphology, such as aggregates of colloidal
particles, self-affine surfaces, and semicontinuous thin films, results in extremely
high fields localized in nm-sized “hot spots”. This provides huge enhancements for
a number of optical phenomena, including Raman scattering, nonlinear refraction
and absorption, and second-harmonic generation. The local enhancements exceed
the ensemble average by many orders of magnitude. It is shown experimentally
that, in accordance with the theoretical predictions, the degree of localization of
optical excitations increases towards longer wavelengths.
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