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Abstract—This letter presents a compact inductor model that is
accurate beyond the inductor’s self-resonance frequency. The in-
ductor is represented as a short-circuited transmission line, whose
impedance is a hyperbolic tangent function. This function is ex-
panded to its third-order continued fractions approximation. The
approximation results in a compact equivalent circuit model with
frequency independent parameters that can be extracted directly
from -parameter measurements. No optimization is necessary in
this process. The developed compact wideband inductor model is
extremely useful for accurate transient and harmonic balance sim-
ulations where out of band response is important.

Index Terms—Equivalent circuit model, integrated inductors,
quality factor, self-resonance frequency, spiral inductors.

I. INTRODUCTION

I NTEGRATED spiral inductors are important components of
radio frequency circuits. They are used as part of matching

networks, filters and passive resonators. They suffer from
poor quality factor due to frequency-dependent loss effects
such as skin effect, eddy current loss in the substrate and current
crowding.

For circuit analysis using CAD tools, it is essential to de-
velop inductor models verified against measured results. The
most common inductor model is the standard -model with
frequency independent lumped elements [1], [2]. While this
model is useful over a limited frequency range, it does not
properly model the distributed effects, proximity effects, or the
higher-order loss effects and capacitive coupling. The conven-
tional -model has been extended with frequency-dependent
lumped elements [1], [3]–[9]. The resulting models do a better
job of describing the higher-order frequency effects, but cannot
be easily implemented in time domain simulators. There are
also alternative models such as distributed models and other
lumped models that try to address the high frequency effects
[1], [10]–[12]. A model based on a simple transmission line
without any substrate effects is mentioned by Pucel [13].

This letter presents a new comprehensive modeling method-
ology for integrated inductors based on transmission line con-
cept [14]. To the author’s best knowledge, the model developed
here is the only model with accurate response beyond inductor’s
first self-resonance frequency without need for optimization.
The model is very simple and consists entirely of ideal fre-
quency independent lumped elements suitable for time-domain
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transient analysis (SPICE) or harmonic balance nonlinear sim-
ulation. Model parameters are extracted from measured -pa-
rameter data without a need for optimization. Model develop-
ment and equivalent circuit parameters extraction are described
in the following section. Section III discusses the accuracy of
the model while Section IV concludes the letter.

II. MODEL DEVELOPMENT AND PARAMETER EXTRACTION

Assuming a standard model, the extrinsic shunt pad admit-
tances of inductors ( and ) are first extracted at rel-
atively low frequencies. This is done by converting the -pa-
rameter data to ABCD matrix. The relation between the ABCD
matrix and components of the model is given by

(1)
where 1 is the impedance of the
intrinsic inductor. Next, the inductor impedance is modeled as
a short-circuit transmission line

(2)

where is the length of the transmission line (actual value is
not needed), and and are the characteristic impedance and
complex propagation constant of the transmission line, respec-
tively. The short-circuited transmission line equation
is then approximated using the third-order continued fractions
approximation given by

(3)

where

(4)

In the above equation, is the shunt capacitance per unit
length in F/m, is the series inductance per unit length in H/m,

is the series resistance per unit length in m, and is the
shunt conductance per unit length in S/m. By substituting (3)
and (4) in (2), one obtains the parameters of the intrinsic in-
ductor model

(5)
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Fig. 1. Third-order transmission line circuit model of intrinsic inductors.

Fig. 2. Complete inductor equivalent circuit model based on third-order in-
trinsic inductor representation and second-order extrinsic admittance represen-
tation.

Fig. 3. Photomicrographs of fabricated 4.5-turn spiral inductor.

The intrinsic inductor model based on an ideal short-circuit
transmission line is shown in Fig. 1. Using this model and by
applying the same technique to represent the extrinsic admit-
tances ( and ) to their second-order continued frac-
tion approximation [14], the complete inductor equivalent cir-
cuit model can be constructed. Fig. 2 shows the complete in-
ductor model developed using this approach and considers cou-
pling and other parasitic effects by replacing with , 3
with , 3 with , and with .

Spiral inductors with three different number of turns (1.5, 3.5,
and 4.5 turns) were fabricated on high resistivity Si with a 1- m
lower CrAu metal and a 2- m top metal. 7500 was
used as the dielectric separating the two metals. Fig. 3 shows
the fabricated 4.5-turn inductor in this technology.

In order to construct the equivalent circuit model, one can
linearize both real and imaginary part of the inductor intrinsic
admittance. The accuracy of the linearization approximation is
improved at frequencies where 1 and less than
the first resonance for the second-order model parameters and

1 and greater than the first resonance for the

Fig. 4. Graphical method to extract (a)L , (b)R , (c)L andC ,
and (d) R and R of three different inductors from measured Y .
Y is extracted from S-parameter according to (1).

third-order model parameters. One can find linearized model
parameters using the following:

(6a)

(6b)

(6c)

(6d)

where 1 is an intermediate impedance term defined in
(5).

Equation (6) can be plotted as functions of angular fre-
quency to extract , , , , and

as shown in Fig. 4. The extrinsic admittances of
the complete inductor model can be found using second-order
continued fractions approximations of open-circuited admit-
tance functions ( function). Parameter extractions for the
extrinsic elements are done using a similar approach to the one
shown in Fig. 4. Table I shows the extracted parameters of the
equivalent circuit models for the three inductors studied here.
For a 1.5-turn inductor, since the self resonance frequency is
higher than 26 GHz (maximum measured frequency), a simple
first-order model is sufficient.

III. RESULTS AND DISCUSSIONS

Fig. 5 shows the real and imaginary part of the measured and
modeled inductors studied here. The models match the mea-
sured results beyond the inductor’s self resonance frequency
except for 1.5-turn inductor whose self resonance frequency is
above the maximum measured frequency of 26 GHz. This is
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TABLE I
COMPLETE MODELS FOR SPIRAL INDUCTORS STUDIED IN THIS WORK

Fig. 5. Comparison of the measured and modeled Re(1=Y ) and
Im(1=Y ).

achieved despite the fact that equivalent circuit parameters are
extracted without any optimization.

Since our model formulation is derived from standard trans-
mission line model as shown by (4), the components of the
equivalent circuit model are directly related to the attenuation
constant of the transmission line given by the real part of ,
and also to the phase constant given the by imaginary part of .
As can be seen from Table I, some of the extracted parameters
are components with negative values. Generally, negative com-
ponent values are non-physical and therefore set to zero or .
However, in our model, negative component values are not nec-
essarily non-physical as long as both real and imaginary parts
of the attenuation constant are positive. The attenuation con-
stant of these inductors is positive across the frequency range
even with negative valued components thus satisfying the en-
ergy conservation law. Moreover, the phase constant is positive
across the frequency range satisfying a forward traveling wave
condition, except for the 1.5-turn inductor. In order to eliminate
the non-physical parameter values extracted for the 1.5-turn in-
ductor, we model it using a first-order intrinsic inductor model.
From Fig. 5, one can see that the first-order intrinsic model that
is used to model 1.5-turn inductor fits the measured results with
excellent accuracy.

In summary, the accuracy of the model can be tested by as-
suring that the parameters are extracted from frequencies where
the linearization approximation is valid. Furthermore, the va-

lidity of the model can be shown by plotting both real and imag-
inary part of and ensuring that they are both positive. If not,
one needs to use a lower-order model. In general, a second-order
model will be accurate to the first resonance and a third-order
model is accurate beyond the first resonance.

IV. CONCLUSION

In conclusion, we have demonstrated a new modeling
methodology for spiral inductors based on transmission line
theory and continued fractions approximation. To the authors’
best knowledge, this model is the first to report an excellent
fit to the measured data beyond the resonance frequency. The
wideband accuracy provided by this model is essential in
simulating time domain transient response and also in the envi-
ronment where the harmonic frequency response is important.
The parameter extraction does not require any optimization
and is accurate. We also show for the first time, the possibility
of negative value components in the model and their relation
to physical parameters of a transmission line; the attenuation
constant and the phase constant.
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