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ARTICLE INFO ABSTRACT

Keywords: A new Block-Spectral-Stress (BSS) sub-filter-scale (SFS) closure combining turbulence modeling

Turbulence modeling and shock-capturing has been developed for flux-reconstruction numerics improving upon an

Shock-capturing earlier formulation named Legendre Spectral Viscosity or LSV (Sousa and Scalo, J. Comput. Phys.

Elll:c{kr z:::::;n;?m d 2022, Vol 460). The BSS method relies on the Legendre spectral representation of the velocity gra-

Wall bounded flow dients to estimate the SFS kinetic energy, used to compute the SFS momentum stresses, heat-flux,
and pressure-work, based on the resolved field. The method is able to capture shocks in one-
dimension with numerical order up to 20, with good agreement between a posteriori and exact
SFS stresses. The same approach is able to adequately preserve the hydrodynamic structure of a
vortex impinging on a Mach 1.5 shock in two dimensions and overcome symmetry violations and
lack of Galilean invariance of the previous LSV method. Also, unlike LSV, BSS removes the need
for explicit spectral modulations of the modeled SFS fluxes. It has been tested in three-dimensional
turbulent calculations where it is compared against the Smagorinsky, dynamic Smagorinsky, and
Vreman models, all adapted to flux reconstruction numerics. In subsonic and supersonic Taylor-
Green Vortex calculations, the BSS model loses accuracy on coarse meshes (i.e. fewer mesh cells),
while surpassing other closures on finer ones, making the increasing of polynomial order not ad-
vantageous. The same behavior was noticed also in a supersonic Taylor-Green Vortex test case;
instead, in fully developed supersonic and hypersonic turbulent channel flow the opposite is ob-
served, where a posteriori predictions improve with increasing polynomial order. BSS has proven
to be versatile in achieving both shock capturing and turbulence modeling with no case-specific
tuning of coefficients, while not necessarily being the best performing closure for anyone partic-
ular test case.

1. Introduction

The last years have seen the proliferation of spectral methods, which have the potential to be fully integrated into unstructured
solver retaining with high-order numerical convergence [1-10]. However, spectral numerics are not robust in the presence of steep
gradients [11-13], commonly present in high-speed flows, which entail both strong shocks and highly compressible turbulence
cascade effects [14-16]. Both shock and turbulence formation have a similar energy cascade dynamics [17-19]; differently from
shocks, turbulence has a finite spectra therefore standard shock-capturing methods usually tend to remove a dynamically significant
part of turbulent spectra and hinder the quality of the simulation. On the other hand, Large Eddy Simulations (LES) techniques—
which allow to resolve turbulence on a mesh coarser than Direct Numerical Simulation quality (DNS) by modeling of small scales
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$^3$


$^3$


\begin {equation}\mathbf {Q} = \begin {bmatrix} \rho ,\ \rho u_1,\ \rho u_2,\ \rho u_3,\ E \end {bmatrix}^T \label {eq:Q_cons}\end {equation}


$\rho $


$u_i$


$i^{th}$


$(x_1,x_2,x_3)$


$x$


$y$


$z$


$E=\rho (e+u_i u_i/2)$


$e=p/\rho (\gamma -1)$


\begin {equation}\begin {aligned} & \mathbf {F}= & & \mathbf {G}= & & \mathbf {H}= & \\ & \begin {bmatrix} \rho u_1 \\ \rho u_1 u_1 + p - \mu \sigma _{11} \\ \rho u_1 u_2 - \mu \sigma _{12} \\ \rho u_1 u_3 - \mu \sigma _{13} \\ (E + p)u_1 - k \frac {\partial T}{\partial x_1} + \\ \dots - \mu \sigma _{i1} u_i \end {bmatrix} & & \begin {bmatrix} \rho u_2 \\ \rho u_2 u_1 - \mu \sigma _{21} \\ \rho u_2 u_2 + p - \mu \sigma _{22} \\ \rho u_2 u_3 - \mu \sigma _{23} \\ (E + p)u_2 - k \frac {\partial T}{\partial x_2} + \\ \dots - \mu \sigma _{i2} u_i \end {bmatrix} & & \begin {bmatrix} \rho u_3 \\ \rho u_3 u_1 - \mu \sigma _{31} \\ \rho u_3 u_2 - \mu \sigma _{32} \\ \rho u_3 u_3 + p - \mu \sigma _{33} \\ (E + p)u_3 - k \frac {\partial T}{\partial x_3} + \\ \dots - \mu \sigma _{i3} u_i \end {bmatrix} & \\ \label {eq:FGH} \end {aligned}\end {equation}


$\mu $


$p$


$T$


$\sigma _{ij}=\partial u_i/\partial x_j + \partial u_j/\partial x_i - \delta _{ij}(2/3)\partial u_k/\partial x_k$


$\delta _{ij}$


\begin {equation}\frac {\partial \mathbf {Q}}{\partial t} + \frac {\partial \mathbf {F}}{\partial x_1} + \frac {\partial \mathbf {G}}{\partial x_2} + \frac {\partial \mathbf {H}}{\partial x_3} = 0 \label {eq:NS_phy}\end {equation}


$(\xi ^1,\xi ^2,\xi ^3)$


\begin {equation}\begin {aligned} & \boldmath {Q} = J\mathbf {Q} \\ & \boldmath {F} = J\left (\frac {\partial \xi ^1}{\partial x_1}\mathbf {F} + \frac {\partial \xi ^1}{\partial x_2}\mathbf {G} + \frac {\partial \xi ^1}{\partial x_3}\mathbf {H} \right ) \\ & \boldmath {G} = J\left (\frac {\partial \xi ^2}{\partial x_1}\mathbf {F} + \frac {\partial \xi ^2}{\partial x_2}\mathbf {G} + \frac {\partial \xi ^2}{\partial x_3}\mathbf {H} \right ) \\ & \boldmath {H} = J\left (\frac {\partial \xi ^3}{\partial x_1}\mathbf {F} + \frac {\partial \xi ^3}{\partial x_2}\mathbf {G} + \frac {\partial \xi ^3}{\partial x_3}\mathbf {H} \right ) \\ \end {aligned} \label {eq:transform}\end {equation}


$\partial \xi ^i/\partial x_j$


$x_j$


$\xi ^i$


$J$


$\partial \xi ^i/\partial x_j$


\begin {equation}\frac {\partial \mathbf {Q}}{\partial t} + \frac {1}{J}\frac {\partial \boldmath {F}}{\partial \xi ^1} + \frac {1}{J}\frac {\partial \boldmath {G}}{\partial \xi ^2} + \frac {1}{J}\frac {\partial \boldmath {H}}{\partial \xi ^3} = 0 \label {eq:NS_comp}\end {equation}


$^3$


$J$


$\mathbf {Q}$


$N+1$


$N$


$O\dbond N+1$


$O$


$\xi $


$\xi ^1$


$\xi ^2$


$\xi ^3$


$\xi _j$


$Q(\xi )$


$\mathrm {F}(\xi )$


$\xi =-1$


$\xi =+1$


\begin {equation}\mathrm {F}^* = \frac {1}{2}(\mathrm {F}_R + \mathrm {F}_L) - \frac {S^+}{2}(\mathrm {Q}_R - \mathrm {Q}_L) \label {eq:rusanov}\end {equation}


$\mathrm {F}^*$


$\mathrm {F}_R$


$\mathrm {F}_L$


$\mathrm {Q}_R$


$\mathrm {Q}_L$


$S^+=\mathrm {max}(a_L + |u_L|, a_R + |u_R|)$


$a$


$u$


$\xi $


$j$


$\xi _j$


\begin {equation}\frac {\partial f}{\partial \xi }\Bigg |_{\xi _i}= D_{ij}f(\xi _j) + \left (f^{*}_{-\frac {1}{2}}-f(-1) \right )g'_l(\xi _i) + \left (f^{*}_{+\frac {1}{2}}-f(+1) \right )g'_r(\xi _i) \label {eq:dev_FR}\end {equation}


$f$


$\xi $


$f^{*}_{-\frac {1}{2}}$


$f^{*}_{+\frac {1}{2}}$


$D_{ij}$


$g'_l(\xi _i)$


$g'_r(\xi _i)$


$g_r(\xi _j)=g_l(-\xi _j)$


\begin {equation}R_{N+1}(\xi _j) = \frac {(-1)^{N+1}}{2}\left [L_{N+1}(\xi _j) - L_N(\xi _j)\right ], \label {eq:radau}\end {equation}


$L_{N+1}(\xi _j)$


$N+1$


$\xi _j$


\begin {equation}g_{N+1} = \frac {N+1}{2N + 1} R_{R,N+1} + \frac {N}{2N + 1} R_{R,N} \label {eq:corr_funs}\end {equation}


$g_{N+1}$


$N+1$


$g_l$


$g_r$


$C^0$


$\bar {(\cdot )}$


\begin {equation}\check {f}=\frac {\overline {\rho f}}{\bar {\rho }}, \label {eq:favre_filt}\end {equation}


\begin {equation}\frac {\partial \overline \rho }{\partial t} + \frac {\partial \overline {\rho } \check {u}_j}{\partial x_j} = 0 \label {eq:NS_LES_cont}\end {equation}


\begin {equation}\frac {\partial \overline {\rho } \check {u}_i}{\partial t} + \frac {\partial }{\partial x_j} \left ( \overline \rho \check {u}_i \check {u}_j + \overline {p} \delta _{ij} - \mu \check {\sigma }_{ij} \right ) = - \overline \rho \tau _{ij}, \label {eq:NS_LES_mom}\end {equation}


\begin {equation}\frac {\partial \overline E}{\partial t} + \frac {\partial }{\partial x_j} \left ( (\overline E + \overline p) \check u_j - k \frac {\partial \check T}{\partial x_j} - \mu \check \sigma _{ij} \check u_i \right ) = \mu \epsilon - \frac {1}{2} \left ( \frac {\gamma \pi _j}{\gamma - 1} + \overline \rho C_p q_{j} \right ) - \frac {1}{2} \overline \rho \zeta _{j}, \label {eq:NS_LES_energy}\end {equation}


\begin {equation}\frac {\overline p} {\gamma - 1} - \overline E + \frac {1}{2} \overline \rho \check u_i \check u_i = - \frac {1}{2} \overline \rho \tau _{ii}. \label {eq:ideal}\end {equation}


$k$


$C_p$


$\tau _{ij}$


$q_j$


$\pi _j$


$\zeta ^j$


$\epsilon $


$\pi _j$


\begin {equation}\begin {aligned} \tau _{ij} = \widecheck {u_i u_j} - \check u_i \check u_j \end {aligned} \label {eq:tau_SFS}\end {equation}


\begin {equation}\begin {aligned} q_{j} = \widecheck {T u_j} - \check T \check u_j \end {aligned} \label {eq:q_SFS}\end {equation}


\begin {equation}\pi _{j} = \overline {p u_j} - \overline p \check u_j \label {eq:pi_SFS}\end {equation}


\begin {equation}\begin {aligned} \zeta _{j} = \widecheck {u_k u_k u_j} - \check u_k \check u_k \check u_j \end {aligned} \label {eq:zeta_SFS}\end {equation}


\begin {equation}\epsilon = \frac {\partial \overline {\sigma _{ij} u_i}}{\partial x_j} - \frac {\partial \check \sigma _{ij} \check u_i}{\partial x_j} \label {eq:SFS_epsilon}\end {equation}


$^3$


\begin {equation}\mathbf {F}^{\mathrm {SFS}} = \begin {bmatrix} 0 \\ \bar {\rho } \tau _{11} \\ \bar {\rho } \tau _{12} \\ \bar {\rho } \tau _{13} \\ \frac {1}{2} \left ( \frac {\gamma \pi _1}{\gamma - 1} + \overline \rho C_p q_{1} \right ) \end {bmatrix}\; \mathbf {G}^{\mathrm {SFS}} = \begin {bmatrix} 0 \\ \bar {\rho } \tau _{21} \\ \bar {\rho } \tau _{22} \\ \bar {\rho } \tau _{23} \\ \frac {1}{2} \left ( \frac {\gamma \pi _2}{\gamma - 1} + \overline \rho C_p q_{2} \right ) \end {bmatrix}\; \mathbf {H}^{\mathrm {SFS}} = \begin {bmatrix} 0 \\ \bar {\rho } \tau _{31} \\ \bar {\rho } \tau _{32} \\ \bar {\rho } \tau _{33} \\ \frac {1}{2} \left ( \frac {\gamma \pi _3}{\gamma - 1} + \overline \rho C_p q_{3} \right ) \end {bmatrix} \label {eq:FGH_BSS}\end {equation}


$\tau _{ij}$


$q_j$


\begin {equation}\nu _t = 2C\Delta ^2|\check {S}| \label {eq:sma_nu}\end {equation}


$C=0.0256$


$\Delta $


\begin {equation}|\check {S}|=\sqrt {2\check {S}_{ij}\check {S}_{ij}} \label {Xeqn22-22}\end {equation}


$\check {S}_{ij}$


\begin {equation}\check {S}^{ij}=\frac {1}{2}\left (\frac {\partial \check {u}_i}{\partial \xi ^j} + \frac {\partial \check {u}_j}{\partial \xi ^i}\right ). \label {Xeqn23-23}\end {equation}


$\Delta $


$\Delta =\sqrt [3]{w^i w^j w^k}$


$w^i$


$w^j$


$w^k$


$i$


$j$


$k$


\begin {equation}\tau ^{ij} = -\nu _t(\check {S}_{ij} - \frac {1}{3}\check {S}_{kk}\delta _{ij}) \label {eq:tau_sma}\end {equation}


$\delta ^{ij}$


\begin {equation}q_j = -\frac {\nu _t}{Pr_t}\frac {\partial \check {T}}{\partial \xi ^j} \label {eq:q_sma}\end {equation}


$Pr_t=0.9$


$C$


$Pr_t$


$C$


$Pr_t$


$C$


$0.01$


$Pr_t$


$\nu _t$


\begin {equation}\nu _t = C_{Vr} \sqrt {\frac {\beta _{11}\beta _{22} - \beta _{12}^2 + \beta _{11}\beta _{33} - \beta _{13}^2 + \beta _{22}\beta _{33} - \beta _{23}^2}{\alpha _{ij}\alpha _{ij}}} \label {eq:vre_nu}\end {equation}


\begin {equation}\beta _{ij} = (\Delta ^m)^2\alpha _{mi}\alpha _{mj}, \quad \quad \alpha _{ij} = \partial \check {u}_j / \partial \xi ^i \label {eq:vre_beta}\end {equation}


$C_{Vr}$


$\Delta ^m$


$m^{th}$


$\mathcal {D}_{ij}$


$\nu _t$


\begin {equation}E_N^i(\check {u}_j)=\left | \frac {1}{\gamma _N} \sum _{k=0}^N \frac {1}{2}\left (\check {u}_j(\xi _k^i) \right ) ^2 L_N(\xi _k^i) w_k \right | \label {eq:new_E_BSS}\end {equation}


$\check {u}_j(\xi _k^i)$


$j$


$i$


$k$


$L_N(\xi _k^i)$


$\xi _k^i$


$i$


$k$


$O$


$N\dbond O-1$


$\xi _k^i$


$k$


$i$


$w_k$


$\gamma _N=2/(2N+1)$


$N$


$v^i(\check {u}_j)=\sqrt {\frac {N}{2}E_N^i(\check {u}_j)}$


$\mathcal {D}_{ij} = v^i(\check {u}_j)\ell ^j$


\begin {equation}\tau _{ij} = -\mathcal {M} \left [\sigma _e, \frac {1}{2}\left (\mathcal {D}_{ij}\frac {\partial \check {u}_i}{\partial \xi ^j} + \mathcal {D}_{ji}\frac {\partial \check {u}_j}{\partial \xi ^i}\right ) \right ] \label {eq:tau_LSV}\end {equation}


\begin {equation}q_{j} = -\mathcal {M} \left [\sigma _e, \mathrm {diag}(\mathcal {D})_j\frac {\partial \check {T}}{\partial \xi ^j}\right ] \label {eq:q_LSV}\end {equation}


\begin {equation}\pi _{j} = -\mathrm {diag}(\mathcal {D})_j\frac {\partial \bar {p}}{\partial \xi ^j} \label {eq:pi_LSV}\end {equation}


$\mathrm {diag}(\mathcal {D})$


$\mathcal {D}_{ij}$


$j$


$i$


$\mathcal {M}$


\begin {equation}\mathcal {M}\left [\sigma _e, \mathbf {u} \right ] = \mathcal {L}^{-1}[\sigma _e, \mathcal {L}[\mathbf {u}]] \label {eq:modulation}\end {equation}


$\mathcal {L}$


\begin {equation}\tilde {u}_n = \mathcal {L}[\mathbf {u}] = \frac {1}{\gamma _n} \sum _{k=0}^N u(\xi _k) L_n(\xi _k) w_k \label {Xeqn33-33}\end {equation}


$\mathcal {L}^{-1}$


$\sigma _e(\eta )$


\begin {equation}\mathcal {L}^{-1}[\sigma _e, \tilde {\mathbf {u}}] = \sum _{n=0}^N \sigma _e(\eta ) \tilde {u}_n L_n(\xi _k) \label {eq:L}\end {equation}


$\gamma _n=2/(2n+1)$


$\eta =n/N$


$N$


$\xi _j$


$\sigma _e$


\begin {equation}\sigma _e(\eta )=0.2+0.8\frac {e^{4\eta }-1}{e^4-1} \label {eq:sigma_e}\end {equation}


\begin {equation}E_N^i(\check {u}_j)=\left | \frac {1}{\gamma _N} \sum _{k=0}^N \frac {1}{2}\left (\ell ^j \frac {\partial \check {u}_j}{\partial \xi ^i}\Bigg |_{\xi _k^i} \right ) ^2 L_N(\xi _k^i) w_k \right | \label {eq:new_E_BSS}\end {equation}


$\check {u}_j$


$i$


$L_N(\xi _k^i)$


$\xi _k^i$


$i$


$w_k$


$\ell ^j$


$w_j$


$\gamma _N=2/(2N+1)$


$N$


$v^i(\check {u}_j)=\sqrt {\frac {N}{2}E_N^i(\check {u}_j)}$


$N/2$


\begin {equation}\mathcal {D}_{ij} = v^i(\check {u}_j)\ell ^j. \label {eq:D-BSS}\end {equation}


\begin {equation}\tau _{ij} = -C_{ij}\frac {1}{2}\left (\mathcal {D}_{ij}\frac {\partial \check {u}_i}{\partial \xi ^j} + \mathcal {D}_{ji}\frac {\partial \check {u}_j}{\partial \xi ^i}\right ) \label {eq:tau-BSS}\end {equation}


\begin {equation}q_{j} = -C_q\mathrm {diag}(\mathcal {D})_j\frac {\partial \check {T}}{\partial \xi ^j} \label {eq:q-BSS}\end {equation}


\begin {equation}\pi _{j} = -C_p\mathrm {diag}(\mathcal {D})_j\frac {\partial \bar {p}}{\partial \xi ^j} \label {eq:pi-BSS}\end {equation}


$\mathrm {diag}(\mathcal {D})$


$C_q$


$C_p$


$C_{ij}$


$x=0$


\begin {equation}[u_1, p, \rho ]=\begin {cases} [0, 1, 1] \ \ \ \mathrm {if}\ x\leq 0\\\
[0, 0.1, 0.125]\ \ \ \ \ \ \mathrm {if}\ \ \ x>0 \end {cases} \label {imp_mass_flux}\end {equation}


$u_1$


$p$


$\rho $


$^3$


$^3$


$^3$


$^3$


$p$


$^3$


$O=4$


$t=0.032$


$t=0.25$


$dt=0.001$


$O=4$


$t=0.032$


$t=0.25$


$D_{ij}$


$^3$


$\mathbf {G}$


$\mathbf {H}$


$H$


$p$


$^3$


$u_1$


$\rho $


$p$


$t=0.364$


$t=0.364$


$O$


$u_1$


$\rho $


$p$


$\tau _{11}$


$q_1$


$\pi _1$


$t=0.364$


$O=20$


$\eta $


$\left [0,2L\right ] \times \left [0,L\right ]$


$V_0=1.5\sqrt {\gamma p_0/\rho _0}$


$x_s/L=1/2$


$x_{cv}/L=1/4$


$y_{cv}/L=1/2$


\begin {equation}\frac {u_{\theta }(r)}{u_{\theta }(a)} = \begin {cases} \frac {r}{a} ,& \text {if } r \leq a\\ \frac {\eta }{2}\left ( \frac {r}{b} - \frac {b}{r}\right ) ,& \text {if } a < r \leq b\\ 0,& \text {otherwise,} \end {cases} \label {eq:vortex}\end {equation}


$r \leq a$


$a < r \leq b$


$a/L=0.075$


$b/L=0.175$


$\eta = 2(b/a)/[1 - (b/a)^2]$


$\mathbf {u}=u_\theta (r)\hat {\mathbf {e}}_\theta +V_0\hat {\mathbf {e}}_x$


$u_{\theta }(a) = 0.9V_0$


\begin {equation}\frac {\partial P}{\partial r} = \rho \frac {{u}_{\theta }^2(r)}{r}, \quad P = \rho R T, \quad \frac {P}{P_0} = \left (\frac {\rho }{\rho _0}\right )^{\gamma }. \label {Xeqn43-43}\end {equation}


$O=4$


$tV_0/L=1.65$


$O=16$


$^3$


$^3$


$\mathcal {M} \left [\sigma _e, \cdot \right ]$


$^3$


$O=20$


$u_1$


$\rho $


$p$


$\tau _{11}$


$q_1$


$\pi _1$


$^3$


$tV_0/L=1.65$


$M=1.5$


$tV_0/L=6$


$M=1.5$


$tV_0/L=6$


$t=0$


$t=200$


$[-\pi L, \pi L]^3$


\begin {equation}\rho (\mathbf {x},0)/\rho _0 = 1, \label {Xeqn44-44}\end {equation}


\begin {equation}\frac {u_1(\mathbf {x},0)}{V_0} = \mathrm {sin}\left (\frac {x_1}{L}\right )\mathrm {cos}\left (\frac {x_2}{L}\right )\mathrm {cos}\left (\frac {x_3}{L}\right ), \label {Xeqn45-45}\end {equation}


\begin {equation}\frac {u_2(\mathbf {x},0)}{V_0} = -\mathrm {cos}\left (\frac {x_1}{L}\right )\mathrm {sin}\left (\frac {x_2}{L}\right )\mathrm {cos}\left (\frac {x_3}{L}\right ), \label {Xeqn46-46}\end {equation}


\begin {equation}\frac {u_3(\mathbf {x},0)}{V_0} = 0, \label {Xeqn47-47}\end {equation}


\begin {equation}\frac {p(\mathbf {x},0)}{\rho _0 V^2_0} = \frac {p_0}{\rho _0 V^2_0} + \frac {1}{16} \left [\mathrm {cos}\left (\frac {2x_1}{L}\right ) + \mathrm {cos}\left (\frac {2x_2}{L}\right )\right ]\left [\mathrm {cos}\left (\frac {2x_3}{L}\right )+2\right ] \label {Xeqn48-48}\end {equation}


$\rho _0=1$


$V_0=0.1$


$p_0=1/\gamma $


$L=1$


$M_0=V_0/\sqrt {\gamma p_0/\rho _0}=0.1$


$Re=\rho _0 V_0 L/\mu _0=5000$


$\mu _0=2\cdot 10^{-5}$


$CFL=0.1$


$32^3$


$\epsilon _{kin}$


$96^3$


$32^3$


$16^3$


$8^3$


$192^3$


$64^3$


$32^3$


$16^3$


$^3$


$96^3$


$192^3$


$96^3$


$192^3$


$^3$


$96^3$


$32^3$


$192^3$


$16^3$


$16^3$


$\delta $


$a_w$


$T_w$


$\rho _w$


\begin {equation}U^+_{TL} = \int _0^{\check {u}/u_{\tau }}\sqrt {\frac {\overline {\rho }}{\rho _w}}\left (1+\frac {1}{2}\frac {1}{\overline {\rho }}\frac {\partial \overline {\rho }}{\partial y}y - \frac {1}{\overline {\mu }}\frac {\partial \overline {\mu }}{\partial y} y\right )d\left (\frac {\check {u}}{u_{\tau }}\right ) \label {eq:U_TL}\end {equation}


$\check {u}$


$u_{\tau }=\sqrt {\overline {\tau }_w/\overline {\rho }_w}$


\begin {equation}y^*=\frac {\overline {\rho }(y)u^*_{\tau }}{\overline {\mu }(y)}y \label {eq:y_star}\end {equation}


$u_{\tau }=\sqrt {\overline {\tau }_w/\overline {\rho }(y)}$


\begin {equation}U^+_{TL}=\frac {1}{\kappa }\mathrm {ln}(y^*)+C \label {eq:log-law}\end {equation}


$\kappa =0.41$


$C=5.5$


$O=5$


$O=5$


$O=3$


$O=3$


$O=3$


$M_0=V_0/\sqrt {\gamma p_0/\rho _0}=1.25$


$Re=\rho _0 V_0 L/\mu _0=1,600$


\begin {equation}E_{kin}=\frac {1}{2\rho _0V_0^2\mid \Omega \mid }\int _\Omega \rho \boldsymbol {u}\cdot \boldsymbol {u}d\Omega \label {eq:Ekin}\end {equation}


\begin {equation}\epsilon _s=\frac {L^2}{ReV_0^2\mid \Omega \mid }\int _\Omega \frac {\mu (\mathrm {T})}{\mu _0}\boldsymbol {\omega }\cdot \boldsymbol {\omega }d\Omega \label {eq:eps_s}\end {equation}


\begin {equation}\epsilon _d=\frac {4L^2}{3ReV_0^2\mid \Omega \mid }\int _\Omega \frac {\mu (\mathrm {T})}{\mu _0}(\nabla \cdot \boldsymbol {u})^2d\Omega \label {eq:eps_d}\end {equation}


$\Omega $


$\boldsymbol {\omega }=\nabla \times \boldsymbol {u}$


$32^3$


$64^3$


$128^3$


$256^3$
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turbulence-are not able to numerically sustain shocks. This work aims to address these two problems with a unified model that is
able to capture shocks while preserving the broadest possible spectrum of the turbulence in the simulation.

Spectral methods can be implemented with three different approaches: the discontinuous Galerkin (DG) [8,20-23], the staggered
grid approach (or spectral differences) [6,7,24], and the flux reconstruction (FR) method [2-4]. The latter is a more recent develop-
ment in the field of spectral numerics and serves as a basis for our work. It relies on correction (or lifting) functions that are used to
propagate information from the cell faces onto the interior solution points, effectively yielding a larger numerical stencil than just
the inner-cell numerics alone. Ramirez et al. [25] developed a FR approach specifically for aeroacoustic that relies on the Linearized
Euler equations and works on high-order finite volume schemes. Instead, Wang et al. [26] developed an algorithm of implicit time
integration of the flux reconstruction method.

The trade-off between stability and accuracy of the FR method relies on the choice of the appropriate correction function. Asthana
et al. [27] proved that even when the mesh is refined, the instabilities caused by aliasing errors related to the interpolation of the
fluxes from the solution points to the faces are not completely reduced. In the same paper, they mathematically proved that traditional
artificial viscosity strategies can stabilize the FR method for all numerical orders for sufficiently fine grids. They also showed how
this allows to run 1D shock simulation up to numerical order 120, with the rate of convergence not being affected by the adoption
of a shock sensor for localization of the artificial viscosity.

Tonnicello et al. [5] addressed the problem of reproducing the non-monotonic entropy profile across a captured shock [19,28-31]
with high-order spectral differences. Most shock-capturing methods are unable to capture this phenomenon, returning a monotonic
entropy rise across the shock. They compare Laplacian viscosity with a physical artificial viscosity method, showing that the latter
is able to have a better prediction of the entropy even when the Laplacian approach is able to better capture the shock. The main
drawback of the proposed approach is that it dissipates acoustic waves, which are critical, for example in hypersonic boundary layer
transition in canonical geometries [32]. The authors pointed out that this is likely caused by the shock sensor and suggested that
a divergence-based sensor may have better performance. However, previous authors [33,34], who indeed used a divergence-based
sensor, still witnessed spurious suppression of acoustic waves. Alternative approaches are DG entropy-stable schemes [35-38]. By
their nature, these methods can significantly stabilize the simulation around shocks, but they do not fully address the LES modeling
aspect of simulations. Unlike our model, which targets the problem from a physical closure perspective, these approaches target more
specifically the solver core numerics.

The current work aims to address this challenge in developing a combined SFS turbulence/shock-capturing model. Section 2
describes the code used for this investigation and the numerics used to solve the compressible Navier-Stokes equations. In the second
part of the section the Block-Spectral-Stress (BSS) model is introduced together with a description of the Smagorinsky and dynamic
Smagorinsky models implemented with a block-spectral logic, and later used for comparison with BSS. Section 5 presents how the
model performs in shock-dominated 1D and 2D flows. Finally, the model’s capability to capture SFS turbulence effects (i.e. act as a
Large-Eddy Simulation closure) is tested in a subsonic Taylor-Green Vortex (TGV) flow and turbulent wall-bounded flow at supersonic
and hypersonic flow speed in Section 7.

2. Models description

The code used to perform the simulations in this manuscript is HYAMR [39-42] (HySonic, High-Order, Hybrid Adaptive Mesh
Refinement developed by HySonic Technologies, LLC) an unstructured spectral research code [43] for compressible flows based on
flux reconstruction numerics [2]. The current section provides a description of the core numerics (Section 2.1) and of various SFS
models such as Smagorinsky [44] (Section 2.2.1), Dynamic Smagorinsky [45] (Section 2.2.2), Vreman’s model [46] (Section 2.2.3),
and Block-Spectral-Stress (BSS) (Section 3), as implemented in the code, hence adapted to FR numerics.

2.1. Code description (H>AMR)

The vector of conserved quantities reads:

Q= [p, puy, puy, pus, E]’ b

where p is the density, u; the velocity in the i"* direction in the physical space defined by the Cartesian coordinates (x, x,,x3) or,
equivalently (x, y, z), and E = p(e + u;u;/2) is the specific total energy, and e = p/p(y — 1) is the specific internal energy for ideal
calorically perfect gases. The flux vectors read:

F= G= H=
puy puy pus
pujuy +p— pHoyy punlly — HOy puzlly — Ho3
pully — oy puliy +p— oy puzliy — Ho3p @)
pujUu3 — Uoy3 Plpliz — 033 puzuz + p — HO33

ar or oT
(E+p)u1—ka+ (E+p)u2—ka+ (E+p)u3—ka+

T MO Y; T HOpRY; T HOY;
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where y is the dynamic viscosity, p the pressure, T' the temperature, and o;; = du;/dx; + du; /dx; — §;;(2/3)du; /dx; where §;; is the
Kronecker delta. Given these vectors, the Navier-Stokes equations in physical space can be written as:

9Q  JF oG  OH _

+ + 0 3
Jt  Odx; Ox, Oxj )

The conservation equations can be recast in the computational space (¢!,&2, &%), with mapping defined separately for each mesh
element, as:

0=JQ
1 1 1
F=s(EFr+%E6+En
x4 0xy 0x3
2 2 2 (€))
G=J £F+£G+£H
0x4 0xy 0x3
3 3 3
H=s(Lr+%6: %
0x4 0xy x5

where italics are used for quantities transformed in the computational space; and &' /dx ; is the Jacobian matrix for the linear
transformation from the physical x; to computational space &', and J is the determinant of 9" /dx;.
Therefore the Navier-Stokes equations can be rewritten as:

0Q  10F , 190G , 10H
=) 5
o TTor TToat Tom ©

which are the equations solved by H*’AMR. Considering that J is constant over time we can divide all terms by it and keep Q in
physical space.

The computational domain is defined separately for each mesh element or block; in each element, the conserved quantities and the
fluxes are stored in (N + 1) Gauss-Legendre quadrature points or solution points per computational direction. This yields a polynomial
reconstruction of order N, and an overall solver order of O=N + 1 due to the intra-cell flux exchange. Hereafter, the numerical order
(O) refers to the overall solver order, which is equal to the number of solution points per cell.

For the sake of conciseness, the following numerical derivations will be explained with one-dimensional formulations; their 3D
extension is simply derived via a tensorial concatenation of one-dimensional operators. Hereafter we will use & as a generic compu-
tational direction, be it £!, &2, or £3. A subscript will be used to refer to a specific nodal location (e.g. & ;) along that direction. Given
a set of values of conserved quantities Q(¢) and fluxes F(£) on the solution points, their values are interpolated to the left &£ = —1
and right & = +1 interface along a given computational direction, which yields a discontinuity resolved by using the Rusanov [47]
method:

| St
F = E(FR +Fp) - T(QR -Qp) (6)

where F* is the new common value of the flux at the interface, F; and F; are the extrapolated values of the fluxes to the right
and left of the interface, Qg and Q, are the respectively extrapolated conserved quantities, and S* = max(a; + |uy |, ag + |ugl|) is the
maximum between the sum of the speed of sound a and velocity u at the left and right of the interface. From the updated values,
the derivatives can be computed using the flux reconstruction [2] method along a given computational direction, &, evaluated at j-th
nodal location, &;:

o
9

=Dy fE)+ (f* —f(—1)>g,'(§,-)+ <f* - f(+1)>gﬁ(<§;) )

1 1
2 *2

&
where f is a generic function of £, either a conserved quantity or a flux, f*, and f*, are the updated values at the left and right

interface of the element (using the Rusanov method for the inviscid fluxes aild arithnietic average for the conserved quantities the
viscous fluxes), D;; is the discrete first derivative operator and gl’ (&) and g; (&) are the derivatives of the correction functions at the
solution points. For the 1D and 2D cases tested in this manuscript, we noticed no appreciable difference between communicating
the SFS values at the interface or not. This result is due to the fact that these values are computed from the conserved quantities
that already benefit from the interface communication. The additional benefit of not communicating SFS values at the interface is
reducing the number of operations. The correction functions have the property of being symmetric g,(¢;) = g,(=¢;) and can be using
the Radau polynomials:

Ry =S 10— Late))] ®)
N+1(E) =" N+1(; N
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Fig. 1. Qualitative illustration of Flux Reconstruction (FR) with 1D elements which are interpolate to the interface (black lines) and then corrected
back to the solution points with their updated values at the interface (red line). Step 1 the internal points are extrapolated to the interfaces. Step
2 the interfaces exchange information with the Rusanov method. Step 3 FR is used to reconstruct the new polynomial. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

where Ly,,(¢;) are Legendre polynomials of order N + 1 evaluated at the nodal location &;. From the Radau polynomials, the cor-
rection functions can be computed as:

N+1 N
N+ = oy Reve + 57 Rew 9
where gy is the function of polynomial order N + 1 and is applied to the left g, and from it we can derive g,.
Fig. 1 shows how this process works, where the black line shows the extrapolation to the interfaces of the element (Step #1). Then,
the values at the interface are updated to a new common value shown as red dot at the interface (Step #2). The updated quantity is
interpolated back to the solution points, making the reconstruction within the element C° continuous among the elements (Step #3).

2.2. Filtered navier-stokes formalism

The Navier-Stokes equations in physical space can be filtered with a spatial filter, indicated with an overbar (-), which is assumed
to commute with the derivative operation. For compressible flows, it is suggested to use a Favre-based filter:

i=Y, 10
p
which leads to the Favre-filtered Navier-Stokes equations, where the unclosed SFS quantities are shown on the right hand side:
ap  9pi
£ = 11
ot * ox; an
ool 9 .. y —
Tl * ox; (pityit; +p;; — us,;) = —pt,;. 12)
0E 0 (~=,-. o . (e 1-
IE L 9 (E+pi, k2l s it Y =pe— +( 22 450 4. ) = L5, 13
ar ¥ ax, <( i, ox, MG,,%) e 2<y_1 P ,,q,> 275 13
P o= 1 1-

The last is the state equation for an ideal gas, k and C, are the thermal conductivity and heat capacity at a constant pressure of the
gas. The filtering operation yields the unclosed SFS terms: the SFS stress tensor 7;;, the SFS heat flux g;, the SFS pressure-work z;, the
SFS kinetic energy advection ¢/, and the SFS heat dissipation €. The last two terms are small and can be considered negligible; for

4
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this reason, they are not considered in most of the existing LES models. The Smagorinsky and Dynamic Smagorinsky models assume
negligible also the SFS pressure-work z;, which is instead modeled by the BSS method because it leads to better results when the
model is used for shock-capturing. The quantities can be analytically computed as follows:

T,/-:Zu/j—ﬁ,-ﬁj (15)
4 =Tu; = Tt (16)
mj = puj — pii; a7)
¢, = T, — i (8)
i -

6xj axj

In the following, three alternative SFS models are formulated in the computational space, consistent with the implementation of
BSS in H*AMR. The SFS quantities are then added to the physical flux vectors (vectors in (2)):

0 0 0
pTy Py P31
F5FS = P12 G = 55 B = P32 (20)
pT13 pT3 P33
Lirm o 5 Lirm 4 5 Lirm 5
2<V—l +pCpq]) 2(7—1 +pC"q2) 2(V—1 +pCpq3)

and then the code continues to work as described in Section 2.1.

2.2.1. Smagorinsky

Smagorinsky [44] proposed a model to close the filtered Navier-Stokes equations based on the resolved strain-rate tensor. The
model was developed for incompressible flows and hence closing only 7;;, but can be extended to compressible flows with at least a
closure for g;. The model relies on the eddy viscosity, which is computed as:

v, = 2CA%|S| (21

where C = 0.0256 is the Smagorinsky constant, A is (in our case) the characteristic computational length scale is

1] =1/28;;8;; (22)

the norm of the strain-rate tensor, and S, ; is the strain-rate tensor, which is computed using the computational-space derivatives
as

v 1 011,. aﬁj
Si=-(—2L4+-2L) 2
2<6§f +0§"> =

The computational length scale A can be estimated as A = Y/ wiwi w* where w', w’, and w* are, respectively, the Gauss-Legendre
quadrature weights in the i-th, j-th, and k-th computational directions. For an orthogonal mesh, this formulation matches the one in
physical space, provided the spatial length scale is the physical one.

The SFS stress tensor is computed with an eddy viscosity assumption:

1
3
where 6 is the Kronecker delta. The SFS heat flux is modeled as:

= (S, - 3 Sy 24

v, oT
o or )
U%=""py, 9ei (25)

where Pr, = 0.9 is the turbulent Prandtl number, and it is assumed to be constant in this formulation.

5
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Direction

Fig. 2. Qualitative illustration of a two-dimensional element with O internal points located at the zeros of the Gauss-Legendre polynomial order
N=0 — 1. In the entire manuscript & denotes the k-th node along the computational direction i.

2.2.2. Dynamic smagorinsky

To overcome the overly dissipative nature of the Smagorinsky model, Germano et al. [48] developed a dynamic model, capable of
modulating its intensity based on the local and instantaneous levels of turbulence. The original model was proposed for incompressible
flow by Germano et al. [48] and then extended to compressible flow by Moin et al. [45]. The Dynamic Smagorinsky model is based on
the standard Smagorinsky model, but instead of assuming C and Pr, constant, they are computed dynamically according to Egs. 15
and 19 in [45] derived from algebraic identities, which entail numerous auxiliary test-filtering operations. The model was developed
to work with finite-difference or finite-volume codes, but it was never applied to block-spectral numerical codes. We chose to limit
the averaging operator within each element, resulting in block-uniform values of C and Pr,. Because of the small domain covered by
the elements, it can happen that the constants are negative, in which case we impose a lower limit of 0 for C and 0.01 for Pr,.

2.2.3. Vreman’S model

Based on the Smagorinsky model, Vreman [46] developed an eddy viscosity model specifically for wall-bounded turbulent flows.
The model estimates the kinematic eddy viscosity v, to close the filtered Navier-Stokes equation with a reduction of the dissipation
in transitional and/or near-wall regions, making it particularly suitable for wall-bounded flows. The eddy viscosity is computed as:

(26)

a;;a;;

\J i1 = B, + Bi1 B33 — Bl + BBz — By
Vi = CVr
where

Bij = (A"Ya,, @ = aﬁj/afi (27)

mj>

where Cy,, is a constant that in this case is set to 0.07 and A™ is the grid spacing along the m"" computational direction.

2.2.4. Legendre spectral viscosity (LSV)

The Legendre Spectral Viscosity (LSV) [49] was specifically developed for flux-reconstruction numerics as an extension of the
Quasi-Spectral Viscosity (QSV) method [17,32] developed and tested on compact finite difference numerics. Unlike previously pre-
sented models, LSV has a tensorial dissipation matrix D,; instead of a scalar eddy viscosity v,. The dissipation matrix is computed
from the estimated tensorial cutoff energy inside each element:

N
. 1 1,. S \2 .
Ey @) = | = ¥ 5 (i) L&y (28)
N o
where i j(§li) is the physical j-th velocity component along the i-th computational direction evaluated at the k-th node along that
direction, which leads to non Galileain invariance in the kinetic energy estimation, L N(.f,i) is the value of the highest Legendre mode
at & : here i is the direction along which the value is filtered and k the nodal location (see Fig. 2), wy is the Gauss Legendre quadrature
weight, yy =2/(2N + 1), and N is the polynomial order used to reconstruct the solution inside the element. From the cutoff energy
the model computes the SFS scale v/ (i ;)= \/%Eﬁv(ﬂ s which allows to compute the dissipation matrix as D; ;= Vi j)zf’f .
The dissipation matrix is used to compute the SFS stress, heat flux, and pressure-work as:

6
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1 ()l,vll- aﬁj
Tij=—M O'G,E D’I@ +DJ’0_§I (29)
. of
q; = -M [ae,dlag(D)ja—fj] (30)
. op
x; = —diag(D) ja—; 31

where diag(D) is a vector comprising the diagonal of D;;. The summation over repeated indices (j and i here) is not implied. The M
is the modulation operation defined as:

Mo .u] = £7'[o,, L[u]] (32)
where £ is the Legendre transform:
Ly
i, = Llu] = — Y u(G)L,(E)wy (33)

" =0

and £! the inverse operation, with spectral modulation o, (1):

N
Lo, 0] = Y 0,(miL, L, (&) (34)
n=0

where y, =2/2n+1), n=n/N, N the polynomial order, and ¢; the point. The modulation transfer function ¢, used in equa-
tions (29)-(30) is defined as:

e —1

6,(1) =02+0.8 (35)

et —1

and aimed at reducing the dissipation at low wavenumbers. The SFS pressure-work (equation (31)) is not modulated because it is
shown to preserve pressure positivity in strong shocks in the current form.

3. Block-Spectral-Stress (BSS)

The Block-Spectral-Stress (BSS) method builds upon the Legendre-Spectral Viscosity (LSV) closure of Sousa and Scalo [49], and
specifically redesigned to overcome issues presented in Section 6.

The BSS model estimates the high-wavenumber resolved kinetic energy element-by-element using the gradient of the velocity in
each solution point:

2
N .

. 1 1 9% .
Ei @)y=|—Y) z|¢#/<L Ly(EHw (36)
NYYJ YN kzz;) 2 aé’ . N\&p ¥k
k
based on the square of the computational derivative of #; along the i direction computed with the correction polynomials, L N(f,i) is
the value of the highest Legendre mode at the nodal location &, (i is the direction along which the value is filtered), wy is the Gauss
Legendre quadrature weight, #/ is the computational length scale of the solution point, which in the computational space is equal to
w;, yy =2/(2N +1), and N is the polynomial order of the function used to reconstruct the solution inside the element.

From the estimated cutoff energy, it is possible to compute the SFS scale v* (it ) =1/ %E;'V(ﬁ ;), where the factor N /2 is the average
grid spacing of the element in the computational space. From that it is possible to estimate the dissipation needed by the model with
a mixing-length argument,

D, = V')t (37)

The SFS quantities can then be computed as:

1 ol aﬁj
Tij:_cij§<Dij£} +Djia_§i (38)
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Table 1

Coefficients of Egs. (38, 39, 40). Where
the first two are the coefficients of a
constant matrix respectively at the di-
agonal and off-diagonal. The last two
are single constant coefficients. In the
following work we will show that there
is no need to tune these coefficients.

i#] S S

1.0 0.2 1.0 1.0

oT

. ap
7= —delag(D)j@ 40)

where diag(D) is the diagonal of (37), note that the summation over repeated indices is not implied in Egs. (38)-(40). C, and C,
are constants, and C;; is a matrix of constants, with values reported in Table 1. Unlike the Smagorinsky model, the diagonal of the
strain-rate tensor is not removed, as it provides the normal SFS stresses that support the shock-capturing capabilities of the model.
The BSS closure does not modulate the SFS stresses in the spectral space as LSV does.

4. Baseline stability considerations of flux reconstruction numerics

In this section, we discuss important details regarding the stability of the underline FR scheme using the Sod-shock tube test case
[50], a standard case widely used to test shock-capturing methods [17,49,51,52] in 1D. The case simulates a tube with a gas with
higher pressure and density on the left and lower values on the right separated by a membrane at x = 0, which is removed at time
zero. A shock and an expansion wave form, propagating, respectively, to the right and left of the membrane. The problem is described
by the Euler equations with (normalized) initial conditions:

[0,1,11 ifx<0
[uy,p,p]l = . (41)
[0,0.1,0.125] if x>0

where u, is the velocity, p the pressure, and p the density. The most significant numerical challenge for the high-order scheme is
given by the shock and the contact discontinuity.

After implementing the LSV model [49] in H*AMR, we found that the model performed as reported in the original paper for the
2D shock-vortex interaction case. However, when comparing the two base codes without additional models, we found that the code
used for the LSV experiments on the Sod shock tube was more stable than H*AMR. The former was implemented in Python following
the procedure on the right of Fig. 3 (workflow B). Instead, H*AMR is implemented in C+ + following the steps on the left of Fig. 3
(workflow A). Both workflows were independently reproduced and verified with an independent 1D C+ + toy code.

Fig. 3 highlights in red the main difference where H3’AMR computes the fluxes at the interface from the conserved quantities
extrapolated at the interface, instead of the Python code used in [49] extrapolations of the flux values from the solution points to the
interfaces. Workflow B leads to more stable results in 1D, as shown in Fig. 4. All codes were tested with the same time integration
scheme (Runge-Kutta 4 [53]), same time-step d¢ = 0.001 (which corresponds to a CFL lower than 0.1), same mesh (20 elements), and
the same numerical order (O = 4). In Fig. 4a it is possible to see that workflow A tends to be less stable. Indeed, it is possible to see
an undershoot of the pressure at the initial discontinuity. Differently from the other workflow, that remains more stable and close
to the shock. Workflow (A) is able to simulate only up to ¢ = 0.032 because of the occurance of negative pressure value. In Fig. 4b
it is possible to see that workflow (B) is able to continue integrating past # = 0.25. This problem could be further delayed by using
positivity-preserving limiters at the interfaces. The interfaces are only used for flux exchange and, when the values extrapolated are
not physical, such as negative pressure or temperature, they are set to 0 and then inputted to a Rusanov approximate Riemann solver.
As long as the outputted flux value remains physical, the simulation remains stable. However, because the difference in stability of
workflow (A) and (B) only exists in 1D (and disappears in multi-dimensional cases), we chose to retain the original workflow (A)
without additional stabilization methods.

Fig. 4b also shows small differences between the two coding languages for the same workflow, exacerbated by the higher order.
Among the main ones, there is (1) the way in which the Gauss-Legendre points are computed, which then affects all the numerical
operators such as the derivative operator (D; j) and (2) built-in functions in Python that are not in C+ +. For the first problem, we
found that using the default functions in the Lapack and Eigen libraries lead to slightly different values of the Legendre points that
may lead to non-zero derivatives even though the values at the solution points are constant, specifically when using Eigen. Another
small difference is due to the usage of the numpy library in Python, which leads to slightly different results in the vector multiplication
operator.
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H3AMR workflow Sousa & Scalo [44]
workflow

FQ

(A) (B) F(Q

F(Q)

Fig. 3. Comparison of two flux reconstruction procedures, one computing the fluxes at the interface from the extrapolated conserved quantities
(workflow A), on the left, the other extrapolating flux values from the solution points, on the right (workflow B). We developed a separated 1D
C+ + toy code that reproduces the stability characteristics of these two workflows.

10 eeooseneei™ Exact solution 1.04 —— Exact solution
—— Workflow (B) (1D Python) —— Workflow (B) (1D Python)
= = i Workflow (B) (1D C++) = =1 Workflow (B) (1D C++)
081 —— Workflow (A) (1D C++) 081 1
= = 1 Workflow (A) (H*AMR)
0.6 061 t=0.25
2 2
t =0.032 1
0.41 0.4 1
0.2 1 " : 0.2 1
T 0.5 0.0 0.5 10 ) 0.5 0.0 0.5 10
(@ - ' o ' ' () ' z ' '

Fig. 4. Comparison of Sod shock tube pressure p evolution with workflow (B) (1D Python code) used by Sousa and Scalo [49], workflow (B) (1D
C+ + code), workflow (A) (1D C+ + code) and workflow (A) (H?AMR). All codes run with Runge-Kutta 4 on 20 elements numerical order 4 (O = 4)
and no shock-capturing. Results are shown for times ¢+ = 0.032 (a) and 7 = 0.25 (b).

It is important to point out that even though all the aforementioned differences play a role in the numerical stability of 1D test case, they do
not play a significant role in the 2D and 3D cases, where both workflows and, interchangeably, either programming languages, exhibit similar
stability margins. Workflow (A) is inherently more accurate than (B) because the fluxes are computed directly at the interface and the
one extrapolated cannot be as accurate given the non-linear operation used to compute the fluxes. Moreover, workflow (B) cannot
be implemented in complex codes in a straightforward way, as it is for a 1D code. Specifically, in H*AMR the fluxes are defined in
physical or computational space depending on the operation, and at the interface between elements the physical fluxes need to be
decomposed into tangential and perpendicular components updated by the flux solver and then recomposed and recast in a flux in
computational space that is used to update the solution point. All these operations are not needed in a 1D code because the G and
H terms in equation (3) do not exist. In addition, more complex codes may require different flux solvers at the interface, (such as
Rusanov, HLL, or HLLC) H- p-refinement [54] and therefore having to further adjust the fluxes, or they may also be able to work
with different fluids and therefore use generic equations of state. Hereafter, we will adopt workflow (A) and fully unstructured code
numerics to generate results.
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Fig. 5. Sod shock tube velocity u,, density p and pressure p at ¢ = 0.364. The first row has a domain of 10 elements and the second of 20 elements.
Inside each element the solution is reconstructed with solver accuracy (O) of 10, 15, and 20, which corresponds to 100, 150, and 200 DOFs on the
first row and 200, 300, and 400 DOF on the second row.

5. Performance assessment of BSS as shock-capturing scheme

In this section, we are going to assess BSS’s capability to act as a shock-capturing closure, in a one-dimensional Sod-shock tube
problem (Section 5.1) and a two-dimensional shock vortex interaction case (Section 5.2). Results are obtained via workflow (A) (see
Fig. 4) and from the H>AMR code.

5.1. Sod shock tube

Fig. 5 compares the velocity, pressure, and density profiles at 1 = 0.364 of the simulated case with BSS and the analytical solution
in different meshes and numerical order O resolution. On the top row, the results are obtained using 10 mesh elements and in each
plot the numerical order is 0=10, 15, and 20 from the bottom to the top. Most of the oscillations around the shock are visible in
the velocity profile, whereas the pressure surprisingly looks mostly smooth. Increasing the numerical order sharpens the shock and
reduces the post-shock oscillations while increasing the pre-shock ones. However, this phenomenon is not dependent on the shock
itself, but on its proximity to the inter-element boundary. The bottom row of Fig. 5 presents the results obtained on a mesh with 20
elements. The most visible outcome is the fact that the oscillations are reduced when compared to the same numerical order, on a
finer domain, which also allows for a better capturing of the shock. Therefore, it is possible to conclude that increasing the number
of degrees of freedom (DOF), i.e. the total number of solution points, reduces the oscillation cased by the shock, but to have a better
resolution of the shock, it is better to increase the number of elements and not only the numerical order.

Fig. 6 shows the velocity, pressure, density, SFS stresses, SFS heat flux, and SFS pressure-work for 10 mesh elements and numerical
order 20. The exact SFS quantities are computed using equations (38)-(40) on the analytical solution on the same mesh with numerical
order 72 filtered down to 20 and the BSS one is obtained a posteriori. As expected, considering that the shock has an infinite spectrum,
the exact SFS quantities exhibit point-to-point oscillations in the Legendre spectral space n. The modeled SFS quantities follow very
closely the exact ones. The last row shows the Legendre transform of the a posteriori versus the exact SFS stresses, SFS heat flux, and
SFS pressure-work in the element with the shock. For all cases, the spectrum of the a posteriori SFS quantities matches the behavior
of the exact solution spectra, in sign and magnitude. There are some differences in the spectra of the SFS stresses, mostly due to
the discrete numerical nature of the investigation; indeed, if the results were continuous, the exact solution spectra would oscillate
further.

5.2. Shock vortex interaction

This section investigates the interaction between a vortex with zero-net circulation and a steady shock. For this investigation, the
domain is [0,2L] x [0, L], the freestream velocity before the shock is ¥, = 1.54/ypy/po, the initial shock location is x,/L = 1/2, and
the vortex center at x,,/L =1/4and y,,/L =1/2.

The vortex-induced tangential velocity is given by:
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Fig. 6. Top row: Sod-shock tube velocity u,, density p, pressure p, SFS stresses 7,;, SFS heat flux ¢,, and SFS pressure-work r, at r = 0.364, for a
10 elements mesh with numerical order O = 20. Middle row: SFS stresses in physical space. Bottom row: Legendre transform of the SFS quantities.
Solid lines are exact values, while red circles are the a posteriori quantities. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

i, ifr<a
uG(r) n(r b) .
=I(r_2 f <b 42
i@ ol —7) ifa<r< (42)
0, otherwise,

which differentiates between an inner circle r < a and an outer ring a < r < b, where a/L = 0.075, b/L = 0.175 and 5 = 2(b/a)/[1 —
(b/a)*]. The total velocity is u = uy(r)é, + V&, where the maximum tangential velocity is u,(a) = 0.9V;. The pressure field is derived
from ideal gas and isentropic relations, and its gradient is taken to balance the centrifugal forces:

W2 (r) v
‘)_P:p 9’ P=pRT, r_(r) (43)
or r P, Po

Other works [5,55,56] that have performed simulations on this problem reported that the shock-vortex interaction leads to the
creation of two smaller vortices with the upper one in a forward position with respect to the lower one. Fig. 7 shows the evolution of
the vortex passing through the shock, deforming the shock into an S-shape.

Fig. 8 shows the effects of increasing numerical order (rows-wise) and increasing mesh refinement (columns-wise). The total
number of degrees of freedom DOF is kept constant along each row increasing their number of a factor of 4. As previously seen in
the Sod-shock tube investigation, when the total number of degrees of freedom is the same, the simulation with the lowest numerical
order (i.e. highest mesh-element count) has the best result. This is most evident in the middle row results, where increasing the
numerical order to O = 16, while keeping the DOFs the same at 131072, reduces the quality of the numerical solution. At 524,288
DOFs, there is little variation in the numerical solution when trading mesh refinement with polynomial refinement.

11
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Fig. 8. Shock-vortex interaction at ¢V, /L = 1.65 with different numerical order and mesh resolution. Top row (for all columns): 32768 DOFs ; Middle
row: 131072 DOFs; Bottom row: 524288 DOFs. The meshes have in x and y: a) 16x8, b) 32x16, ¢) 64x32, d) 128x64, and e) 256x128.

6. BSS Comparison against LSV by sousa and scalo [49]

After implementing the LSV model in the block spectral code H*AMR we realized that there were some differences in the results
and found some conceptual issues in LSV. The first is presented in Section 4 and is caused by the background numerical workflow,
which significantly helped the model. An additional one is cased by the modulation (Section 6.1) and the estimation of the cutoff
kinetic energy (Section 6.2). Table 2 summarizes the differences between LSV and BSS in support of the following discussion.

6.1. Sod shock tube test case comparison

When implementing LSV in an unstructured spectral solver like H*’AMR, with the numerics as in the left of Fig. 4 we found that the
model significantly under performs on Sod shock tube test case in [49]. This is mainly caused by the modulation operation M|c,, -,
which tends to reduce the strength of the stresses. Fig. 9 shows the profiles obtained using the LSV and BSS models when solving
a Sod shock tube problem. It is visible that LSV have weaker SFS stress and heat flux than BSS. Instead, the pressure-work has a
similar strength because is not modulated. Even though the physical reason behind the idea of modulation is consistent with theory
because it aims at reducing the SFS stresses imposed on the large scale dynamics, it does not work practically because it is applied on

12
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Table 2
Main differences between the Legendre Spectral Viscosity (LSV) and Block-
Spectral-Stress (BSS) models.
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Fig. 9. Comparison of the LSV (blue star) and BSS (red circle) model on the Sod shock tube case using H*AMR numerics (presented on the left
of Fig. 4) with order 20 (O = 20) and 10 elements. Top row: Sod-shock tube [50] velocity u,, density p, pressure p, SFS stresses z,;, SFS heat flux
¢y, and SFS pressure-work z,. Middle row: SFS stresses computed using the LSV and BSS models. Bottom row: Legendre transform of the three SFS
quantities computed in the element with the shock. Solid lines are exact values, while red circles are the a posteriori BSS quantities, and the blue
stars are the a posteriori LSV quantities. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

single mesh elements that do not capture the large scale of dynamics. Hence the modulation is applied on the large scale dynamics
inside the element that is small when compared to the entire domain. Therefore, the modulation strategy of LSV is more suitable for
domains with larger elements compared to the characteristic length-scales of the flow and hence high numerical order. For complex
geometries this may be unfeasible and, moreover, with additional dimensions, high numerical orders numerics lose stability.

6.2. Freely convecting vortex test case comparison

After implementing LSV in H’AMR we were able to replicate the performance reported in [49] but noticed that the estimation of
the kinetic energy violates symmetry for a vortex in a uniform flow, resulting in asymmetric SFS stress, heat flux, and pressure work,
that would not only be different from the exact one but also deform the vortex in a non-physical manner. Fig. 10 shows the estimated
kinetic energy on the left and the SFS stress on the right computed with BSS on top and LSV on the bottom row. The estimated kinetic

13
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Fig. 10. Comparison of cutoff kinetic energy (on the left) and the SFS stress (on the right) of BSS (top row) and LSV (bottom row) on a vortex. It is
visible how the LSV estimated kinetic energy is not symmetric.
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Fig. 11. Pressure distribution of a vortex circulating in a M = 1.5 flow with BSS (on the left) and LSV (on the right) active. The snapshot is taken
at 1V,/L = 6 and is visible how LSV deforms the vortex.

energy of LSV is slightly smaller than the BSS one, but more importantly it is asymmetric, with the lower part of the vortex having
a stronger kinetic energy. This is because the vortex is rotating counter-clockwise and the flow underneath is faster because it is
added to the uniform flow in the background. Therefore, we changed the estimation of the kinetic energy to be based on the velocity
gradient rather than the velocity, which makes the model independent of the background flow and also more aware of the strength of
the shock. As noticed for the Sod shock tube case, the SFS stress is more than an order of magnitude smaller for LSV when compared
to the one computed by BSS. This is caused by the modulation, given that cutoff kinetic energy is not that different.

As mentioned before, for the shock vortex interaction, it is difficult to notice significant differences between the two models up
to tV,/L = 1.65 and the velocity of the bulk flow after the shock is significantly smaller than the one before; therefore the asymmetry

14
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Fig. 12. Normalized dissipation ¢;, with different degrees of freedom (DOF) and numerical order. From left to right the meshes use for the 96> DOF
case have respectively 323, 16°, and 8° elements. For the 1923 DOF respectively 64%, 323, and 16° elements. Solid lines are the simulations performed
with LES models, while blue circles are the DNS results for 288% DOFs simulation. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

is smaller. In Fig. 11 we show the pressure contour plot of a vortex in a flow at M = 1.5 as described in equation (42). The snapshot
shows the vortex shape after 1V/L = 6, hence after flowing 4.5 times in the domain. From the pressure contour it is possible to see
that the left vortex simulated with LSV does not have a circular shape and it is more diffused than the one simulated with BSS.

7. Performance assessment of BSS as SFS turbulence model
7.1. Taylor-Green Vortex (TGV)
The Taylor-Green Vortex (TGV) is a three-dimensional flow in a triply-period box, exhibiting turbulent breakdown and relaxation

towards decaying homogeneous isotropic turbulence. The simulation starts at t = 0 s and ends at t = 200 s in a [~z L, zL]* domain
with the following initial conditions:

p(x,0)/py =1, (44)
ul(;,O) :sin(%)cos(%)cos(%), (45)
0
_uz(I)/(,O) = —cos(%)sin(%)cos(%), (46)
0
(x,0)
% =0, (47)

X0 _ P + L
Ve poVE 16

(48)

() v ()| [ (%)
cos| — ) +cos| — cos| — | +2
L L L

where py =1, ¥, =0.1, py=1/y, and L =1 are the non-dimensionalized density, velocity, pressure, and length scale. The Mach
number of the flow is M = V;,/1/ypy/py = 0.1. The Reynolds number is Re = p,V;, L/, = 5000 where the viscosity is considered to be
constant at y, = 2 - 1073, All simulations use a third-order Runge-Kutta time advancement method with CFL = 0.1. Grid convergence
is achieved at numerical order O=9 and 32° elements mesh.

Similarly to the shock-vortex interaction case, Fig. 12 reports how the dissipation predicted by different methods behaves by
varying the degrees of freedom (DOF) and numerical orders. When using O =3 only BSS is able to yield stable results, whereas the
other methods blow up. Unlike in a global spectral method, where the blow-up is caused by the dissipation becoming negative, in
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Fig. 13. Kinetic energy dissipation for different combinations of mesh size and numerical orders using the BSS method. Solid lines indicate cases
with 96° total DOFs and dashed lines 1923 DOF. Red, black, and blue colors indicate simulation respectively with numerical orders of 12, 6, and 3.
Solid lines are the simulations performed with LES models, while blue circles are the DNS results for 288> DOFs simulation. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 3

Time, number of iterations, and the second per iteration all normalized respect
to the no model case for TGV simulation with no model, Smagorinsky, Dynamic
Smagorinsky, and Legendre Spectral Viscosity (BSS) methods. The results are ob-
tained on a 16* elements mesh, numerical order 6, and up to the same physical time
in the simulation.

Wall Time # iterations Time per iteration
No model 1.000 1.000 1.000
Smagorinsky 1.009 0.987 1.024
Dynamic Smagorinsky 0.940 0.801 1.173
BSS 1.067 0.990 1.078

block-spectral numerics the blow-up is caused by oscillations in a single block, which in some cases can affect global statistics as
the dissipation. When running with 963 DOFs, the BSS is more dissipative than the other methods, especially when turbulent break
down starts. In the 1923 DOFs case, BSS is the only method able to capture the plateau after the dissipation peak. The profile of the
dynamic Smagorinsky methods is similar to the profile without any model but without the oscillation present in the latter part of the
evolution. This result is caused by the fact that the model is applied in a element-by-element nature; therefore, it has a small effect
on the entire simulation domain, but is strong enough to filter down the solution.

Fig. 13 plots the dissipation of the different meshes and numerical orders to highlight how the method performs with different
setups. All cases with 96> DOFs have very different dissipation, indeed in the 323 O=3 the peak dissipation is predicted to occur
sooner and with higher intensity. The O =12 case is the one with the best performance, offering more numerical bandwidth to the
BSS closure, resulting in a better estimation of turbulent SFS activity. The cases with 192 DOFs are closer to the reference DNS
resolution and for this reason, the mesh, or the order, have an equally large impact on the solution with better results achieved
refining the mesh, as seen in the shock-vortex interaction case. The largest difference is the dissipation peak that is stronger for the
0 =12 simulation due to a larger Legendre spectral bandwidth available to the model.

Table 3 reports the computational time, the number of iterations, and the time per iteration by all SFS models and a no-model
case for a 16> mesh size with O =6. As expected, the Dynamic Smagorinsky model is the slowest due to the large number of auxiliary
filtered quantities needed to estimate the dynamic coefficients. The standard Smagorinsky is the one with the lowest overhead. BSS
has an intermediate overhead, being 6% slower than no model baseline. From the number of iterations it is possible to conclude that
all models lead to a lower time step constraint induced by the SFS stresses because all of them require fewer iterations than without
a model. This also lead to an higher wall time per iteration also induced by the additional operations.

7.2. Supersonic channel flow

A compressible turbulent channel flow has been used to asses BSS performance in wall bounded flow, specifically in a supersonic
Mach 1.5 and hypersonic Mach 6.0 cases. The flow conditions match those used by Chen and Scalo [57], all flow parameters are
normalized using the channel’s half-width (6), the speed of sound at the wall (a,,), the wall temperature (7,,), and the bulk density
p- The results are plotted using the Trettel-Larsson transformation [58], where the mean velocity is transformed as:
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Fig. 14. y-z section of channel flow at Mach 1.5 with no-slip isothermal boundary condition at the wall. On the left column the velocity, density,
and temperature contours and on the right one the SFS stresses, pressure-strain, and heat flux. Results shown for various mesh sizes and numerical
orders.
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Fig. 15. TL-transformed mean velocity profile for Mach 1.5 compressible channel flow. Results obtained for a 32x32x24 elements mesh and solver
accuracy of order O = 5 (a) and a 64x48x48 elements mesh with solver accuracy of order O = 3 (b). Solid lines are the simulations performed with
LES models, while blue circles are the DNS results obtained on a 320x240x240 DOFs mesh O=5. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)
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where 1 is the Favre-filtered streamwise velocity and u, = v/7,,/p,,, plotted versus:

Py
Vi=—=—y (50)
u(y)
where u, = 1/7,,/p(»). The reference log-law profile is computed as:
| pg
uf, = ;ln(y )+ C (51)

where k =0.41 and C =5.5.

Fig. 14 shows on the left column the streamwise velocity, density, and temperature contours and on the right one the SFS stresses,
pressure-strain, and heat flux for a 64x48x48 elements mesh order 3 and 32x32x24 elements mesh order O = 5. It is possible to see
that the finer mesh is able to better resolve the viscous sublayer and the resolved flow looks more continuous; instead on the coarse
mesh the layer is thicker and sometimes the flow looks discontinuous cell by cell, but this problem is mainly due to post-processing
software interpolation and partially to the block spectral nature of the solver. The SFS quantities are not as continuous as the flow;
also for the finer mesh case, in this instance, the effect is because BSS computes these quantities element-by-element and does not
enforce continuity. It is interesting to notice that the SFS quantities have a stronger magnitude in the finer mesh case, where the
numerical order is lower, and they are weaker with high numerical order. This result agrees with the fact that a high numerical order
is able to better resolve the dynamic properties of the flow.

Fig. 15 presents more quantitative results for the same case with the plots of the TL-transformed mean velocity. The BSS model
has the best performance together with Vreman’s model on the coarser mesh (Fig. 15a); indeed the Smagorinsky model is not able to
predict the intercept as well as BSS. On the finer mesh the Smagorinsky and Vreman models following more closely the DNS results
than BSS. This is consistent with BSS’ SFS quantities being stronger when using lower numerical order (see Fig. 15b). Indeed, BSS
is more dependent on the numerical order than the other two methods because to compute the SFS energy dissipation it needs an
accurate description of the energy spectrum. Instead, Smagorinsky and Vreman models benefit from mesh refinement.

Fig. 16 plots the results for the Mach 6.0 hypersonic case. The mesh used for the simulation has 96x75x48 elements and uses
numerical order O = 3. For this case, the Smagorinsky and BSS model lead to a similar solution following closely the DNS results;
instead, Vreman’s model predicts a lower log-law intercept. In both Mach 1.5 and 6.0 cases the Dynamic Smagorinsky did not work,
probably because the averaging is performed element by element and not over wall parallel planes as suggested by the authors for
this kind of simulation. Considering that the averaging strategy would have to be customized for the specific type of flow we can
conclude that Smagorinsky, Vreman, and BSS may be a more robust choice for different flow conditions in an unstructured spectral
code.
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Fig. 16. TL-transformed mean velocity profile for Mach 6.0 compressible channel flow. On the left using a 96x75x48 elements mesh and solver
accuracy order O = 3. Solid lines are the simulations performed with LES models, while blue circles are the DNS results by Chen and Scalo [57].
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

8. Combining shock-capturing and SFS turbulence modeling: The supersonic taylor-Green vortex test case

We discussed before the performance of BSS as a shock capturing method in Section 5 and in Section 7 its behavior as an LES
model compared to existing approaches for the subsonic Taylor Green Vortex and supersonic and hypersonic channel flow case. Here
we are going to assess BSS performance on a supersonic TGV problem that involves subfilter-scale and shock capturing modeling.
The initial condition of the flow uses the equations in Section 7.1 with My = V,,/+/vpo/po = 1.25 and Re = pyV )L/ g = 1,600. In this
investigation, the time is normalized as for the subsonic TGV case and the quantities of interest are:

a1
Ey= ————— | pu-udQ (52a)
T pgv2 2] Ja
2
eS:L—/@(o-(on (52b)
ReV2|Q|Ja Ho
2 T
ed=L/&(V~u)2dQ (520)
3ReVZ | Q| Ja Ho

where Q is the domain and @ = V X u the vorticity of the flow. In this work, the BSS model with different numerical orders and
resolutions is compared with the DNS results obtained by Lusher and Sandham [59]. In [60] BSS is compared for the same case with
different models.

The simulations were performed on 4 different mesh resolutions (323, 643, 1283, and 256%) and two numerical orders (O= 2 and
O= 4), so that some cases have the same degrees of freedom but different numerical orders (DOF 1283, 2563, and 5123). The 5123 DOF
was investigated only on the O= 2 due to computational cost restrictions. As shown in Fig. 17a, the 128 DOFs case significantly
deviates from the DNS results, particularly when using a coarser mesh. However, as the mesh is refined, the results begin to align
more closely with the DNS and the 256> DOFs case. Among the tested configurations, the 1283 DOFs case exhibits the largest variation
between numerical orders: the O = 4 scheme closely matches the DNS up to ¥,/ L = 4.5, after which it becomes more dissipative.

The plots in Fig. 17b and in Fig. 17c¢ show the solenoidal and dilatational dissipation, and it is possible to see how in the low DOF
cases the dissipation is significantly underestimated, especially when comparing the 128> DOF cases. All these results show behavior
similar to the results obtained for the Sod shock tube and subsonic TGV cases, where the BSS model achieved better performance
when using a finer mesh. From the solenoidal dissipation plot in Fig. 17b it is clearly visible how finer meshes lead to better results
when using the same DOFs. Instead in the dilatational plot in Fig. 17c the coarser mesh is able to better predict the peaks because it
depends on the gradients which are better approximated with higher numerical order. Fig. 17d shows the Mach profile for all O=2
casesat x =0, z =0, and 1¥,)/ L = 2.5, which correspond to the peak of the dilatational dissipation. It is visible how the shock is better
approximated with finer meshes as for the Sod shock tube case.
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Fig. 17. BSS results compare to DNS results of Lusher and Sandham [59] in black with circles, while BSS results was represent with solid lines
without circles for 1283, 256, and 5123 DOFs.

9. Conclusion

In this paper, we presented a new shock-capturing and LES model for high-order finite volume methods called the Block-Spectral-
Stress (BSS) closure. The method relies on the last Legendre mode of the velocity gradient inside each element to estimate the subfilter
scale stresses, heat-flux, and pressure-work. The main idea is that both turbulence and shock formation have a cascade of energy from
large to small scales, and hence a closure for a turbulence model should work also as shock-capturing. Specifically, we noticed that
in our model, the subfilter scale pressure-work, which is rarely modeled in LES closures, is important in capturing the shock.

BSS has been implemented in a spectral unstructured code called H*AMR and validated on simulations with shocks and turbulence.
In the Sod shock tube case, the model is stable up to numerical order 20. From this investigation, we also notice that the shock is
better predicted when the mesh is refined and not as much when the numerical order is increased. Another shock investigation was
conducted on the shock-vortex interaction case, where the model was demonstrated to be able to capture the shock without altering
the shape of the vortex. Also in this case, mesh refinement leads to faster convergence than increasing the numerical order.

BSS has been compared to the Smagorinsky, dynamic Smagorinsky, and Vreman models, with the second one adapted to work
in a block spectral code. The Taylor-Green vortex was used to test the model in a homogeneous isotropic turbulence simulation. In
the case of numerical order 3, BSS is the only model able to prevent simulation blow-up. For numerical order 6 and 12, and coarse
meshes, BSS is more dissipative than the other methods but on finer meshes, it is able to reach similar results to the other models.
Another turbulence simulation was performed for supersonic and hypersonic channel flow; in this case, the dynamic Smagorinsky
model underperforms because of the averaging chosen for the block spectral implementation, instead BSS, the standard Smagorinsky,
and Vreman were able to better predict the log-law intercept. Differently from TGV, in the supersonic channel case, BSS achieved
better performance in predicting the velocity profile when using a coarser mesh with higher numerical order because of a better
prediction of the SFS terms. For the hypersonic case, Smagorinsky is slightly closer to the DNS result than BSS but the difference is
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minimal, instead Vreman’s model estimates a lower velocity closer to the log-law profile instead of the DNS. Finally, we tested the
BSS model on a supersonic TGV case that involves both subfilter-scale turbulence and shock capturing modeling. BSS shows similar
results to the Sod shock tube and subsonic TGV cases where finer meshes lead to better results when working with similar degrees of
freedom.

Therefore, we can conclude that even though BSS is not the best model in every kind of flow is able to work with every flow
without significant changes in the code, as in the case of dynamic Smagorinsky which requires different averaging for different kinds
of flow. Currently, the model has been used with flux reconstruction numerics on a Legendre base, but we expect that the model can
also work with different numerics and is based on high-order finite volume. This last point requires further investigation.
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