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ABSTRACT

Engineered subsurface structures inspired by phononic materials have shown favorable capabilities in flow control. Current efforts rely on
tuning a structural resonance to the frequency of an unstable fluid mode, causing the deformations of the interfacing solid to destructively
interfere with a wave-like flow instability. Although promising, the technique is most effective at targeting a single frequency mode with
high-Q resonance. Additionally, several studies have shown the reduction in the perturbation energy to be spatially localized to the flow
region above the subsurface strip, with a severely worsening effect downstream. Motivated by a desire to overcome these limitations, we
present a different approach to methodically extract an undesirable pressure disturbance from a fluid column in a manner that capitalizes
on the broad frequency range of a phononic bandgap, with the goal of permanently confining the perturbation energy within the subsurface
structure. An acoustic diode (AD), i.e., a unidirectional transmitter of mechanical energy, comprised of a bi-layered phononic crystal and an
auxiliary medium, interacts with a fluid cavity and provides a terminal energy sink. Two distinct ADs are presented that demonstrate active
(time-variant) and passive (strain-dependent) paths to concept realization. The AD’s performance is described in terms of the time-transient
energy distribution in the fluid and the interacting structure, as well as spatial wave profiles at critical time instants. The results show the
system’s ability to achieve robust extraction of undesirable fluid oscillations with minimal residual energy. The concept is then tested in a
fully developed plane channel flow with a superimposed perturbation, demonstrating the sustained nature of the subsurface AD’s energy
trapping mechanism in addition to its ability to induce downstream attenuation.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0226396

I. INTRODUCTION

The interaction of a fluid with a deformable solid is a complex
problem at the nexus of fluid and structural mechanics. Their
implications represent a key consideration in many applications
across varying size scales, from turbines and aircraft wings1,2 down
to blood vessels.3 The problem is also central to the
laminar-to-turbulent flow transition in a fluid as a result of rapidly
growing perturbations such as Tollmien–Schlichting (TS) waves or
vortical disturbances.4,5 Owing to the increased skin friction drag
associated with such transition, and the consequent rise in fuel

consumption, there is a long-standing interest in novel techniques
that delay boundary layer transition in aero/hydrodynamic flows.
Disturbances arising in a wall-bounded flow involve a well-
established dependency on wall parameters such as geometry,
compliance, and surface roughness.6,7 By understanding the role
of these parameters in shaping the fluid response, the conditions
that breed these perturbations can be reversed through prescribed
fluid–wall interactions. The use of riblets for viscous drag reduc-
tion has been one of the most researched topics,8 with numerical9

and experimental10 investigations of various swept wings and air-
foils. Parallel efforts include the use of bio-inspired surfaces,11
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hydrophobic microgrooves,12,13 and compliant coatings.14,15

Stabilization of fluid disturbances through wave cancelation tech-
niques have also been investigated for decades. Owing to their
wave-like nature, these methods have shown promise in inhibiting
the growth of some perturbations associated with flow transition.
Aside from Helmholtz resonators,16,17 the majority of these
efforts involve active interventions in the form of targeted
destructive interferences at wavelengths and frequencies of
interest.18–23 Maintenance cost and the added complexity of inte-
grating (and tuning) a controller have spurred the need for
passive approaches, which perform at par with their active
counterparts.

Over the past two decades, architected materials have
evolved from fanciful ideas to realistic designs which alter the
structural response in unprecedented ways. The interactions
between a fluid and a metamaterial have since been repeatedly
studied.24–27 Motivated by this, the seminal work of Hussein
et al. in 2015 showed that the elastic deformation profile of a
subsurface phononic crystal (PnC) can passively stabilize a
fluid, effectively reducing the average perturbation energy pro-
duction rate.28 In this context, a structural resonance placed
within the PnC bandgap (BG) (also known as a truncation reso-
nance29,30) provides favorable phase conditions and enables the
subsurface’s deformations to counter the fluid’s velocity causing
the growing wave to attenuate. The idea provided an analogous
technique to that proposed by Milling in the early 1980s,31

albeit critically without the need for active wave generators.
Many variations of this concept has since followed,32,33 and
while the initial analysis used water, there has been an influx of
research efforts which have taken a closer look at the use of
subsurface phononic materials for transition delay in low-speed
aerodynamic flows.34–37

As compelling as the concept is, ensuing investigations
showed a number of limitations, which can be summarized as
follows: (1) The approach relies predominantly on a truncation
resonance which takes place at a single frequency. As is the case
with any resonant behavior, the drop in deformation amplitude
renders the technique ineffective outside this resonance since the
method requires the solid to sufficiently deform to produce dis-
cernible wave cancelation. (2) The working mechanism requires
high-amplitude deformations and certain phase conditions. Both
are criteria that can be provided by traditional resonances,
without the need for a bandgap, thus eliminating the need for
PnCs. In fact, a more recent investigation by Kianfar and Hussein
demonstrated that the same effect can be reproduced by a conven-
tional passband (PB) resonance which precedes the bandgap.38

(3) The stabilization effect has been consistently shown to be
short lived. Specifically, the fluid perturbation has been shown to
re-grow downstream of the subsurface PnC with a rapid energy
recovery rate. The use of multiple PnCs over extended spatial
domains (which raises practical considerations) has been shown
to push this recovery further downstream, but not prevent it from
happening.39,40 Others have devised different strategies to elimi-
nate the same adverse effect by employing a subsurface PnC
which interfaces with the fluid at two distinct, spaced-out loca-
tions, effectively injecting energy into the fluid upstream while
extracting energy from it downstream.41

In this work, we propose a different approach to methodically
extract energy from an oscillating fluid and retain the energy in a
subsurface structure which acts as a permanent energy sink. We
utilize the notion of an acoustic diode, i.e., a unidirectional trans-
mitter of mechanical energy (first introduced by Liang et al.42), to
form the basis of a subsurface structure which directly interfaces
with a fluid column subject to pressure oscillations, with the goal of
fully absorbing them. In doing so, we demonstrate a tunable tech-
nique which enables energy extraction from a fluid over a wider
range of frequencies or targeting a mode with a broad resonance
peak, consistent, for example, with the realistic spectrum of a TS
wave in transonic regimes, by effectively utilizing the entire fre-
quency range of a Bragg bandgap as the subsurface structure’s
operational range. To elucidate the analysis, we first pose the
problem in the form of a one-dimensional channel which com-
prises a slender fluid cavity coupled to a multi-layered structure,
which in itself consists of a bi-layered PnC and an auxiliary
medium that serves as a terminal energy sink. We start by synthe-
sizing the auxiliary segment from a time-varying material (TVM)
to illustrate the energy extraction potential of the subsurface diode
in its idealized form. However, to maintain its passive nature, we
then shift to two different nonlinear material models, seeking to
achieve the same behavior in a time-invariant medium through dif-
ferent strain dependencies. To interpret the nuanced interactions
between each two successive layers in the overall system, the perfor-
mance is shown in terms of the time-transient energy distribution
in the fluid and the interacting solid, as well as spatial snapshots at
relevant time instants. The fluid–structural interactions are also
captured via a time-domain impedance boundary condition
(TDIBC) approach, which confirms the finite element model pre-
dictions. Following the proof-of-concept one-dimensional problem,
we conclude by demonstrating the ability of the subsurface AD to
attenuate the perturbation energy contained within a two-
dimensional, fully developed channel flow across both time (sus-
tained attenuation) and space (non-localized, downstream attenua-
tion). The combined analytical–numerical framework presented
here provides a pathway for efficient extraction of a perturbation
from an oscillating fluid using a fine-needle approach, which leaves
minimal residual energy and eliminates the prospect of perturba-
tion recovery in the fluid medium.

II. LF–PnC INTERACTION IN THE ABSENCE OF AN
ENERGY TRAP

A. PnC characterization

We start by quantifying the wave propagation characteristics
of the phononic crystal (PnC), to be later placed beneath a linear
fluid (LF) column subject to undesirable pressure oscillations at a
target frequency. The PnC, depicted in Fig. 1(a), takes the form of
a one-dimensional rod (i.e., elastic bar) which is comprised of two
alternating materials of length Li, cross-sectional area Ai, density ρi,
and elastic modulus Ei, where i ¼ 1, 2. Table I lists the physical
and geometrical parameters used for both layers. The transfer
matrix method (TMM) is employed to generate the dispersion
diagram of the PnC [see Eq. (7) and Refs. 43–46]. The dispersion
relation of an infinitely long PnC is obtained from the transfer
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FIG. 1. Characterization of the phononic crystal (PnC). (a) Schematic diagram of a free-fixed finite PnC rod comprising a one-dimensional periodic array of 10 unit cells.
Close up shows an individual unit cell comprising two alternating layers (i ¼ 1, 2). (b) Dispersion diagram of the shown unit cell corresponding to the geometric and mate-
rial properties listed in Table I. (c) Frequency response functions (FRFs) of the first and last (non-fixed) finite element node of the free-fixed PnC in response to an imping-
ing pressure at the free end. Color-coded shaded regions indicate pass band (PB) and bandgap (BG) frequency ranges in (b) and (c).
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matrix of the self-repeating unit cell and is described by29

κ ¼ cos�1 cos 2Ωð Þ � β2 cos 2αΩð Þ
1� β2

� �
, (1)

where κ and Ω ¼ ω=ω0 represent the nondimensional wavenumber
and frequency of a propagating wave, respectively. The latter is
expressed as a function of the angular frequency of excitation ω
and the harmonic angular mean frequency ω0, given by

ω0 ¼ 2ω1 ω2

ω1 þ ω2
, (2)

where ωi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ei=(ρiL

2
i )

p
. Finally, in Eq. (1), the nondimensional

values α and β denote the frequency and impedance contrasts
given by

α ¼ ω2 � ω1

ω1 þ ω2
, (3a)

β ¼ z1 � z2
z1 þ z2

, (3b)

where the impedance zi of each PnC layer is given by zi ¼ Ai
ffiffiffiffiffiffiffiffi
Eiρi

p
.

Figure 1(b) shows the dispersion diagram of the PnC, presenting
the frequency-dependence of both the real and imaginary compo-
nents of the nondimensional wavenumber, <(κ) and =(κ), respec-
tively. A bandgap (BG), i.e., a frequency range of forbidden wave
propagation, emerges in the regions corresponding to a non-zero
value of =(κ) due to Bragg scattering, and the magnitude of =(κ)
indicates the strength of the wave’s spatial attenuation inside
the PnC at a given BG frequency. Impinging waves are able to
freely transmit through the PnC outside of the BG ranges and are
lossless in both space and time due to the lack of material
damping. These transmission ranges denote the PnC’s passbands
(PBs). Table II lists the lower and upper frequency bounds of the
PnC’s first two PBs and BGs, which will be referenced in the
coming sections.

Finally, to characterize the vibrational response of a finite peri-
odic realization of the PnC, two frequency response functions
(FRFs) of a free-fixed PnC consisting of 10 unit cells are depicted
in Fig. 1(c). The rod’s elastic deformation and velocity are described
by the continuous functions u(x, t) and v(x, t) ¼ @u=@t of the
Lagrangian coordinate x and time t, subject to the harmonic pres-
sure excitation p(t) ¼ p̂sin(Ωt), where p̂ is the pressure amplitude,
applied at the rod’s free end, as shown in Fig. 1(a). The rod is dis-
cretized into 30 two-node bar elements per unit cell (300 elements
in total) and FRFs are computed for the first and second-to-last
nodes as a ratio of the impinging pressure, i.e., jv̂1= p̂j and
jv̂end�1= p̂j, using a finite element model (FEM). The former FRF
exhibits a series of resonances and anti-resonances sandwiched
between one another within the rod’s PBs (typical of a collocated
sensor–actuator problem), while the latter FRF only shows the reso-
nant frequencies at the same locations. As predicted by the disper-
sion analysis, both FRFs confirm the lack of transmission within
BGs and a significant spatial decay of the wave’s amplitude along
the length of the PnC, as evident by jv̂end�1= p̂j within BG areas.
Slight discrepancies between the predicted BG ranges and the
amplitude drops in the FRFs can be seen at higher frequencies,
which is typical of any FEM and can be minimized with a finer
mesh.

B. Energy exchange between LF and PnC

Upon identifying the PnC’s propagating and attenuating
regions, we examine the interaction and energy flow from a linear
fluid column (henceforth referred to as LF) to a PnC of 10 unit
cells and the same parameters listed in Table I, connected in series
from one end to the fluid and fixed at the opposite end, as depicted
in Fig. 2(a). A pressure wave in the form of a narrowband Gaussian
wave pulse excites the fluid at x ¼ �LLF as shown in the figure and
is described by

p(t) ¼ p̂ e
�1
2σ t��tð Þ2 cos 2π fc t ��tð Þ½ �, (4)

where p̂ ¼ 1 Pa denotes the maximum pressure amplitude,
σ ¼ 2:8� 10�10 s2 the time compression factor, fc is the central fre-
quency of the wave packet, and �t ¼ 7:1� 10�5 s represents the
time instant at which the pressure pulse reaches its maximum
amplitude. Two separate pulses, with frequencies of fc ¼ 70 kHz
and fc ¼ 140, are used to excite the LF–PnC system to investigate
the energy transmission profiles when the dominant frequency of
the oscillating pressure in the fluid lies outside and inside the
PnC’s BG, respectively (see the supplementary material Movie 1).

TABLE II. Lower and upper bandgap (BG) bounds corresponding to the infinite
PnC shown in Fig. 1.

First BG Second BG

Start Ω 0.7554 2.2962
ω/2π (kHz) 96.9 294.4

End Ω 1.9693 3.8971
ω/2π (kHz) 252.5 499.7

TABLE I. Properties and geometrical parameters for the linear fluid (LF) column,
the two phononic crystal (PnC) layers, and different forms of the augmenting layer
attached to the PnC.

PnC

LF (i = 1) (i = 2) LM/TVMa/NLMa Units

ρi 1870 1040 2700 1870 kg
m3

Ai 25 25 25 25 mm2

Ei 3.57 2.4 69 3.57 GPa
Li 87 2.9 2.9 87 mm
zi 64.59 39.50 341.23 64.59 N s

m
ωi … 524 × 103 174 × 104 … rad/s

aGiven value for the elastic modulus of the TVM and NLM (both NLM-A/
NLM-B) holds only for the initial undeformed state.
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x ¼ 0 represents the LF–PnC interface. Figures 2(b) and 2(c) show
the time signal and frequency spectra of both excitations, respec-
tively. The incident pressure wave travels through the fluid column
until it reaches the LF–PnC interface. For the case when
fc ¼ 70 kHz, the wave is transmitted freely from the LF to the PnC

since it falls within a pass band frequency (barring some reflections
due to the impedance mismatch at the LF–PnC interface), and
propagates through the elastic structure until it reaches the PnC’s
fixed end. At which point, the wave bounces back off of the rigid
termination through the PnC and back into the LF. This process

FIG. 2. Energy exchange between LF and PnC. (a) Schematic diagram of a linear fluid (LF) column interfacing with a one-dimensional PnC rod comprising 10 unit cells.
The LF–PnC interface is denoted as the x ¼ 0 point and the PnC is fixed at x ¼ LPnC. The LF is excited at the far left end (x ¼ �LLF) with a pressure pulse p(t). (b)
Variation with time of p(t) with a central frequency of fc ¼ 70 kHz (left) and fc ¼ 140 kHz (right). (c) Fourier transform of p(t) showing the frequency spectrum j p̂(Ω)j as a
function of the normalized frequency Ω, showing that the first pressure pulse falls outside the PnC’s BG while the second one falls inside it. (d) Energies contained within
the two segments, LF and PnC, at any given time instant throughout the simulated interval. The left-hand side temporal energy profile shows the bulk energy being trans-
ferred back and forth between the two media when fc ¼ 70 kHz, as a result of the PnC admitting the incident wave from the fluid side. The right-hand side temporal profile
shows the energy impinging on the PnC being predominantly rejected and forced to stay within the fluid column for the duration of the simulation, fc ¼ 140 kHz which rep-
resents a BG frequency.
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repeats itself in a cyclic manner and is captured in the left panel of
Fig. 2(d) which shows the energies stored in each layer, LF and
PnC, over a time interval of 0:45 ms. The system’s total energy
Vtot ¼ VLF þ VPnC is given by

VLF ¼ ρLFALF

2

ð
LLF

u2,t dx þ
ELFALF

2

ð
LLF

u2,x dx (5)

and

VPnC ¼
X10
n¼1

X2
i¼1

ρiAi

2

ð
Li

u2,t dx þ
EiAi

2

ð
Li

u2,x dx

0
B@

1
CA

2
64

3
75, (6)

where i ¼ 1, 2 denote the two materials of the bi-layered PnC,
n ¼ 1, 2, . . . , 10 indicates the unit cell index within the PnC, and
the notations ( . . . ),t and ( . . . ),x denote partial differentiations with
respect to t and x, respectively. The energy distribution over time is
computed via transient FEM simulations using MATLAB’s built-in
ode45 function. Vertical lines indicate the time instants at which
the pressure wavefront hits the LF–PnC interface, and the notice-
able reduction in the energy curves for each medium from one
cycle to the next signifies the reflections at the interface. For the
case when fc ¼ 140 kHz, the impinging pressure wave lies squarely
within the PnC’s first BG (see Table II), and therefore travels
through the fluid and is predominantly rejected at the LF–PnC
interface. As a result, the bulk portion of the energy remains con-
fined within the LF throughout the simulation, as confirmed by the
shown curves. Minor bumps in the energy stored within the PnC
indicate the small amount of energy which transmits from the LF
each time the wave arrives at the interface and spatially attenuates
along the length of the PnC due to the BG-induced Bragg scatter-
ing.29 Both pressure signals show that the PnC is unable to solely
extract undesirable oscillations from an adjacent fluid at a target
frequency, regardless of whether the incident excitation falls
outside or inside its BGs, motivating the need for an energy trap
mechanism which augments the subsurface PnC, as will be detailed
in Sec. III.

C. Validation via time-domain impedance boundary
condition approach

An impedance boundary condition (IBC) at the LF–PnC
interface can be alternatively used to model the subsurface PnC, as
shown in Fig. 3(b). The effective impedance seen by the fluid at the
LF–PnC interface due to the presence of the PnC can be given by
the transfer matrix method (TMM). The transfer matrix of the
10-cell PnC is

TPnC ¼ T2T1ð Þ10, Ti ¼
cos ωLi

ci

� �
jρici sin

ωLi
ci

� �
j

ρici
sin ωLi

ci

� �
cos ωLi

ci

� �
2
4

3
5, (7)

where i ¼ 1, 2 denotes the two materials of the bi-layered PnC,
j ¼ ffiffiffiffiffiffi�1

p
, and ci ¼

ffiffiffiffiffiffiffiffiffiffi
Ei=ρi

p
is the wave speed in each PnC layer.

Imposing the hard wall constraint at x ¼ LPnC by forcing the

velocity fluctuations v̂LPnC ¼ 0, the effective specific impedance (i.e.,
impedance over cross-sectional area) at the LF–PnC interface can
be obtained as

Ẑ(ω) ¼ �jρeff ceff cot
ωLPnC
ceff

� �
¼ p̂0(ω)

v̂0(ω) � n , (8)

where ρeff and ceff are effective parameters of the transfer matrix of
the PnC system TPnC, which has a similar mathematical form as Ti

in Eq. (7). p̂0 and v̂0 are the Fourier transforms of pressure and
velocity fluctuations at the interface (x ¼ 0), and n denotes the unit
normal vector pointing away from the LF into the PnC. Note that
the impedance obtained using the TMM assumes linear propaga-
tion dynamics within the PnC and at the LF–PnC interface.

The compressible Navier–Stokes equations are solved to simu-
late the propagation dynamics of the imposed acoustic wave given
by Eq. (4) in the LF domain. The simulations are performed using
CFDSU,47 a Fortran-based finite differencing solver that is continu-
ously being developed at Purdue University and has been used pre-
viously for various types of flow applications.48,49 The complex
impedance at the LF–PnC interface is imposed as a time-domain
impedance boundary condition (TDIBC). This constitutes impos-
ing a time-domain equivalent of Eq. (8), which takes the form of a
convolution integral that is to be solved numerically. Several con-
straints are required to be satisfied to enforce a physically meaning-
ful and numerically stable TDIBC, which are summarized by
Douasbin et al.50 and Chen and Scalo.51 The TDIBC implementa-
tion in CFDSU accounts for these constraints and adopts the auxil-
iary differential equation (ADE) method, originally proposed by
Dragna et al.52 The ADE method translates the convolution integral
to a set of ODEs for two auxiliary variables that can be advanced in
time with the same time marching technique as the flow solver.

The TDIBC does not directly impose the complex impedance
Ẑ(ω) but rather translates it to obtain a complex wall softness coef-
ficient Ŝ(ω) ¼ 2=(1þ Ẑ(ω)).53 Imposing the wall softness avoids
singularity issues as the absolute value of the complex impedance
may range from [0, 1). The wall softness further relates the acous-
tic characteristic wave leaving the domain, v̂outn (ω) and the charac-
teristic wave entering the domain after interaction with the
impedance surface, v̂inn (ω). The aim of the TDIBC method is to
obtain the wave reflected back from the impedance surface (v̂inn ) for
a given incoming wave (v̂outn ). This relation in the time domain
translates to

v̂inn (ω) ¼ Ŝ(ω)� 1
	 


v̂outn (ω) )

vinn (t) ¼ �voutn (t)þ
ð1
�1

s(τ)voutn (t � τ) dτ:
(9)

The ADE formulation requires the complex wall softness coefficient
to be re-cast into a summation of partial fractions with complex
residues μk and poles pk. This form of the wall softness can be
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FIG. 3. Comparison between FEM and TDIBC. (a) Schematic diagram of an LF–PnC system where the PnC segment is fully spatially described. (b) Schematic diagram
of the same system with the PnC represented by an effective impedance boundary condition (IBC). (c) and (d) Energies contained within the two segments, LF and PnC,
at any given time instant throughout the simulated interval for the same two excitations used in Fig. 2, obtained via FEM (solid curves) and a time-domain impedance
boundary condition (TDIBC) approach (dashed curves). Vertical solid lines in both diagrams denote the instants at which the TDIBC wave within the LF leaves the range
considered by FEM. (e) and (f ) Comparison between the FEM and TDIBC spatial wave profiles within the LF at 0.1 and 0.13 ms for both excitations.
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inverse transformed to the time domain as

Ŝ(ω)¼
Xn0
k¼1

μk
iω� pk

þ μ*k
iω� p*k

� �
) s(t)¼

Xn0
k¼1

μke
pkt þ μ*ke

p*kt
� �

H(t),

(10)

where H(t) is the Heaviside function. The complex residues and
poles are obtained by performing a rational function fitting on the
wall softness in the frequency space. n0 in the above equation can
be interpreted as the order of the functional fitting, and the partial
fraction form can be interpreted as the linear superposition of n0
harmonic oscillators. In this work, the vector fitting approach given
by Gustavsen and Semlyen54 is used, where a least square fit of the
wall softness is performed. From Eqs. (9) and (10), it is clear that
for a given incoming wave voutn (t) and a known wall softness s(t),
the reflected wave vinn (t) can be calculated, implying a one-way cau-
sality. This calculation requires the evaluation of the convolution
integral in Eq. (9), which is performed using the ADE approach as
detailed in Chen and Scalo.51

The comparison of the TDIBC approach with the FEM begins
by examining the amount of energy stored in each layer, LF and
PnC, as depicted in Figs. 3(c) and 3(d) for the same excitation
described by Eq. (4) with fc ¼ 70 kHz (PB) and fc ¼ 140 kHz (BG),
respectively. In the first, both methods lead to almost identical
results for t � 0:27 ms. The results obtained from both methods
understandably deviate for t . 0:27 ms, since the TDIBC uses a
longer LF layer, and the wave leaves the range considered in the
FEM simulation. In the second case, the pressure excitation falls
within the PnC’s BG and is therefore reflected at the LF–PnC
interface. As a result, the TDIBC wave leaves the FEM
range earlier and the results align for t � 0:17 ms. Figures 3(e)
and 3(f ) show a comparison between the spatial wave profiles
within the LF obtained from both methods, corresponding to
both excitations, and at two different time instants. At 0.1 ms,
the wave is located in the mid-span of the LF, whereas at
0.13 ms, the wave hits the LF–PnC interface. Once again, both
calculations show nearly coinciding results, effectively validat-
ing the use of an effective impedance boundary condition
to describe the PnC and accurately capture the corresponding
fluid–structural interaction.

III. ENERGY EXTRACTION VIA A SUBSURFACE
ACOUSTIC DIODE

The interaction between the LF and the PnC reveals that a
pressure wave stays in the fluid column if its frequency spectrum
falls within the PnC’s BG. As shown in Fig. 2(d), the PnC rejects
the wave at the LF–PnC interface causing energy to build up and
remain confined to the fluid layer. While PnCs have been previ-
ously used to stabilize the energy associated with an unstable fluid
wave, this was done by exciting a structural resonance (inside28 or
outside38 the BG) to counter the fluid’s motion at a single fre-
quency. In here, we seek to take advantage of the wide BG range
and utilize the BG itself as an energy absorption mechanism. To do
so, we devise a mechanism which allows the pressure oscillation to
first be transported out of the fluid into the adjacent structure and

then prohibited from returning back into the fluid. For this, we
design the system such that the pressure wave incident from the
fluid side aligns with the PnC’s PB and can therefore be transmit-
ted from the LF to the PnC. Additionally, the PnC is appended
with a structural layer which serves to alter the fundamental fre-
quency content of the pressure wave such that it falls within the
PnC’s BG. As such, after propagating through the entire PnC
length, LPnC, the wave is transferred to the augmenting layer where
it undergoes the aforementioned frequency change and is conse-
quently forbidden from infiltrating the PnC medium on its way
back to the fluid column. The combination of the PnC and its adja-
cent structure are henceforth referred to as an acoustic diode (AD),
and the following sections present two different paradigms to
achieve this concept.

A. Active configuration: PnC augmented with TVM

The first configuration of the AD comprises a PnC which
is augmented with a time-varying medium (TVM), as shown in
Fig. 4(a). The latter is described by a stiffness profile that varies in
time to instigate a change in the frequency of the propagating wave
after passing through the PnC. This is henceforth denoted as the
active AD configuration since the time-dependent stiffness profile
requires an external energy source to achieve (see, for example,
motorized rotations in Ref. 55 or piezoelectric circuits in Ref. 56).
In addition to the complexity associated with imposing a time-
varying stiffness in a material, another challenge of this configura-
tion is the identification of the appropriate time instant to induce
the stiffness change after the wave has entered the TVM.
Nonetheless, we present this system as an “idealized scenario” for
achieving the desired diode effect which we then try to mimic, to
the extent possible, via passive means in the following section.

Similar to Fig. 2, a pressure wave p(t) is injected into the fluid
column at x ¼ �LLF, which is given by Eq. (4) and carries a central
frequency of fc ¼ 70 kHz (see the supplementary material Movie
2). As the pressure wave propagates through the structure, the
system’s total energy is given by Vtot ¼ VLF þ VPnC þ VTVM, where
the first two terms are described by Eqs. (5) and (6) and VTVM is
given by

VTVM ¼ ρTVMATVM

2

ð
LTVM

u2,t dx þ
ETVMATVM

2

ð
LTVM

u2,x dx: (11)

These are used to compute the amount of energy contained in each
layer, LF, PnC, and TVM, as shown in Fig. 4(c). The energy builds
up in the LF reaching a maximum around 1:0� 10�4 s, at which
time the incident wave is gradually transmitted from the LF into
the PnC at x ¼ 0. With the exception of minor reflections at the
LF–PnC interface, the PnC freely admits the wave since its
frequency spectrum falls within the PnC’s PB, as confirmed by
Figs. 1(b) and 1(c). The wave continues to propagate through the
PnC medium and enters the TVM at approximately 1:6� 10�4 s,
which marks the beginning of a gradual reduction in the energy
stored within the PnC. Owing to its time-dependent stiffness
profile, the elastic modulus of the TVM increases by a factor of
four over a short time interval beginning at 2:2� 10�4 s, as
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depicted in Fig. 4(b), and closely aligning with the instant at which
the wave reflects off of the fixed TVM boundary
(x ¼ LPnC þ LTVM) and begins traveling leftward toward the PnC.
As a result of the stiffness change, the reflected wave falls squarely
within the PnC’s BG and is therefore rejected at the PnC-TVM
interface (corresponding to x ¼ LPnC) and is consequently trapped
within the TVM segment of the acoustic diode. Figure 4(c) shows a
sustained high level of the trapped energy within the TVM starting
around 2:4� 10�4 s. It is worth noting that the energy curve asso-
ciated with the fluid drops down to a negligible level once the wave
fully departs the LF and never returns to its original value, confirm-
ing the diode’s efficacy in almost completely extracting the energy
of the incident pressure wave from the fluid column.

Figure 5 provides a closer look at the inner workings of the
AD by providing snapshots of the spatial wave profile along the
entire system at noteworthy time instants. Specifically, Figs. 5(a)
and 5(b) show the velocity v along the wave propagation direction
x at 0:08, 0:16, 0:32, and 0:42 ms, for LF–PnC system without and
with the TVM, respectively. Vertical solid lines in all the shown

results denote the LF–PnC and PnC-TVM interfaces, wherever
applicable. The first shown wave profile at 0:08 ms corresponds to
the input wave entirely being in the LF, while that at 0:16 ms corre-
sponds to the wave being mostly in the PnC layer. As such, there
are no significant differences between the left and rightmost plots,
and the results are used as a sanity check of the simulations. The
last two profiles at 0:32 and 0:42 ms clearly show the wave bounc-
ing back into the LF in the absence of the TVM addendum, and
the wave continuing to travel unimpeded from end to end. On the
contrary, the rightmost plots show the wave entering and getting
locked into the TVM, drastically and permanently reducing the
oscillations in the LF, as desired.

B. Passive configuration: PnC augmented with NLM

To avoid the practical challenges associated with imposing a
time-varying stiffness profile within an active material, an alterna-
tive configuration of the AD is presented with the goal of extracting
an undesirable pressure oscillation from a fluid in a passive

FIG. 4. Energy extraction from LF via an active AD configuration. (a) The LF interfaces with a 10-cell PnC which is followed by a time-varying medium (TVM) having a
time-dependent stiffness profile. The PnC and TVM segments collectively from an acoustic diode (AD). The LF–PnC interface is the x ¼ 0 point, the PnC-TVM interface
takes place at x ¼ LPnC, and the TVM is fixed at x ¼ LPnC þ LTVM. The LF is excited at x ¼ �LLF with a pressure pulse p(t) centered around fc ¼ 70 kHz. (b) The
elastic modulus of the TVM increases by a factor of four beginning at 2:2� 10�4 s. (c) Energies contained within the three segments, LF, PnC, and TVM (and color
coded accordingly). The plot shows the energy of the incident wave first being gradually transmitted from the LF into the PnC on its forward path since its frequency lies
within the PnC’s PB and then enters the TVM. The TVM shifts the frequency of the reflected wave into the PnC’s BG, causing it to remain confined to the TVM segment
of the system, as shown by the sustained energy level within the TVM and the almost non-existent energy level within the LF after the wave has fully departed the fluid.
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FIG. 5. Spatial wave profiles during energy extraction process. Schematic diagrams and spatial wave profiles for an LF–PnC system (a) without and (b) with the TVM,
respectively. Plots show the velocity v along the propagation direction x at 0:08, 0:16, 0:32, and 0:42 ms for the same simulation described in Fig. 4. Vertical solid lines
denote LF–PnC and PnC–TVM interfaces. Wave profiles at the first two time instants correspond to the early stages of pressure wave (prior to reaching the end of the
PnC for the first time), and are therefore identical between the two systems. The last two time instants show the wave bouncing back into the LF in the absence of the
TVM addendum in (a), in contrast to the wave being trapped in the TVM in (b), as desired.
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manner. For this purpose, the AD is realized via a series connection
of a PnC and a nonlinear hyperelastic material (NLM). For consis-
tency, the PnC still consists of 10 unit cells. The total kinetic and
potential energies of the LF along with the passive AD are given by

Vkin ¼ ρLFALF

2

ð
LLF

u2,t dxþ
X10
n¼1

ρ1A1

2

ð
L1

u2,t dxþ
ρ2A2

2

ð
L2

u2,t dx

2
64

3
75

þρNLMANLM

2

ð
LNLM

u2,t dx (12)

and

Vpot ¼ ELFALF

2

ð
LLF

u2,x dxþ
X10
n¼1

E1A1

2

ð
L1

u2,x dxþ
E2A2

2

ð
L2

u2,x dx

2
64

3
75

þENLMANLM

2

ð
LNLM

u,xþ1
2
u2,x

� �2

dx, (13)

respectively. Additionally, the non-conservative work done by the
pressure excitation can be expressed as

Wδ ¼ p(t)ALF δu(x¼�LLF, t), (14)

with δ being the variational operator and δu(x¼�LLF, t) being the
virtual displacement at the excitation point. As such, Hamilton’s
principle is applied as follows:

δ

ðt1
t0

Vkin�Vpot
� �

dtþ
ðt1
t0

Wδ dt¼ 0, (15)

for two arbitrary but constant time boundaries t0 and t1, which in
combination with the corresponding variational calculus leads to
the following equation:

ðt1
t0

(
ALF

ð
LLF

ELFu,xδu,xþρLFu,ttδuð Þdxþ
X10
n¼1

"
A1

ð
L1

E1u,xδu,xþρ1u,ttδuð Þdx

þA2

ð
L2

E2u,xδu,xþρ2u,ttδuð Þdx
#
þANLM

ð
LNLM

ENLM u,xþ3
2
u2,x

� �
δu,x

�

þρNLMu,ttδu

�
dx�p(t)ALF δu(x¼�LLF, t)

)
dt¼ 0:

(16)

It should be noted that the inertia terms in the previous
equation have been already modified by using partial integration
over time, and that strain terms u,x up to the second order only are
considered. The physical and virtual displacements are approxi-
mated with the following FEM solution which is separable in

space and time:

u � U(x) � ~u(t), u,x � U0(x) � ~u(t), u,tt � U(x) � €~u(t),
δu � U(x) � δ~u(t), δu,x � U0(x) � δ~u(t), (17)

where the row vector U(x) includes the shape functions and the
column vector ~u(t) represents the nodal degrees of freedom.
Together with a perturbation approach for small displacements,
i.e., ~u(t) ¼ ~u0 þ Δ~u(t), Eq. (16) can be rewritten as

ðt1
t0

M � Δ€~uþ K � Δ~u� f
� �T|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

� δ~u|{z}
=0

2
64

3
75dt ¼ 0, (18)

where ( . . . )T marks a matrix transpose. The point of interest for
linearization is given by ~u0 and motion in its vicinity, i.e., Δ~u(t).
Since the arbitrary virtual displacement δ~u(t) = 0, the classical
FEM system can be constructed, which is, respectively, described by
the following mass and stiffness matrices:

M¼ ρLFALF

ð
LLF

UT �Udxþ
X10
n¼1

ρ1A1

ð
L1

UT �Udxþρ2A2

ð
L2

UT �Udx

2
64

3
75

þρNLMANLM

ð
LNLM

UT �Udx, (19a)

K¼ALFELF

ð
LLF

U0T �U0 dxþ
X10
i¼1

A1E1

ð
L1i

U0T �U0 dxþA2E2

ð
L2i

U0T �U0 dx

2
64

3
75

þANLMENLM 1þ3~u0,xð Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
¼~ENLM

ð
LNLM

U0T �U0 dx,
(19b)

and the excitation vector

f ¼ p(t)ALF U(� LLF): (20)

To that end, we consider two nonlinear materials: NLM-A
and NLM-B. The first comprises a nonlinear elastic modulus of
pure geometrical origin, of the form42

~ENLM�A ¼ ENLM 1þ ξ~u0,xð Þ, (21)

where ξ~u0,x is a stress stiffening term and ξ is an arbitrary non-
dimensional value. The second utilizes an exponential strain
dependency and is given by

~ENLM�B ¼ ENLM 1þ η 1� e�j~u0,x j=ζ
� �h i

, (22)

where η and ζ are independent coefficients. For local discretization,
two-noded elements with linear ansatz-functions are used. As a
result, the FEM vectors of Eq. (17) for an arbitrary element i can be
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expressed as

Ue ¼ 1� y
2

,
y þ 1
2

� �
and ~ue ¼ ui, uiþ1½ �T, (23)

where the local coordinate y [ �1, 1½ � denotes the unit domain for
integration of each element. By introducing the length of a single
finite element Le, the following conditions must be satisfied:

y xð Þ ¼ a1 þ a2x
y x ¼ �Le=2ð Þ ; �1
y x ¼ þLe=2ð Þ ; þ1

9=
; ) y ¼ 2

Le
x,

@x ¼ Le
2 @y,

(24)

and the global FEM matrices can be consequently assembled using
the contributions of each element.

The performance of the passive AD configuration comprising
the 10-cell PnC in series with each of the two NLMs is evaluated in
Fig. 6 (see the supplementary material Movies 3 and 4). For the fol-
lowing set of results, the nonlinear parameters are chosen as

follows: ξ ¼ 104 for NLM-A, and η ¼ 3 as well as ζ ¼ p̂ALF

ANLMENLM
¼

1:12� 10�5 for NLM-B. The goal of each of the two nonlinear
media is to alter the frequency spectrum of the incident oscillation
in a manner which amplifies higher harmonics of the pressure
wave, thus forcing a good amount of the wave’s energy into the
PnC’s BG range. The results obtained from the active AD are used
as a benchmark and for consistency, the LF–PnC and PnC–NLM
interfaces are kept at x ¼ 0 and x ¼ LPnC, respectively.
Additionally, the pressure excitation p(t) still holds the same form
with a central frequency of fc ¼ 70 kHz. Figure 6(b) shows the
strain dependence of the elastic moduli of NLM-A and NLM-B,
compared to a linear material of the same base modulus. The
system’s total energy is given by Vtot ¼ VLF þ VPnC þ VNLM�A=B,
where the first two terms are described by Eqs. (5) and (6) and
VNLM�A=B is given by

VNLM�A=B ¼ ρNLMANLM

2

ð
LNLM

u2,t dxþ
~ENLM�A=BANLM

2

ð
LNLM

u2,x dx: (25)

Which are used to compute the amount of energy contained in
each layer, LF, PnC, and NLM-A/B, as shown in Figs. 6(c) and
6(d). Similar to the active AD, an energy build up can be seen in
the LF reaching a maximum around 1:0� 10�4 s, at which time
the incident wave is gradually admitted into the PnC at x ¼ 0. The
wave enters the NLM at approximately 1:6� 10�4 s and the energy
stored in the nonlinear medium gradually increases from this point
onward. As expected, the solutions in Figs. 6(c) and 6(d) prior to
this instant are nearly identical. Once the wave reaches the fixed
end and bounces back, it hits the PnC-NLM interface after its fre-
quency signature has been passively altered by the nonlinear
medium. At that point, the relative amount of energy prevented
from propagating through the PnC largely depends on the NLM’s
ability to drive up the wave’s bandwidth into the PnC’s BG range
(computed in Fig. 1). A comparison of Figs. 6(c) and 6(d) reveals
that NLM-A does a noticeably better job of trapping the pressure
oscillation within the confines of the NLM layer of the AD, as

evident by the large drop in the LF’s and PnC’s energy curves
which nearly remain at the attenuated level throughout the simula-
tion. On the contrary, while NLM-B appears to be capable of trap-
ping some of the pressure wave, the amount of energy in the
nonlinear medium drops after the wave reflects back, indicating
that a decent amount of that wave was permitted by the PnC and
transmitted back into the LF, as evident by the rise in the VPnC

curves starting around 2:5� 10�4 s, and that of the VLF curves
starting around 3:0� 10�4 s.

The obtained behavior is further explained by the results
shown in Fig. 6(e) which displays the frequency spectra of the
velocity at the last FEM node in the NLM layer prior to the fixed
end. Compared with the frequency spectrum of the inputted pres-
sure pulse shown in Fig. 2(c), the plots show that while both NLMs
have enforced significant widening of the excitation’s bandwidth,
NLM-B has managed to shift the incident wave into higher fre-
quency regimes resulting in the largely flat velocity response seen
in the figure. This allows NLM-A to drive a larger portion of the
pressure pulse into the PnC’s BG ranges, which are shaded in the
background of Fig. 6(e) for reference. Finally, the overall efficiency
of the energy extraction mechanism of each of the three considered
systems is quantified in Fig. 6(f) by evaluating the amount of
energy trapped in the diode (Vtot,ex), i.e., PnC and augmenting
layer, as a percentage of the total amount of energy initially con-
tained in the pressure pulse exciting the LF (Vtot,max). It is found
that while the active AD extracts the highest amount of undesirable
energy from the fluid column at 91%, a passive AD with NLM-A
used in conjunction with the PnC is able to extract 83% of the
undesirable energy, compared to 50% extracted by NLM-B, for the
case when fc ¼ 70 kHz which is studied here. These numbers as
well as the ability of the same AD design to perform well over a
broad range of perturbation frequencies depend largely on the dif-
ferent energy trapping mechanisms utilized by the augmenting
layer in the AD, i.e., TVM vs NLM, which are detailed in the next
section.

C. Broadband operational range of subsurface acoustic
diode

As explained in Sec. I, although subsurface PnCs have been
deployed in different ways to impede the growth of a flow instabil-
ity in recent literature, the focus of these efforts has been on target-
ing an unstable fluid mode assumed to be of a single frequency, to
which the structural resonance of a PnC28,39,40 or a locally resonant
metamaterial38 is tuned to trigger favorable phase conditions that
lead to discernible wave cancelation. In contrast, the subsurface AD
presented here is effective over a broad range of frequencies and is
not constrained to single-frequency perturbations, overcoming a
major limitation in current subsurface configurations. This renders
it capable of targeting wave packets of frequencies clustered around
a central frequency, as well as distinct single-frequency modes that
fall within the AD’s operational range.

Figure 7(a) qualitatively illustrates the different mechanisms
by which the TVM-based (active) and the NLM-based (passive)
configurations of the subsurface AD trap the energy that impinges
on it from the fluid side. As seen in the left side of Fig. 7(a), the
TVM layer works by directly shifting the frequency signature of the
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FIG. 6. Energy extraction from LF via a passive AD configuration. (a) The LF interfaces with a 10-cell PnC connected to a nonlinear material (NLM). The PnC and NLM
segments collectively form an AD. The LF is excited at x ¼ �LLF with a pressure pulse p(t) centered around fc ¼ 70 kHz. (b) Strain dependence of the elastic moduli of
two NLM configurations: NLM-A and NLM-B, compared to a linear material of the same base modulus. (c) and (d) Energies contained within the three segments, LF, PnC,
and (c) NLM-A or (d) NLM-B. NLM-A outperforms NLM-B in trapping most of the pressure oscillation away from the LF, as evident by the large and near-permanent drop
in the VLF curve. NLM-B allows a decent amount of the wave to be transmitted back into the PnC and consequently the LF, as evident by the rise in the VLF curves starting
around 3:0� 10�4 s. (e) Frequency spectra of the velocity at the last non-fixed FEM node in the NLM layer. Both NLMs widen the bandwidth of the incident pressure
wave, but NLM-A drives a larger portion into the PnC’s BG ranges resulting in better energy trapping. (f ) Overall energy extraction efficiency of the TVM, NLM-A, and
NLM-B.
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incident perturbation from the PB to the BG of the PnC layer,
allowing the PnC to forbid the bulk of the wave from reaching the
fluid layer, effectively confining it in the TVM segment. This mech-
anism works perfectly well in extracting undesirable pressure oscil-
lations whose spectrum, upon transformation in the TVM, can be
fully contained within the PnC’s BG. This is confirmed in the top
panel of Fig. 7(b) which examines the energy extraction efficiency
in the same manner defined earlier (i.e., the amount of energy
trapped in the diode as a percentage of the total amount of energy

initially contained in the fluid), when the input pressure p(t) exhib-
its different central frequencies. The results show that the
TVM-based AD achieves stellar extraction efficiencies when the
aforementioned condition is satisfied, namely, 92%, 91%, and 87%,
corresponding to fc ¼ 60, 70, and 80 kHz, respectively. As can be
seen in the same figure, these values drop slightly (64% for
fc ¼ 90 kHz) and then significantly (46% for fc ¼ 50 kHz and 17%
for fc ¼ 100 kHz) outside this window. These values are somewhat
predictable given the current PnC design shown in the dispersion
diagram of Fig. 1(b) and Table II, which show the BG starting at
97 kHz and ending at 253 kHz, combined with the current TVM
elastic profile which shifts the frequency by a factor of two. As a
result, a pressure pulse centered around 50 kHz and spanning a
bandwidth of 60 kHz, for example, would result in approximately
half the packet remaining inside the PnC’s PB after the frequency
shift, allowing it to freely propagate back into the fluid medium.
Other cases considered in the figure show a near-zero extraction
efficiency for fc , 50 kHz, once again confirming that the
TVM-based AD performs exceptionally well over a defined range
of frequencies and poorly outside of it.

On the other hand, and as described by the right side of
Fig. 7(a), the NLM layer of the passive AD works by flattening the
frequency content of the admissible pressure, effectively widening
the wave’s spectrum and extending its bandwidth to much higher
frequencies (notice the difference in scale on the Ω axis). The
extended bandwidth spans multiple BG regions of the PnC,
enabling several bands of the wave’s energy to be rejected by the
PnC layer on their way back to the fluid. Despite providing a lower
extraction efficiency than the TVM-based AD at its peak perfor-
mance (83% for fc ¼ 70 kHz), a passive AD based on NLM-A
works noticeably better over a broader range of frequencies, provid-
ing more flexibility and robustness to changing conditions on the
fluid side. This is confirmed in the bottom panel of Fig. 7(b),
which shows extraction efficiencies exceeding 50% for undesirable
pressure excitations with a central frequency that falls anywhere
between 40 and 90 kHz, and a gradual decrease in effectiveness on
the fringes of its operational range, showing non-zero energy
extraction levels for practically every case considered.

IV. IMPLEMENTATION OF SUBSURFACE ACOUSTIC
DIODE IN FULLY DEVELOPED CHANNEL FLOW

A. Problem setup

With the working mechanism of a subsurface AD thoroughly
investigated and its effectiveness demonstrated in a simple flow-free
one-dimensional setup, we examine in this section the potential of
the subsurface AD to attenuate the perturbation kinetic energy con-
tained within a two-dimensional, fully developed channel flow.
Specifically, the TVM-based AD described in Sec. III A forms a
0:25-m strip which is placed underneath the surface of a 1-m long
plane channel housing low-speed flow of the mock fluid (LF)
described earlier at standard temperature. The top surface of the
strip replaces the channel walls along the streamwise x-direction
and extends vertically along the y-direction, as shown in Fig. 8. The
channel has an aspect ratio of 10, with its top and bottom walls
being fully rigid except at the interface with the subsurface strip
(starting at xAD ¼ 0:1 m). The fluid domain within the channel is

FIG. 7. Broadband operational range of subsurface acoustic diode. (a)
Demonstration of the different energy trapping mechanisms exercised by the
TVM- and NLM-based ADs. The TVM layer works by directly shifting the fre-
quency signature of the incident perturbation from the PB to the BG of the PnC
layer, while the NLM layer broadens its spectral bandwidth, both enabling the
PnC to impede undesirable waves from returning to the fluid. (b) Energy trapped
in the AD as a percentage of the total amount of energy initially contained in
the fluid corresponding to input pressures of different central frequencies fc , con-
firming the ability of the subsurface diode to operate effectively over a broad
range of frequencies.
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FIG. 8. Implementation of subsurface acoustic diode in fully developed plane channel flow. (a) Problem setup and graphical illustrations of the four cases under study.
Case 1 represents a baseline system with no subsurface structure and fully rigid walls. Cases 2 and 3 include subsurface PnCs where the targeted perturbation frequency
falls inside the BG or matches a resonance, respectively. Case 4 denotes the use of the TVM-based subsurface AD described in Sec. III A. (b) Fluid perturbation kinetic
energy along the wall-normal y-direction, ~ψLF,y , for cases 1–4. The faded yellow curve shows a variation of case 3 where the PnC is made as long as the entire substruc-
ture used in case 4. (c) Kinetic energy in the subsurface structures, ~ψsub. (d) Contours of y-velocity in the channel, ~vLF,y , at 4:6� 10�4 and 9� 10�4 s for the four afore-
mentioned cases.
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subject to a 20 m/s inlet velocity at the left boundary (x ¼ 0). The
setup yields the classical Poiseuille flow, which serves as the back-
ground flow field vb generated using the Fluid laminar flow inter-
face in the CFD module of COMSOL MULTIPHYSICS. The background
flow field is perturbed using the same pressure pulse p(t) from
Sec. II B with fc ¼ 70 kHz along a small 4� 0:5 mm region at the
inlet and half channel height, as denoted by the wave generation
domain in Fig. 8(a). The forcing is smoothed inside this domain
with oscillating functions in both directions, to yield the excitation
function,

ps(x, y, t) ¼ sin π
x � xs
‘s

� �� �
sin π

y � ys
hs

� �� �� �
p(t), (26)

adopting a similar scheme as that outlined in Ref. 57, where xs and
ys denote the starting coordinates of the wave generation domain,
and ‘s and hs denote the domain’s height and length, respectively.
The background flow vb along with the superimposed perturbation
ṽLF culminate in the full flow field vLF, as shown in Fig. 8(a). The
Navier–Stokes equations are linearized around the background flow
and then solved for the perturbed velocity and pressure fields. In
the remainder of this section, the fluid’s perturbation velocity com-
ponents at a given location along the x- and y-directions will be
denoted as ~vLF,x and ~vLF,y , respectively. Two-way time-domain
coupled fluid structure interaction (FSI) simulations are carried out
using the Acoustics module, following which, the velocity fields in
the fluid and structural domains are obtained at each time step
over the duration of the simulation, and the perturbation kinetic
energy in the entire fluid domain is evaluated from the surface inte-
gral of the squared velocities,

~ψLF ¼
1
2

ð
Lch

ð
hch

~v2LF,x þ ~v2LF,y

� �
dy dx, (27)

where Lch and hch denote integrals over the length and height of
the channel, respectively. The perturbed kinetic energies associated
with each velocity component, i.e., ~ψLF,x and ~ψLF,y , can be extracted
from Eq. (27) by separating the integral for each component. The
latter, in particular, is instrumental in understanding the fluid–sub-
surface interaction dynamics since the elastic structure beneath the
interaction surface deforms longitudinally along the y-direction.58

Additionally, upon being impinged on by the fluid, the perturbed
kinetic energy contained within the subsurface structure, ~ψ sub, is
similarly computed and used for further analysis.

The coupling between the fluid and structural domains is per-
formed in COMSOL by ensuring continuity of the displacement and
stress fields at the interface. The domains are discretized via
193 000 quadratic Lagrange elements. A time step that captures 14
periods of the wave’s central frequency is used in a segregated
solver where the pressure and velocity fields in the fluid and struc-
tural domains are solved for separately at each time step, while
ensuring the coupling conditions are satisfied. The second order
generalized alpha implicit method with minimal damping was used
as the time-marching numerical integrating scheme. Four distinct
scenarios, referred to here as “cases” 1–4, are investigated to show-
case the interaction mechanisms that underlie different variations

of elastic subsurface structures. Case 1 denotes the baseline (refer-
ence) scenario where no subsurface structure is utilized and all-
rigid walls are used throughout the channel. Cases 2 and 3 entail
the use of a subsurface PnC designed such that the targeted fluid
perturbation frequency falls inside the PnC’s BG or matches a PB
resonance, respectively. Case 4 denotes the use of subsurface AD
described in Sec. III A which consists of a PnC augmented with a
TVM layer. A graphical depiction of the four cases can be seen in
the inset of Fig. 8.

B. Results

Figure 8(b) shows the variation of ~ψLF,y over 1� 10�3 s for
the four aforementioned cases. Examining the curve associated
with case 1 enables us to understand the baseline behavior associ-
ated with the perturbation-infused channel flow in the absence of a
subsurface structure. The generated wave results in an energy build
up which reaches a peak around 0:75� 10�4 s, and the wave prop-
agates freely through the channel reaching the right end around
8:1� 10�4 s, with some increased oscillations happening shortly
thereafter due to back scattering. Case 2 reveals a pattern which is
largely similar to the baseline case, primarily due to the inability of
the subsurface structure to absorb fluid energy as a result of the
bulk wave falling inside the PnC’s BG. Consequently, the structure
continuously rejects the impinging waves limiting the oscillations
to its first few unit cells (typical of a finite PnC response inside a
BG45), and resulting in minimal periodic oscillations around the
baseline ~ψLF,y level without much of a net effect. Case 3 is closest
in nature to the approach most prevalent in literature whereby the
excitation aligns with a resonant PnC mode, triggering wave propa-
gation through the PnC away from the flow as soon as the excita-
tion reaches the subsurface strip around 1:5� 10�4 s. This energy
transmission from the fluid to the PnC in itself results to a notice-
able drop in ~ψLF,y until 3:9� 10�4 s. This drop is, however, short
lived, as the waves thereafter reflect at the fixed end of the PnC and
return to the fluid, thus reversing the slope of the curve and gradu-
ally raising the energy level. This is evident by the near-complete
return of ~ψLF,y to its baseline level around 6:6� 10�4 s. However, a
small but noticeable attenuation persists following this time instant
which can be attributed to the canceling effect induced by the
out-of-phase waves reentering the flow after resonating within the
PnC, as detailed in Refs. 28, 39 , and 59, among others.

The ability of the subsurface AD to extract the perturbation
energy from the flow, in a manner superior to the comparison
cases, is exemplified by case 4 in Fig. 8(b). Similar to case 3, the
input wave reaches the strip at xAD around 1:5� 10�4 s into the
simulation. As detailed in Sec. III A, the excitation’s spectrum falls
within the PnC’s PB allowing it to admit the incident wave through
the PnC and into the TVM layer, resulting in an uninterrupted
reduction of flow energy all the way until 4:6� 10�4 s. This initial
phase of attenuation, corresponding to energy transmission from
the fluid into the subsurface AD, resembles the behavior of case 3,
albeit significantly stronger in part due to the extended structure
length as a result of adding the auxiliary TVM layer (For reference,
the faded yellow curves show the behavior of case 3 if the PnC
layer was as long as the entire substructure used in case 4). By this
time instant, the bulk of the perturbation energy has reached the
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TVM layer, and the TVM has completely undergone the stiffness
change described in Fig. 4(b). From this point onward, and as a
result of these synchronous effects, the AD succeeds in containing
the perturbation energy within the TVM, effectively sustaining the
perturbation energy level in the fluid at its minimum value. By the
end of the simulation, the terminal ~ψLF,y value in case 4 is remark-
ably 34:8% and 18:8% of the terminal and peak values encountered
in the baseline case 1, respectively. This enhanced attenuation
within the AD is further corroborated in Fig. 8(c) which depicts the
evolution of kinetic energy inside different solids beneath the fluid
surface, namely, the PnC of case 3 and the TVM layer of the sub-
surface AD used in case 4. While both curves temporarily rise
during the initial attenuation phase described earlier, the AD’s
energy extraction mechanism enables it to trap approximately
73:1% of the energy that was initially admitted into the TVM
within its confines, achieving steady and sustained attenuation of
the flow perturbation energy that is not otherwise possible. Finally,
it is worth noting that the same AD was able to achieve an energy
extraction efficiency of 91% in the one-dimensional setup (see
Figs. 5 and 7), signaling better performance in a simplified setup,
which is expected due to the idealized conditions in the absence of
flow dynamics, yet still indicative of the AD’s potential to produce
a meaningful impact in the context of flow stabilization.

Finally, Fig. 8(d) shows the contours of the perturbed fluid
velocity along the wall-normal y-direction, ~vLF,y , at two time
instants: 4:6� 10�4 and 9� 10�4 s. The first corresponds to the
excited wave reaching approximately half the channel’s length, as
can be seen in the case 1 (baseline) plot, while the second marks an
instant near the end of the simulation where it is evident that the
excited wave has reached the right end of the channel. The location
of the subsurface structure is marked on the plots corresponding to
cases 2–4. Compared to the baseline case, and that equipped with
the two different PnCs configurations, it is seen that the setup with
the subsurface AD strip exhibits both superior localized attenuation
at the location of the strip (see rightmost, upper panel) and signifi-
cant downstream attenuation that can be observed in the perturba-
tion velocity contours at post-strip regions along the streamwise
flow direction in the rightmost lower panel of Fig. 8(d), showing
the ability of the subsurface AD to induce sustainable energy atten-
uation across time (i.e., the duration of the simulation) and space
(the length of the channel).

V. CONCLUSIONS

In this work, we have explored a novel approach for efficient
energy extraction from a linear fluid (LF) column via a subsurface
acoustic diode (AD) which distills out an undesirable pressure wave
via frequency-dependent interactions. The AD consists of a
bi-layered phononic crystal (PnC) which directly interfaces with
the fluid column and an auxiliary medium that serves as a terminal
energy sink. The PnC exhibits clear passband (PB) and bandgap
(BG) ranges of free and forbidden wave transmission, respectively.
The PnC is engineered such that the incident excitation falls within
its PB range enabling the pressure oscillation to first be transmitted
from the fluid into the structure. The auxiliary medium is synthe-
sized from an active time-varying medium (TVM) or as a passive
nonlinear medium (NLM). Both paradigms target the same goal,

which is to permanently retain an incident wave once it enters the
auxiliary medium by altering its spectral content to fall within the
PnC’s BG. In the active realization of the AD, the TVM is
described by a time-dependent stiffness which induces a desired
frequency change of the propagating wave after passing through
the PnC, following a step-up of the elastic modulus. The passive
NLM-based AD achieves the same behavior by utilizing two differ-
ent nonlinear material models, thereby foregoing the need for tem-
poral stiffness changes via external stimulation.

Initially, the dispersion characteristics of the PnC are studied.
Focus is placed on the first PB and the first BG for a bi-layered rod
composed of ABS and aluminum. A reference case involving a
simple interaction between an LF and a PnC in the absence of an
auxiliary medium is first investigated. This reference case shows the
inability of a PnC to solely achieve the desired energy extraction
and serves as a benchmark for the rest of the study. Following
which, a comprehensive fluid-structural analysis of the scenarios
associated with all AD configurations is carried out via transient
finite element simulations. The wave propagation pattern, as well as
the spatial and temporal energy distribution in the different fluid
and structural layers, are described for all AD versions. The fluid–
structure system dynamics are described using an energy-based
method, applying Hamilton’s principle to evaluate the constitutive
motion equations, and a time-domain impedance boundary condi-
tion approach is used to verify the derived framework. The effec-
tiveness of the proposed approach is evaluated by quantifying the
percentage of energy successfully extracted from the fluid column.
The TVM-based AD exhibits the highest efficiency, extracting
nearly 91% of the energy of the pressure pulse in the fluid,
although its effectiveness depends on the chosen time-dependent
stiffness profile and choosing the appropriate moment for its onset.
Practical implementations therefore necessitate continuous moni-
toring of the TVM’s motion and, for continuous excitation,
ongoing stiffness adjustments. These limitations are mitigated by
employing one of the two passive NLM-based AD versions, which
achieve energy extraction efficiencies of 83% and 50% for the same
conditions. Further, we have successfully demonstrated the broad-
band operational range of the AD by computing its energy extrac-
tion effectiveness for a series of perturbations that span a wide
range of different frequencies from 10 to 100 kHz, illustrating the
ability of such configuration to overcome a major limitation of
current systems which only target a single frequency, hindering
their ability to stabilize flow instabilities with broader spectral prop-
erties or requiring a complete redesign of the subsurface following
a change in the perturbation frequency. Finally, we concluded by
embedding the AD beneath the surface of a two-dimensional, fully
developed plane channel flow, showing its ability to attenuate the
perturbation energy contained within the fluid domain. Compared
to the fully rigid channel, and that equipped with two different
forms of subsurface PnCs, the setup with the subsurface AD strip
exhibits: (1) Sustained rather than temporary attenuation that
endures through the problem, and (2) downstream attenuation that
is visibly identifiable from the perturbation velocity contours at
post-strip regions along the streamwise flow direction. The com-
bined analytical–numerical foundation presented here provides a
pathway for efficient extraction of a perturbation from an oscillat-
ing fluid using a fine-needle approach, which leaves minimal
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residual energy and eliminates the prospect of perturbation recov-
ery in the fluid medium. While the disturbances interacting with
the mean flow used in this study were not unstable in nature, this
framework paves the way for future explorations of this concept in
complex wall-bounded flows with growing perturbations and
streamwise instabilities that progressively grow in amplitude.

SUPPLEMENTARY MATERIAL

See the supplementary material for four video files. Movie 1
shows the wave propagation profile and the evolution of energy
levels with time and space in the one-dimensional LF–PnC, with
two excitations corresponding to fc ¼ 70 and 140 kHz, respectively.
Movie 2 shows the same data for the LF-AD case with the
TVM-based auxiliary layer. Movies 3 and 4 show the same data
when NLM-A and NLM-B are used for the auxiliary layer,
respectively.
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