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Abstract

Absorption cross section of carbon soot clusters inside water microdroplets is calculated. Fractal geometry
of carbon inclusions is considered with the fractal dimension D in the interval 1 < D < 3, which includes the
trivial geometry (D = 3) as a limiting case. It is found that the absorption cross section of a soot cluster inside
a water droplet is increased, compared to that in vacuum, by the factor of ~ 16 for the practically important
case of D = 1.8. This result is obtained by averaging of the enhancement factor over the diffraction parameter
of the microdroplets x = ka (k = 2n/A), a is the radius of the microdroplet) with a fine resolution. It is shown
that the narrow resonances in the enhancement factor as a function of x play important role and should be
taken into account for the purpose of averaging over x. The absorption enhancement factor increases, on
average, when D decreases, and reaches the value of ~22for D = 1. © 1999 Elsevier Science Ltd. All rights
reserved.
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1. Introduction

The eflects of radiation absorbing carbonaceous atmospheric pollutants on the global climate
and radiation energy transfer attracted much attention recently [1-4]. It is, generally, believed that
such pollutants act oppositely to the green house -effect (for the “nuclear winter” effect, see, for
example, [5]). While this general tendency is more or less obvious, obtaining reliable quantitative
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results is complicated by the following two factors. First, small carbon particles that form in the
process of incomplete combustion of carbohydrates, typically, aggregate and stick to each other to
form large random clusters with complex fractal morphology [6-117. The second important factor
is that these soot clusters often form agglomerates with water microdroplets, especially in the
clouds [1,12-15]. The goal of this paper is to obtain quantitative results for absorption character-
istics of such composite microdroplets with account of the fractal morphology of carbon soot
clusters. Our consideration includes the non-fractal homogeneous distribution of carbon inclusions
as the limiting case.

Foundations of the theory of scattering and absorption of plain electromagnetic waves by fractal
smoke clusters were built by Berry and Percival [16] and Martin and Hurd [17]. The theory was
developed in many detail in the past few years [10,11,18-25}. In these papers, scattering is
considered either in the first Born approximation [17], or in the mean-field approximation [16].
The main physical assumption leading to applicability of the first Born approximation is that the
frequency of the incident wave is far from any of the collective dipole resonances of the scattering
system. This assumption is accurate for scattering of visible light by clusters built from black
carbon particles. In the mean-field approximation, one assumes that all the collective dipole
resonances are degenerate (have the same frequency), while the frequency of the incident wave can
be arbitrary. Mathematically, these approximations are similar (in fact, they give the same
expression for the scattering amplitude, differing by a multiplicative factor). It is important that in
both approximations the incident electromagnetic field is given by a plane wave and is not coupled
to the scattered waves.

When a cluster is placed inside a water droplet, it is no longer exited by a plane wave, but rather
by internal modes of a high-quality optical resonator. To complicate things further, the resonator
modes can effectively couple to the modes of clusters themselves. There have been a considerable
number of experimental [26-31] and theoretical [32-40] studies of scattering and absorbing
properties of inhomogeneous spheres carried out. Below, we briefly review the theoretical ap-
proaches to the problem.

The simplest model for a water droplet with an inclusion inside is a spherical dielectric particle
with an eccentric spherical inclusion. An exact formal solution to the problem of light scattering
and absorption by such composite spheres was obtained by Borghese et al. [33] and generalized for
the case of multiple arbitrarily positioned spherical inclusions by Borghese et al. [36] and Fuller
[37,38,41,42] The solutions were obtained by the vector spherical harmonic (VSH) expansion of
electrical fields inside the homogeneous spherical regions and satisfying the boundary conditions at
all the discontinuity surfaces. Even in the case of one spherical inclusion, the solution must be
obtained from a system of linear equations that is, theoretically, infinite-order. Practically, the VSH
expansion is truncated at some maximum order, L, and then the system contains ~ L? equations
[33]. When multiple inclusions are considered, the number of equations is further increased, which
makes the problem very complicated numerically. Also, the approach based on the exact boundary

conditions consideration requires knowledge of the exact geometry of the problem before the:

time-extensive calculations. This fact complicates averaging of solutions over random distribution
of inclusions inside water droplets.

An alternative approach based on the perturbation theory was developed by Kerker et al. [32]
and Hill et al. [39]. According to this method, the dielectric function of an inhomogeneous sphere is
represented as a sum of a constant (unperturbed) value and a small coordinate-dependent
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perturbation. In the zero approximation, the field inside the droplet is calculated in the assumption
that the perturbation of the dielectric function is equal to zero. This field is given by the Mie
expansion in terms of the VSH. In the next iteration, the zero-approximation field induces some
additional polarization (or, equivalently, current) in the volume, proportional to the perturbation
of the dielectric function. This additional polarization can be used to calculate changes of scattering
and absorbing characteristics of the inhomogeneous sphere as compared to the homogeneous
(unperturbed) one. A big advantage of this method is that it allows one to perform averaging over
random perturbations. However, it has a drawback. As was pointed out by Hill et al. [39], the
internal field must be computed iteratively. That is, the additional polarization calculated in the
first iteration described above should produce some additional internal electrical field, which, in
turn, gives rise to additional polarization (now proportional to the unperturbed dielectric function),
and so on. Physically, this means that the modes of a homogeneous spherical resonator are coupled
to the modes of the inhomogeneous perturbation of the dielectric function. In order for a finite-
order approximation to be accurate, it is necessary that the perturbation expansion of any physical
quantity under consideration converges. In Section 2.2 we show that, in general, it is not the case.
More specifically, this expansion always diverges for physical quantities related to scattering (such
as the differential scattering cross section). However, the perturbation expansion converges for the
absorption cross section when the imaginary part of the unperturbed dielectric function is zero (or
sufficiently small).

In this paper, we use the above fact to calculate absorption cross sections of carbon smoke
particles inside spherical water droplets in the first order of the perturbation theory. The perturba-
tion expansion is mathematically similar to that of Kerker et al. [32] and Hill et al. [39]. The water
itself is assumed to be non-absorbing. We perform calculations for fractal distribution of carbon
inclusions with a power-law dependence of density on the distance from the center of a water
droplet; the case of trivial (non-fractal) geometry is considered as a limiting case when D = 3. We
calculate enhancement factor for the absorption cross sections of carbon smoke inside a water
droplet as compared to that of free carbon smoke. We show that the absorption enhancement
factor shows little systematic dependence on the diffraction parameter of the host sphere x = 2n/4,
apart from quasi-random resonances which are very narrow. This fact allowed us to average the
enhancement factor over x with a fine resolution in x, so that most resonances were resolved.
Physically, this averaging corresponds to either a polydisperse ensemble of water droplets or
probing by a broad-band radiation. Because of the presence of narrow resonances, our averaged
absorption factor turned out to be larger by the factor of ~ 4-5 than that calculated for
a randomly selected value of x. For the trivial distribution of carbon inclusions (D = 3), we obtain
the averaged enhancement factor of 14, while for a randomly selected value of x the typical (most
probable) enhancement factor is from 2 to 4. This suggests that, although the resonances in x are
very narrow, they are not small in the integral sense, and should be taken into account.

The averaging procedure involved in our calculations might explain why our estimates of the
enhancement factor are significantly larger than those reported earlier [4,41-43]. Fuller calculated
the specific absorption cross section for a single spherical carbon grain located near the surface of
a water droplet [41] and inside the water droplet [42] as a function of the grain’s position.
Although Fuller’s data are not averaged over the whole volume of the microdroplet, they indicate
that the volume-averaged absorption enhancement factor is smaller than 14. Chylek et al. averaged
the same quantity for the carbon inclusion location distributed evenly within a spherical cone with
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the axis collinear to the incident wave propagation direction [4] and over the whole volume [43].
In the first case the authors estimate [44] the enhancement factor to be x4, and in the second ~2.
However, all of the above calculations were performed for a fixed value of the diffraction parameter
x. Because the resonances are very narrow, it is unlikely that a randomly selected value of x will lie
within a resonance. Our calculations indicate that if x is chosen exactly in resonance, the
volume-averaged enhancement factor can be as large as 10%.

The approach developed in this paper applies to any spherical highly transparent microcavities
doped with strongly absorbing inclusions with the fractal dimension from 1 to 3, not just to carbon
soot inside water droplets. However, the numerical results are strongly dependent on the refractive
index of the host. The difference between microdroplets with refractive index of water (~1.33) and
of sulfate (~1.52) was demonstrated by Fuller [41,42].

In Section 2 we review the general formulation of the scattering problem, integral equation
formalism and the perturbation expansion. In this section we also introduce definition for the
absorption enhancement factor. In Section 3 we take account of the fact that any density
distribution of inclusions inside a spherical volume must be spherically symmetrical on average
(provided there is no selected direction) and perform averaging over spatial angles. In Section 4 we
consider the fractal geometry of carbon inclusions and corresponding radial integrals. In Section 5
we present results of numerical calculations of the absorption enhancement factor for different
fractal dimensions. Lastly, Section 6 contains a summary.

2. Basic theory
2.1. Formulation of the model

Consider a plane monochromatic wave of the form
Eino(r, ) = Eq exp(ik ' r — wt) 1)

incident on a spherical water droplet of a radius a containing a carbon soot cluster inside. The time
dependence, exp( — iwt), is the same for all time-varying fields and, therefore, will be omitted below.
The physical system under consideration can be characterized by a dielectric function of the form

{81 + (62 —e)plr), r<a,
1, r>a.

&(r) = 2
Here ¢, and ¢, are the dielectric constants of water and carbon, respectively, and p(r) is the density
of carbon inclusions inside the droplet, normalized by the condition

L p(r)d’r = v, ' A3)

where v is the total volume occupied by carbon and V = 4na>/3 is the volume of the droplet;
fv denotes integration over the spatial area defined by r < a ([, d® = V). We assume that the
volume fraction of carbon is small, so that the small parameter of the problem is v/V. We also
assume that p(r) = 0 for r > g, i.e. the soot cluster is completely covered by water.
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In our notations, p(r) denotes the exact density of carbon inclusions for some given random
realization of a soot cluster. As such, p(r) = 1 if the radius-vector r lies in the area occupied by
carbon, and p(r) = 0 otherwise. We will see that for calculation of some average physical character-
istics, such as absorption, one needs to average p(r) over random realizations of carbon soot
clusters. We denote the average density by {p(r)); it can be interpreted as the probability to find
some given point r inside a droplet occupied by carbon. If {p(r)> is bounded everywhere inside the
sphere, the condition v/V < 1 implies that {p(r)> < 1Vr.

2.2. Integral equations formalism

The vector wave equation for the monochromatic electrical field E(r) reads
[V? + k?e(r)]E(®x) =0, V-Er) =0, 4

where k = w/c is the wave vector in the free space and &(r) is the dielectric function (at the given
frequency w), defined by formula (2).

Using the free-space dyadic Green’s function G(r) for the vector wave equation, we can rewrite (4)
in the integral form

gry—1

E@r) = Ei (1) + L G(r — 1) e E(r)d3r. (3)

The Green’s function, G, is given by general formulas for dipole radiation of a point source (for
derivation of the Green’s function, see [45], Chapter 9 or [46], Chapter 6; an explicit coordinate
system-independent expression for the regular part of the Green’s function is given, for example, by
Markel [47]). For our analysis, we do not need to specify G here.

The free term on the right-hand side of Eq. (5) was chosen to satisfy the boundary conditions at
the infinity, and the integral was extended only over the volume occupied by the droplet, because
g(r) = 1 outside. The radius vector r can, in principle, lie both inside and outside the sphere.
However, all the physically measurable quantities, such as absorption and scattering cross sections,
are completely defined by the polarization function which is zero in vacuum. Therefore, it is
generally sufficient to restrict our consideration to the class of functions E(r) defined inside the
spherical volume r < a, while the boundary conditions are satisfied automatically due to the proper
choice of the free term in (5).

At the next step, we represent the electrical field inside the sphere as a sum of two contributions:

E(r) = E(r) + E.(r), | ©)
where E(r) is the solution to Eq. (5) with &, = ¢4, i€,

81—1

Es(r) = Einc(r) + 4

J G(r — r)E(r')d (7)

and E(r) is the additional term which originates because of the presence of a carbon cluster. Ey(r) is
given by the Mie solution for a dielectric sphere and we assume that it is known. Substituting E(r) in



326  V.A. Markel, V.M. Shalaev | Journal of Quantitative Spectroscopy & Radiative Transfer 63 (1999) 321-339
the form (6) into (5), we find the equation for E(r):

=1 E a0 e ey, ()

&y — &y

B =

NA ’ A 3.

L p(r)G(r — r)E(r)d°r + JV -
The first term in (8) with the known function E((r) serves as a free term for the integral equation (8).

For many practical problems knowledge of the ensemble-averaged internal field is sufficient.
(Evidently, this class of problems does not include the problems of nonlinear optics that require
consideration of fluctuations of the local field.) We cannot perform direct averaging of Eq. (8) over
random realization of inclusions, because such averaging would add an additional unknown term
{p(r)E,r)>. In the general case, we cannot factorize this correlator as {p(r)E.(r)> = {p(r)>{E(r)>.
However, in the linear (in v/V) approximation we can neglect the above term as a higher-order
correction. Then it becomes possible to write an equation for the ensemble-average value (E(r)):

€y — &
47

€1 —

(Edr)) =

J {p)>Gr — 1)E(r)d>r + 1 J Glr — r)KE(r)) d°r'. ©)

We can make two important conclusions from the general form of (9). First, the ratio of
[<E>|/IEq| 1s of the same order of magnitude as v/V. This can be seen by multiplying {p(r')> in (9) by
some arbitrary constant . The average field (E(r)) is also multiplied by the same factor «. This
means, that, on average, |[<E.(r)>|/|E{x)| ~ {p(r)> ~ v/V. A similar result is readily obtained for the
exact field E(r) (before the averaging).

The second conclusion is that it is, generally, impossible to apply the Born expansion or similar
perturbation expansion for calculation of (E(r)). Indeed, both terms on the right-hand side of (9)
are of the same order of magnitude (proportional to »/V). Suppose, we start from the zero-order
approximation (E{(r)> = 0, and substitute it into (9) to obtain the first-order approximation, and
so on. It is easy to see that all the terms in the generated expansion will be of the same order of
magnitude in terms of v/V, and, therefore, convergence cannot be reached.

The above fact makes the general scattering problem for a water droplet containing a cluster
inside very complicated. Indeed, the only small parameter of the problem, v/V, cannot be used to
generate a converging expansion for E.(r). However, as we show below, we can use the fact that
[E.(r)l/|E«(r)| ~ v/V to calculate the absorption cross section when water itself is weakly absorbing.

2.3. Absorption

The absorption cross section, o, is completely defined by the polarization function,
P(r) = [(e(r) — 1)/4n]E(r). This is a consequence of the fact that the absorbed energy is equal to the
total work of the local field in the material (as opposed to the extinction energy, which is equal to
the work of the external field). The formula for the absorption cross section in terms of the
polarization function can be obtained from the optical theorem and direct integration of the
scattering amplitude [47,48]:

_ l6n’k Im &(r)

O, = Pl' 2d3r:
TER ), T =17 PO

ToRE L Im[e(r)]|E(r)|“ d°r. (10)
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Using formulas (2) for &(r) and (6) for E(r), we can rewrite the above expression for the absorption
cross section as

kImSIJ kIm (e, — )j
Ga E(r)?d°r + r)|E (r)]2dr
AR [E(r)|? E, 2 , p(r)|Eg(r)]

k;?ln(;l]fl va {2 Re[E((r)- EX(r)] + |Ec(r)|2} d3r
kIm(e, — &) 3} o
—Er L p(0){2 Re[E(r) - E£()] + [E()]} dr. m

Now, we analyze the terms on the right-hand side of (11). The first term gives the absorption
cross section by a water droplet without inclusions. It is given by the well-known Mie solution and,
consequently, is of no interest for us. Taking into account that {p(r)> ~ |E|/|E| ~ v/V, we find that
the second and the third terms are of the same order of magnitude and give the first correction of
the order of v/V to the absorption cross sections. Finally, the fourth term is of the order of (v/V)?,
and can be neglected in the first approximation.

Even in the first approximation, the expression for the absorption cross section contains the
unknown field E (r) in the third term of (11). However, for the particular case of carbon and water,
Ime, > Ime;. This additional factor allows one to neglect the third term in expansion (11). In
principle, the first term can be still large or comparable to the second one due to the large factor
V /v, but this fact does not complicate further derivations.

Finally, we can represent the absorption cross section as ¢, = 6, water + Ta,carbon WHEIE Ty water 1S
given by the first term in (11), and

kI
Oa,carbon — _‘13‘;63 p(r)IEs(r)|2 d3l'. . (12)
[Eol* Jv

The above formula gives the absorption cross section associated with carbon inclusions in the first
order in v/V; the higher corrections are of the order of (v/V)2. In the ideal case of Ime; = 0, this
formula gives the total absorption of a composite droplet. Below, we will assume for simplicity that
&y 18 a real number.

Since p and E; are statistically independent, we can perform direct averaging of (12) over random
realizations of carbon soot inclusions:

kime,

(Gacarbon) = —=—3 f {p(0)>[E(n)]* d°r. (13)
[Eol® Jv

Note that in the above averaging the radius of a water droplet is fixed.
2.4. Enhancement factor

We define the enhancement factor G as the ratio of the absorption cross section of a carbon soot
cluster in a water micro-droplet, defined by (13) to that in vacuum:

<Ga carbon>
G = o carbon/ 14
<O-:(1?garbon> ( )
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where (0(%,:vony 18 the average absorption cross section of carbon soot in vacuum. The latter
can be easily calculated using Eq. (10) and replacing E(r) by E;,(r). Taking into account
that |Ei(r)*> = [Eo/*> and e(r) =1 + (e, — 1)p(r) for carbon soot in vacuum, we find that
<G£1(,)garbon> = kvIme, and

1

s

L {p(r)>|E(r)* d°r. (15)

3. Angular integration

The average density of carbon inclusions <{p(r)) must be spherically symmetrical:
{p(r)> = {p(r)>. Therefore, the angular integration in (15) can be done in the most general form,
without specifying {p>:

G = —1—2 Ja r2p(r)> drﬁEs(r)l2 dQ. (16)
|Eol*v Jo

The internal field E; is given by the expansion in terms of the VSHs, M,,.., Meyu Noms and
N (for a detailed description of the VSH expansion see [49]). For a plane incident wave, only the
VSHs with m =1 are left in this expansion. Further, if the incident wave is polarized along the
x-axis, M., and N,,, are not excited.

For the linear absorption, it is sufficient to consider a linear polarization of the incident wave. An
elliptical polarization can be described as a superposition of two linearly polarized waves; the
absorbed power due to these two waves is added up because of the linear nature of the interaction.
Below, we will adopt the linear polarization of the incident wave along the x-axis (Eq = e,E,), and
will use the following simplified notations for the VSHs that can be excited in this particular case:
M, =M,,, and N, = N.,,. Then the expansion for the E, field takes the form

X - E0(27’l + 1)

= L ey @M —idN) 17)

Here ¢, and d, are the internal field coefficients [49] defined by

Jn)xhP)] — P [xj(x)]"

= S e DT = RO xax] {18

L IDHT — KL ] )
"= e )R] — e/ x ORI )T

x=ka, xi=ka,  k =./ek | (20)

where j,(x) and h'*)(x) are the spherical Bessel and Hankel functions of the first kind, respectively,
and prime denotes differentiation with respect to the argument in parenthesis.
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The VSHs are mutually orthogonal in the sense that

r

M, M,dQ =0 ifn=#m, 21)
N, 'N,dQ =0 ifn#m, (22)
M, N, dQ =0 Vnand m. 23)

o

Consequently, the angular integral in (16) can be written as

ﬁEs(r)] dQ = Z % [|cn|2f MzdQ + |d"|2J N? dQ} (24)

Note that for a purely real dielectric constant ¢; the VSHs are also real (see Egs. (25) and (26)
below); this is why |M,|? and |N,|? were replaced by M2 and N? in (24).

Expressions for the VSHs are usually written [49] in the spherical coordinate system with the
z-axis coinciding with the direction of propagation of the incident wave, and the x-axis — with the
polarization vector, and using the local basis e, e, e, However, such representation is not
convenient for the angular integration according to (24) because the basis vectors e,, €, €, depend
themselves on coordinates. Instead, we adduce below expressions for the VSHs as functions of
spherical coordinates (r,0,¢), but spanned by the position-independent Cartesian unit vectors
€€, e,

M,(r, 0, ¢) = j(kir){e.[cos® ¢ cos Om,(0) + sin® ¢p7,(6)]
+ e,cos ¢ sin p[cos O, (0) — T,(0)] — e, cos ¢ sin Om,(6)}, (25)
N.(r, 0, ¢)

= e, cos qS{n(n + 1)1"( 1) in? 0, (0) + [J"g‘”) ¥ ],,(klr)J[cos 0c,(0) + tan? qﬁn,,(@)]}

+e, cosqbsmd){n(n n 1)J"( ") Gin2 O, (60) + [J"( L ],,(klr)}[cos 07,(0) — n,,(@)]}
+ e,cos ¢ sin 9{ (n + 1)~ "5{11 ) cos b (6) — [j"g‘::) + j;,(klr):|t,,(9)}, ‘ (26)
ne) = P8O gy AP TC0s0] @)

where PU™(¢) is the associated Legendre polynomial of the first kind of degree n and order m.
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Integration according to (24) with M, and N, given by (25), (26) and dQ = sinf#dfd¢ can be
performed directly (see (A.6) for details of calculation of particular integrals), and the result is

J |E(r)]* dQ

~ 2o 3 ek et + 0] () (HED )L

n=1

Further calculations require specifying the form of {p(r))>. Below, we consider two cases: fractal
distribution of the inclusion density and homogeneous distribution.

4. Fractal geometry of inclusions

An important characteristic of fractal clusters is the density-density correlation function,
{p(r)p(r)>, which is proportional to ¥’ — r[°~2 in the so-called intermediate asymptote region
Ry €| — 1| € R, where D is the fractal dimension, R, is the minimum resolution scale and R, is
the characteristic size of the object (for example, the gyration radius R,). If we set r’ = 0, the same
scaling behavior should be true for the average density function, {p(r)>, measured from the center
of symmetry: {p(r)» oc ¥® 3. For trivial objects, D = 3 and there is no long-range correlation in the
system. For fractal clusters, D is, generally, less than 3. Specifically, for soot clusters D ~ 1.8 [6].
The above scaling behavior of the density-density correlation function is only approximate.
A number of studies [50,25], based on numerical simulations, showed that D itself can depend on
[t —r|/R.. This phenomenon is known as multiscaling. However, the effects of multiscaling are,
typically, small.

For our simplified consideration, we assume that D is a constant satisfying 1 < D < 3. The case
D =1 corresponds to inclusions in the form of long linear sticks, while the case D = 3 corresponds
to a homogeneous distribution of inclusions. If D = 3 (trivial geometry), the problem becomes
mathematically equivalent to the Mie problem for a homogeneous dielectric sphere with some
effective dielectric constant &.;;. A nonperturbative analytic solution can be obtained in this case.
However, this method has certain difficulties. First, the form of & is not obvious. For carbon
inclusions of spherical shape and small concentration, one can use & = &, + (30/V)e, — 1)/
(62 + 2&;) [51]. But this formula is not applicable when the inclusions are not of spherical shape or
form clusters of touching particles. An approach based on determining the effective dielectric
function was used by Chowdhury et al. [35,40] who suggested averaging of the ¢ with the weight
that includes the local intensity of the unperturbed electric field inside the sphere. Chowdhury et al.
define two different averaged dielectric constants, one of which is used for computation of the
internal (or external) field coefficients and the other — for the effective absorption (or gain). This
method is somewhat similar to the perturbative approach used here in that it uses the unperturbed
electric field to compute the effective ¢. Different effective medium approximation were also used by
Videen and Chylek [43]. The second difficulty is that the extinction and scattering cross sections in
the analytical Mie solution are expressed as infinite series involving the scattering coefficient a,, ¢,;
the absorption cross section must be calculated as the difference between these two values. When
absorption is small, such calculation involves a numerical procedure of finding small difference
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between two large numbers, and the round-off errors become very significant. Also, the direct Mie
calculations in the case of a complex &.¢; involve spherical Bessel functions of a complex argument,
which further complicates numerical procedures. Instead of finding an analytical solution based on
some definition of e, we use in this paper the perturbative approach developed above for the
D =3 case. This approach is also valid for D < 3 (fractal geometry), when analytical solution
cannot be obtained, thus allowing us to maintain self-consistency of results.

An important question is how the fractal inclusions are located inside the microdroplets. This
can be influenced by many factors such as chemical composition of soot particles, surface tension
forces, temperature, etc. Formation of agglomerates of soot clusters and water can change the
geometrical properties of the clusters due to the action of surface tension forces [52,53]. All these
factors should be taken into account in further investigation. As was already discussed, the average
density of inclusions must be spherically symmetrical if there is no distinguished direction in space.
We also assume that, in accordance with the fractal density distribution, it obeys a power law with
the scaling parameter D according to

o)y = %2,) P73 i <a 29)

Here the radius of the microdroplet, a, serves as the cut-off, and the density function (29) satisfies
normalization (3). Note that the validity of approximations developed above does not depend on
the relation between a and A.

Note that, according to its physical meaning as the probability to find a spot at the distance
r from the droplet center occupied by carbon, {p(r)> cannot be greater than unity. In fact, the
perturbation expansion used above relies on the assumption that {p(r)> < 1. Formula (29) may
seem to contradict this assumption when r — 0. However, the divergence of {p(r)> at small r is not
significant since all the physically important radial integrals converge fast enough at this limit (see
below); thus the actual value of {p(0)) is not important. The small parameter of the perturbation
expansion is v which is obviously present in definition (29).

We will be interested in the numerical value of the absorption enhancement parameter G and its
dependence of the fractal dimension D. When D = 3, the density of inclusions is homogeneous
inside the water droplets, while when D < 3, it decreases from the center to the surface.

By using the average density function (29) and the result of angular integration of |[E(r)|? (28), one
can express the absorption enhancement factor (16) in terms of simple radial integrals involving
spherical Bessel functions. Inserting expressions (28) and (29) into (16) and taking the integrals
containing derivatives of spherical Bessel functions by parts, we arrive, after some rearrangement of
terms, at the following result:

) 5 —
G= E(k—?(;)_p ngl (27’1 + 1){|Cn!21n(1) + Idn|2l: ) Dx?_zjr%(xl)
#xt ) + 10+ (40 + E22EZD o [ o0

I,(2) = J "2 dox (31)
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The integrals I,(«) converge for all physically interesting values of parameters (as discussed above)
at both limits and must be evaluated numerically.

5. Numerical calculations

As was pointed out by Bohren and Huffmen [49], the diffraction parameter x = ka (or

X, = \/glx) cannot be, in general, viewed as the only independent variable of the problem,
although it may seem so from the mathematical form of Egs. (15) and (30). Indeed, when ¢; depends
on 4, x1/x # const. Instead, there are two physically independent parameters that define com-
pletely solution to the scattering problem, a and 1. However, when &; does not depend on A,
X1/x = ¢; = const., and the diffraction parameter x becomes the only independent variable. Note
that, in this case, we do not need to know whether x changes due to a change in a or in A.

For the particular case of water, the assumption x;/x = const. is a good approximation in the
spectral range from 0.3 to 2.0 um. For the constant room temperature T = 20°C and pressure
P =1 atm, ¢&; is accurately approximated in the spectral region 0.182 um < A4 < 2.770 pm by the
following expression [54]:

g = :173_3—/1—2— + a5 + azA? + ait + asi®,
A, = 0.134 um,
a; =5.743x 1073, a, = 1.769, az; = —2797x1072, a, =8.715x 1073,

as= — 1.414x 1073,

(32)

The imaginary part of the refractive index of water is very small in the optical spectral range, and
following other authors (see, for example, [4,41-43]) we set it to zero. The spectral dependence of
the refractive index of water, \/EI, 1s illustrated in Fig. 1. We have set \/8_1 = 1.33 = const. which
allowed us to perform numerical calculation of the enhancement factor G as a function of one

1.5 T T T T T
145 va ~
14F -
1.35 .
1.3rF A
1.25 -

12 B

A, pm
]

1 1 1 1
l'10 0.5 1 1.5 2 2.5 3

Fig. 1. Refraction index \/.8_1 of water as a function of the wavelength A (analytical approximation).
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independent variable, x = ka. We allowed x to change from 0 to 1000. This range of x includes
most of the practical values of a and 4. Thus, for 4 = 0.4 pm, a can vary from 0 to ~ 60 um.

Now, we turn to calculation of the internal field coefficients, ¢, and d,. We calculated the Bessel
functions and their first derivatives that are used in definitions (18) and (19) of the internal field
coefficients, using the three-point recursion relation [55]:

2n +1
¢

(2n + 1)ju(€) = wju-1(8) — (n + 41 (&). (34)

The same recursion relations are valid for the spherical Hankel functions. Since we calculated the
spherical functions of only real arguments, the numerical stability of the recursions was good, and
the round-off errors were well within the required limits.

It is well known that the VSH maximum order n that gives significant contribution to the optical
cross sections can be roughly estimated [49] as ny,, &~ x = ka. The internal field coefficients |c,|?
and |d,|* decrease dramatically for n > f,,, as illustrated in Fig. 2. In Fig. 2a, we plot the internal

field coefficients for \/8>1 = 1.33 and x = 259.664. The specific value of x was chosen from the
condition that the absorption cross-section has a resonance. In terms of VSHs, the resonance
occurs for the order n = 131, when |c,|* reaches the value of = 3.23 x 107; there is also a big
number of weaker resonances of |¢,|%. (Note that |d,|* has no resonances.) Since the total number of
VSHs that contribute to the absorption is of the order of 300, and |c;3,|? is more than 5 orders of
magnitude larger than the average background, we can conclude that the resonant VSH gives the
prevailing input to the optical cross sections. For comparison, we plot in Fig. 2b the internal field
coefficients for the same refraction index, but for an off-resonant value of x = 260.400. Both
pictures look very similar, apart from the resonance order n = 131 in Fig. 2a.

The numerical results for the absorption enhancement factor G(x) are shown in Fig. 3for D = 1.1
(Fig. 3a) and D = 3.0 (Fig. 3b). As can be seen in Fig. 3, G(x) has a large number of quasi-random

Ja+1(8) = (&) = ju-1(8), (33)

108 . . . : T

108

104 104 F

10* 10~*

10_8 108

10-—12 10—12_ u
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{a} 0 50 100 150 200 250 300 (b) © 50 100 150 200 250 300

Fig. 2. Internal field coefficients, |c,|* and |d,|?, as functions of the VSH order, n. (a) x = 259.664 (the resonance order
n = 131); (b) x = 260.400 (no pronounced resonances).
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Fig. 3. Absorption enhancement factor G as a function of the diffraction parameter x = ka for different fractal
dimensions D. (a) D = 1.1; (b) D = 3.0.
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Fig. 4. Average absorption enhancement factor {(G) as a function of the fractal dimension, D.

morphology-dependent resonances (due to the presence of resonances in internal field coefficients
illustrated in Fig. 2), but only a very slight systematic dependence of G(x) on x can be seen in the
interval 10 < x < 1000. The slight systematic increase of G(x) can be attributed to an increase in
average resonance quality with the size parameter x. It can be also seen from comparison of Fig. 3a
and b that the enhancement factor is larger, on average, for D = 1.1 than for D = 3.0.

It is plausible to assume that in a polydisperse ensemble of microdroplets with size parameters in
the wide range 10 < x < 1000 the individual resonances are smoothed out and the average
absorption enhancement factor, {G), which is practically important, is given by averaging of G(x)
over x. We performed such averaging in the interval of x specified above for different D (1 < D < 3)
and the results are shown in Fig. 4. The averaging was performed with the step in x equal to 0.1.
This step was small enough so that most resonances were visually resolved. Averaging with a larger
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resolution resulted in a smaller value of (G because the resonances in G(x) are very narrow. It is
important to emphasize the significance of the averaging process. For a randomly chosen x, G(x) s,
with a large probability, smaller than {G) by the factor of 4 or 5. Thus the resonances of G(x) play
an important role and should not be ignored. It should be noted that the averaging was performed
in the region of 10 < x < 1000 where there is no pronounced systematic dependence of G(x) on x.
For x < 10, the averaged G is considerably smaller.

As can be seen in Fig. 4, {G) is maximum for D = 1 and decreases towards D = 3. For the
practically important value D = 1.8, {G) ~ 16, and the maximum variation of {G)> with D does
not exceed + 6. The dependence of {G) on D can be explained by an interference between the
fractal density function {p(r)> and the modes of a spherical resonator. It was shown by Berry and
Percival that such interference can result in a significant increase of the scattering cross section for
plane waves scattered by fractal clusters [16]. However, the absorption cross section was shown
[16] to be independent of the fractal geometry (and, in fact, of any possible rearrangement of
particles) in the case of the plane waves scattering. Consequently, in absorption, there is no positive
interference between the fractal density function and plane waves. This follows from the simple fact
that the amplitude of a plane wave is constant in space. Our results demonstrate that, for highly
inhomogeneous modes of a spherical resonator, such interference can be significant for the
absorption as well, resulting, in particular, in a stronger enhancement of absorption for the fractal
distribution of inclusions than for the trivial one.

6. Summary

As the main result of this paper, we calculated the average absorption enhancement factor for
carbon soot clusters placed inside water droplets, compared to free soot clusters, as a function of
the fractal dimension D. Both fractal and trivial (homogeneous) geometries of carbon inclusions
were considered in a uniform way. We found that, in both cases, absorption is significantly
increased when soot is placed inside water droplets. This is explained by the fact that spherical
water droplets act like high-quality optical resonators and the intensity of electromagnetic fields
inside the droplets can be much larger than that of an incident wave. From the point of view of the
geometrical optics, the increase in absorption can be explained by the fact that light rays travel
many times inside a spherical droplet reflecting from its boundary, and are absorbed by the
inclusions during each pass (the total number of passes of a ray is roughly equal to the resonance
quality). The absorption factor is larger for smaller fractal dimension of carbon inclusions, and
changes from {G) ~ 14 for D =3 to {(G) ~22for D = 1.

The enhancement factor G, defined as the ratio of the absorption cross sections of a soot cluster
inside a water droplet to that in vacuum (or, more generally, in any transparent medium with
refractive index close to unity, such as the atmosphere) shows no pronounced systematic depend-
ence on the diffraction parameter x = 2na/A for 10 < x < 1000, where a is the droplet radius, apart
from strong modulations associated with morphology-dependent resonances of the sphere which
are smoothed out for an ensemble of droplets with different radiuses. This smoothing, or averaging,
is essential for numerical estimate of the absorption enhancement. The averaging must be per-
formed with a sufficiently high resolution in x in order to resolve all the morphology-dependent
resonances which are very narrow. The averaged value {G) is 4-5 times larger than the typical
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off-resonance value G(x) (calculated for a non-resonant x). Thus, the input of these narrow
resonances is significant and should not be disregarded. This explains why our estimates of the
absorption enhancement are considerably larger than those based on calculations for isolated
values of x [4,43].

In the conclusion, we note that within the framework of the first Born approximation that was
used throughout the article, the absorption cross section of a free carbon soot cluster excited by
a plane wave is proportional to the total volume of carbon and does not depend on the cluster’s
geometrical configuration. However, this is not the case when the cluster is excited by the
inhomogeneous modes of a spherical resonator instead of plane waves. In this case, the absorption
is stronger, on average, if the inclusions tend to concentrate in the spatial regions where the
intensity of local fields is higher.
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Appendix. Calculation of angular integrals

In spherical coordinates, the element of solid angle is dQ = d¢sin(f)d0. Integration over
¢ according to (24) with the VSHs defined by (25), (26) poses no difficulty since the only types of
integrals over ¢ are

2=n 27n 3,”:
J cos*pdo =J sin* ¢ d¢ =

0 o
2 1t 2n 2n
sin? ¢ cos? pd¢p = —, sin?¢pd¢ = | cos’¢pdo =m.
0 4 0 0
After performing integration over ¢, we find that

ran d¢ = mji(k,r)[ma(60) + 72(6)], (35)
0

J Nidg = n{[ n+ 1" ”)] sin? 0r3(0) + [Jﬁf—” +j;,(k1r)] w0 + rf(en}. (36)
0 1

l

The angular functions that are left after integration over ¢ are sin* On2(9) and nZ(9) + (), where
n(0) and t,(0) are defined by (27). In integration (24), these functions must be multiplied by sin 6 d0.

With the standard substitution cos § = ¢, and using the expression P{(E) = /1 — E2dP,(&)/d¢
that relates the Legendre polynomials P, to the associated Legendre polynomials of the first-order
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P we find for the first integral:

13 1
I, = | sin?6n2(F)sinfdb = (1—¢&% gffdPn. (37
0 ~1 d€
Performing integration by parts, we find that
1 d?p,
I f [2 30— }dé (39)
Because the Legendre polynomials satisfy the differential equation
d?p,
. £2
(1—¢%) a2 é P, = 39)

the expression in the square brackets in (38) can be simplified and

Iy =n(n + 1)J PA(&)de. (40)

The integral [, P2(£)d¢ is well known (see, for example, Ref. [56], formula 2.17.14.10) and is equal
to 2/(2n + 1). Finally, we find
2n(n + 1)

2n+1° (41)

1=

Calculation of the angular integral of n2(6) + t2(f) is more lengthy. Again, we use substitution
cosf = £ and find

o, ) ) " f[dP,\? 2dzP_dP,,2
=J‘o [7%(0) + = (9)]51n9d9—j_1{<d6> +[(1 &9 a2 dé:| }dé. 42)

Next, we express the second derivative of P, with the use of differential equation (39) and obtain the
following expression for I,:

n-[ [

The first term in (43) can be integrated with the use of the equality

1 5 dP,, _ J‘l <dPn>2
J—l(ﬁ + 4z dP,= — 1 +2 _\az dé, (44)

where the integral I is defined by (37), and its value was calculated above (formula (41)). The
second integral in (44) can be found in tables (see Ref. [56], formula 2.17.14.24)) and is equal to
n(n + 1). Therefore,

t dp, _A4n*(n + 1)
[ e Gran =5 )

2(n + 1)2P? dg] (43)
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The second term in (43) is easily integrated by parts with the use of [L,P2(£)d¢ = 2/(n + 1) and is
equal exactly to the value in the right-hand side of Eq. (45) with the opposite sign. Therefore, the
first and the second terms in (43) cancel each other. The third term in (43) is also proportional to
{L1PX(&)d¢, so that the final result for I, is:

2n*(n + 1)*
ST (46)
Finally, for the angular integrals, we find
2 2mnA(n + 1)
2 st 2
\[0 Mn dQ - 21’1 + 1 ]n(klr): (47)
2n 2nn(n + 1)2j Julleir) 12 [ julkyr) 2
2 _ H n .
L NodQ="=1 U rr | T ke D] (48)

Substitution of these expressions into (24) results in (28).
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