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ABSTRACT
(χ(3))

Our theoretical study of the third-order susceptibility
for Ag dielectric composite reveals a critical role of saturation of optical transitions
between discrete states of conduction electrons in metal quantum dots. The calculated size dependence of the χ(3) for Ag nanoparticles
reproduces the published experimental results. Saturation effects lead to a decrease of the local field enhancement factor that is of particular
importance for surface-enhanced phenomena, such as Raman scattering and nonlinear optical responses.

Plasmonic nanomaterials have attracted much recent research
interest because of their unique optical properties, such as
nonlinear optical activity,1 the chirality of plasmon modes,2
and the quantum-size effect in two-photon excited luminescence.3 Current state-of-the-art nanofabrication techniques
allow the development of novel applications based on such
properties. Of particular importance for applications are the
large local-field enhancements for metal particle aggregates
that lead to surface-enhanced Raman scattering (SERS) and
a number of nonlinear optical phenomena,4 including the
polarization nonlinearities.5
The optical response of a nanosized metal particle is a
core of all aforementioned phenomena. The confinement of
electrons in a metal quantum dot leads to energy quantization
of conduction band and appearance of collective plasmon
modes. It is well-known that the energy quantization affects
most of the physical properties of metal nanoparticles,6-8
and in particular its nonlinear optical response.9,10
The optical properties of a nanosized metal particle can
be described in terms of electron transitions between the
discrete energy states in a quantum well subjected to the
enhanced local field. Large enhancements of the local field
inside a particle can be realized at the plasmon resonance
frequency. The local field inside a spherical particle, Ei, is
related to the applied field, E0, by the local field (enhancement) factor f(ω) as follows:11
Ei )

3h
E ) f(ω)E0
m + 2h 0

(1)

where m ) ′m + i′′m is the complex dielectric response of
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the metal, and h is the dielectric function of a host medium.
Note that the zero in the denominator in eq 1 is the surface
plasmon resonance condition for a spherical particle embedded in a host.
In a composite with a small volume fraction of metal
particles, the third-order nonlinear susceptibility can be
computed by9
χ(3) ) pf(ω)2 |f(ω)|2 χ(3)
m

(2)

where p is a volume fraction of the metal particles and χ(3)
m
is the nonlinear susceptibility term of the metal particle itself.
It should be noted that both intraband (within conduction
band) and interband (between d- and s-p conduction bands)
transitions contribute to χ(3)
m . Utilizing the degenerate fourwave mixing technique, the χ(3) values and its size dependence were extracted from recent detailed experimental
studies for nanosized Ag, Au, and Cu particles.9,12,13 Some
of these results were taken to compare the findings with
existing theoretical models in order to resolve the origin of
the optical nonlinearity. Doing so, it was concluded that the
conduction electron intraband transitions play a relatively
minor role. This conclusion was based on a theoretical size
dependence derived by Hache, Ricard, and Flytzanis (HRF),9
with the Hamiltonian that uses a description in terms of a
vector potential and electron momentum.
In this letter, we will demonstrate that the opposite
conclusion can be made if one adopts the quantum well
theory with the Hamiltonian of electron-field interaction
taking the form
H ) -dE

(3)

where d is the dipole moment and E is the electrical field.

Recently, Rautian10 showed that, for nanosized spherical
particles, the use of the Hamitonian given in eq 3 is preferred,
and that this Hamiltonian is no longer equivalent to the
standard Hamiltonian in terms of a vector potential. Here,
we compare the approaches based on the Rautian and HRF
models and calculate the size dependencies of both χ(3)
m and
f(ω) for nanosized Ag particles. Our results reaffirm the
Rautian model, and we find good agreement of the sizedependent χ(3)
m with the experiment, a result that is not
achieved with HRF’s approach.
The characteristic separation between the levels near the
Fermi energy, EF, can be estimated as δF ) 2xEFE0, where
E0 ) p2/2ma2 is the energy separation found at the bottom
of the conduction band of particles with radius a. Under the
condition pω . δF, which is the case for the particle radii
ranging from about 2 to about 100 nm and visible frequencies
ω, one can distinguish two kinds of transitions between
discrete states, resonant (ωij∼ω) and nonresonant (ωij,ω).
The potential saturation of optical transitions between the
discrete levels in metal nanoparticle is a second crucial factor.
Saturation effects result in a decrease of the local field
enhancement factor, and a subsequent decrease in the
enhancements for SERS as well as for nonlinear effects.
Using the degenerate electron gas model in an infinite
spherical well in the limit (υF/2πc) λ , a , λ (where υF is
the electron speed near the Fermi surface), Rautian was able
to derive the linear and nonlinear dipole moments for a
spherical particle induced by field component Ei:
di ) -
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when the energy difference is close to the photon energy.
An analysis of eq 4 shows that for linear polarization the
two terms in eq 5 are given by
χ(3)
mn )
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In eq 4, a denotes the particle radius, ω is the frequency of
the field, m is the electron mass, e is the electron charge, N
is the number of electrons in the particle, I0 ) ∑|Ei|2, Γ1
and Γ2 represent the relaxation rates for the population and
coherence, respectively. We focus on a linearly polarized
field, where Ai ) 2/5. For our case, the parameters F1, g1,
F3, and g3 are only weakly size dependent (if at all): F1 is
approximately unity, g1 ) 0.6 at pω/EF ≈ 0.5, F3 ranges
from 0.30 to 0.33 for particles varying between 2 and 15
nm, and g3 ) 0.64. A detailed discussion of how to calculate
these parameters can be found in ref 10. Basically, the
parameters g1 and g3 result from the integration over the
resonant states, whereas F1 and F3 result from the summation
of the nonresonant terms close to EF.10
A component xxxx of the nonlinear tensor susceptibility,
(3)
χm,xxxx
can then be written as the sum of the nonresonant,
,
and
resonant, χ(3)
χ(3)
mn
mr , contributions, i.e.
(3)
(3)
χ(3)
m,xxxx(ω, -ω, ω) ) χmn + χmr

(5)

Nonresonant contributions can be calculated by integrating
over transitions close to the Fermi energy, and resonant
contributions are derived by integration from zero to infinity
1536

(3)
Figure 1. Dependence of χm,xxxx
on Ag particle size at a fixed
ratio of Γ2/Γ1 ) 10 for various values of Γ2 ranging from 30 to
70 cm-1.
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(3)
where n is the electron density. Although χ(3)
mn and χmr have
2
different dependencies on the particle size, i.e., χ(3)
mn ∝ a
(3)
-3
and χmr ∝ a (note the dependence on a for δF), their
contributions can be quite similar when dealing with nanosized particles. Underestimating the contribution due to
nonresonant transitions can cause an incorrect value and size(3)
(3)
dependence for χ(3)
m . To find the magnitudes of χmn and χmr ,
we need to know the parameters Γ1 and Γ2. The electron
relaxation in a metal nanoparticle can be expected to be
energy- and size-dependent,14 and it is reasonable to consider
the effective relaxation constants as two fitting parameters.
Nevertheless, it is useful to obtain some idea about possible
ranges of Γ1 and Γ2 beforehand. Γ1 can be extracted from
the kinetic rate of the linear optical response or multiphoton
electron photoemission under femtosecond excitation. These
studies provide a range of values for Γ1 between 2.5 and 10
cm-1 for Ag.15-17 Γ2 is sometimes being associated with the
mean free path in a metal, which can be deduced from
electrical conductivity studies. For bulk Ag, it is found that
Γ2 is of the order of 70 cm-1.8 It is therefore reasonable to
assume that Γ2 is of the same order of magnitude for
nanosized Ag particles.
Figure 1 shows a typical size-dependence for various
relaxation constants Γ2 and for a fixed ratio of Γ2/Γ1 ) 10.
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(3)
Figure 2. Dependence of χm,xxxx
on Ag particle size at a fixed
-1
value of Γ2 ) 70 cm and various values of Γ1 ranging from 2 to
10 cm-1.

Figure 3. Wavelength dependence of the enhancement factor f(λ,I0)
for 3-nm Ag particles at various intensities I0 ranging from 0.1 to
120 MW/cm2.

It is obvious from the figure that nonresonant and resonant
contributions compete with each other, and this results in
the formation of a minimum in χ(3)
m,xxxx.
Next, we explored the dependence of χ(3)
m,xxxx for fixed
values of Γ2 at various ratios of Γ2/Γ1. An exemplary result
is shown in Figure 2, which demonstrates that the position
of the minimum is rather insensitive to the ratio Γ2/Γ1 and
that it is mostly determined by the value Γ2 in the region of
interest.
The calculated size dependence of χ(3)
m,xxxx differs substantially from the behavior predicted by the HRF approach. As
will be shown below, their model predicts a continuous
decrease of χ(3)
m,xxxx with increasing particle size, with behavior similar to our approach only for very small particle
sizes (less than 3 nm or so).
After deriving the expression for χ(3)
m,xxxx, the next task
remaining is to compute the local field enhancement factor
f(ω), which would allow us then to obtain a value for the
third-order nonlinear susceptibility as given in eq 2.
As can be seen from eq 1, the local field enhancement
factor can be written as

superscripts indicates the linear approximation. Since the
medium modifies its properties due to the Kerr effect, higherorder corrections to metal dielectric constants are needed.
As can be seen from eqs 7 and 8, m and f(ω) are coupled,
and the local field enhancement factor becomes strongly
intensity dependent at high intensities. In general, eq 7 will
be cubic on the enhancement factor, and can be solved
numerically. After some algebra, eq 7 reads as

f(ω) )

3h
m + 2h

(7)

where
2
m ) 0m + 12 π χ(3)
m |f(ω)| I0

with
0m ) d + 4π χ(1)m ) d -

( ){ [
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Here, d is the interband contribution. The zero in the
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A|f(ω)|6 + B|f(ω)|4 + C|f(ω)|2 + D ) 0

(9)

with the coefficients
A ) c2 + d2, B ) 2(ac + bd), C ) a2 + b2, D ) -92h (10)
The parameters in eq 10 are given as
a ) Re(0m) + 2h, b ) Im(0m), c ) I0 12πRe(χ(3)
m ), d )
I0 12πIm(χ(3)
m ) (11)
with χ(3)
m given by eqs 5 and 6. For given Γ1 and Γ2, the
solutions at different incident intensities can be computed
numerically for different particle sizes and some exemplary
results are given in Figures 3 and 4. According to ref 19, d
) 5, and according to ref 13, h ) 2.2.
For all particle sizes, there is a decrease in the maximal
enhancement factor, even at relatively small intensities.
However, the behavior for large particles can be quite
different from the one for small particles. For small particles
(Figure 3), the position of the maximum in f(ω) is unchanged,
and there is only a decrease of enhancement factor with
increasing intensity. For relatively large particles (Figure 4),
on the other hand, the resonance condition can be substantially altered as a function of the intensity. This leads to an
irregular “distorted” shape for f(ω), and as a result, nonunique
1537

Figure 4. Wavelength dependence of the enhancement factor f(λ,I0)
for 11-nm Ag particles at various intensities I0 ranging from 0.1 to
5.1 MW/cm2.

Figure 5. Intensity dependence of the enhancement factor f(λ, I0)
for different particle radii ranging from 2 to 15 nm at λ ) 420 nm.
Note that a logarithmic x-axis is used for clarity.

solutions for the enhancement factor at higher wavelength
are possible.
To better understand this behavior, we determine the
intensity dependence of the enhancement factor at the surface
plasmon wavelength for different particle sizes. The result
is shown in Figure 5, and we see that larger particles exhibit
saturation effects at far lower intensities when compared to
smaller particles. In fact, we find that the saturation manifests
itself for the enhancement factor at 100 kW/cm2 for isolated
particles with sizes larger than 7 nm. It is this saturation
tendency that is at the origin of the optical bistability (multiple solutions) in materials, as has been discussed by Yoon
et al.18 It should be noted that the formula (8) is generally
valid only if nonlinear contributions are small compared with
linear ones. At very high intensity, nonlinear contributions
higher than third-order have to be taken into account.
1538

(3)
Figure 6. Comparison of the dependence of χeff
/R on Ag particle
size using two different theoretical approaches, the one discussed
in this paper (solid line), and the one based on the HRF model9
(dashed line), with the experimentally determined values (solid
circles) from Uchida et al.13 Note that a logarithmic y-axis has been
used for clarity.

Using the computed wavelength dependencies of the
enhancement factors as a function of intensity and particle
size, we can calculate χ(3)
eff /R, where R is the absorption
(3)
coefficient and χeff is the experimentally measured nonlinear effective susceptibility of a composite as given in eq 2.
The absorption coefficient is related to the volume fraction
p since R ) pω|f(ω)|2m′′/nc, with n ) (h)1/2. The calculated
values of χ(3)
eff /R are then compared with the experimental
results by Uchida et al.13 The only fitting parameters used
in our calculation were Γ1 and Γ2, and the intensity I0 was
fixed to the experimental value of 0.1 Mw/cm2.
Figure 6 shows the experimental data together with our
best fit that resulted in reasonable values for Γ2 ≈ 60 ( 3
cm-1 and Γ1 ≈ 5 ( 0.2 cm-1. For comparison, we have also
included the predictions arising from the HRF model. Unlike
our results, the HRF model predicts a continuous decrease
of χ(3)
eff /R as a function of Ag particle size, which is not
corroborated by the experimental data by Uchida et al. Their
experimental results were reported without an estimate of
potential error bars, and considering the complexity of such
experiments relatively large errors (up to 30-50%) could
be expected. Even so, we find that the HRF model does not
reproduce the experimental results in qualitative size dependence and shows 2 orders of magnitude discrepancy in
absolute value for large particles, while our approach is in
good agreement with the overall behavior.
Our approach provides additional evidence that the fieldinduced processes in the conduction band are responsible
for the nonlinear behavior of the optical response in Ag
nanoparticles. The underlying mechanism is a decrease in
the population difference for the coupled energy levels, which
ultimately causes the saturation effect for optical transitions
in a system with discrete levels. In general, discrete energy
levels can be considered if their spectral width, 2Γ2, is less
than the transition energy. For nanosized Ag particles, our
best fit yields values for Γ2 that are more than one order of
Nano Lett., Vol. 4, No. 8, 2004

magnitude smaller than typical transition energies in the
vicinity to EF.
The decrease in the local-field enhancement factor is a
direct consequence of the saturation effects in metal quantum dots. The local field effect introduced phenomenologically through eq 1 implies a linear increase with the
field in the particle’s dipole moment associated with single
electron excitations. The dipole moments cannot grow
infinitely with the field; they are limited by the saturation
of optical transitions, which causes the decrease of the local
field enhancement factor. Formally, this follows from
eqs 7 and 8, where the enhancement factor is given as a
function of the intensity-dependent susceptibility of metal
particles.
In summary, the above model is in good agreement with
the observed size dependence of the cubic nonlinearity in
the susceptibility for Ag particles. Specifically, we were
able to reproduce the experimentally observed size dependence on χ(3)
eff /R using the theoretical treatment proposed by
Rautian. This behavior cannot be explained by the HRF
approach, which was previously used for the description of
experimental results in metal-particle composite systems.
Furthermore, our studies emphasize the importance of
saturation effects for the local field enhancement factor,
which strongly affects nonlinear processes and SERS. The
results presented here suggest the saturation of optical
transitions in metal nanostructure as the probable reason for
a decrease in SERS enhancement. Therefore, the saturation
will be especially important when using high-intensity laser
light typical for pulsed fs and ps lasers. Finally, we note
that the present consideration, emphasizing the role of
quantum effects in metal nanoparticles, indicates that revisions for interpretations of several previous experimental
observations on optical properties of metal nanoparticles
might be needed.
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