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Abstract— This paper presents a new comprehensive method-
ology for the development of scalable models for embedded
passives. These models are derived from fundamental lossy
transmission line theory. Using Taylor’s series and continued
fractions approximation, very accurate second and third order
intrinsic capacitor and inductor models have been demonstrated.
With the second order model, we are able to match the measured
response up to the first resonance frequency. With the third
order models, we are able to match the measured response
beyond the first resonance frequency. The wideband accuracy
provided by the third or higher order intrinsic models are
necessary in transient and harmonic frequency analysis. The
parameter extraction does not require any optimization and is
accurate and unambiguous. The third order continued fractions
model, introduced in this paper, matches the frequency dependent
non-linear effects observed in the passives without a need for
frequency dependent elements.

I. INTRODUCTION

There are many publications related to developing models
for capacitors and inductors [1]-[5], but there are much fewer
work that is related to wide-band behavior of on-chip and
embedded passives. A model based on a simple transmis-
sion line model without any substrate effects was mentioned
by Pucel [6]. Most recently, the conventional 7-model was
extended with frequency dependent lumped elements [2],
[3] which does a better job of describing the higher order
frequency effects, but prevents integration of the model with
time domain simulators. There are also alternative models such
as distributed models and other lumped models that try to
address the high frequency effects [4], [5].

This paper presents a new modeling methodology for pas-
sives based on fundamental lossy transmission lines. The
model is scalable from narrow-band to wide-band depending
on the accuracy required and is, to the authors’ knowledge,
the first model that systematically matches the passive com-
ponent response beyond the first resonance without need for
optimization. During the model development, we will show
that the frequency dependent nonlinear effects are taken care
of naturally by the continued fractions model using only
ideal frequency independent elements that is amenable to
time-domain transient analysis or harmonic balance nonlinear
simulation. We will also show how to reliably, quickly and
unambiguously extract the model parameters without requiring
optimization.

II. MODEL DEVELOPMENT

Our model development starts with the standard 7t model for
the passive component, with input and output extrinsic shunt
capacitances and intrinsic series reactive impedance as shown
in Fig. 1(a).
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Fig. 1. Equivalent circuit model of passives.

A. Extraction of the extrinsic capacitances and intrinsic im-
pedance

The input and output extrinsic shunt admittances and the
intrinsic series impedance are extracted from the measured
two-port S parameters. Knowing the S to ABCD transform
equations, and the ABC'D matrix for the series intrinsic ca-
pacitor or inductor impedance, Z.q; OF Z;pq, and the ABCD
matrix for the shunt extrinsic admittance, Y.,¢, gives us the
means to obtain the intrinsic inductances and capacitances
and the extrinsic capacitances unambiguously, to the extend
where we can differentiate the port 1 and port 2 extrinsic
capacitances. The resultant equations are:
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B. Intrinsic Inductor Model

The intrinsic inductor is modeled as a transmission line
with an ideal short-circuit at the end. This equation is then
approximated using the first, second and third order contin-
ued fractions approximation of tanh (/) and translated into
traditional equivalent circuits to obtain our first, second and
third order intrinsic inductor models. The model could easily
be extended further to a fourth order if necessary to model the
inductor to the second resonance. Using an ideal short circuit
termination, the resulting transmission line equation is

Zind = ZO tanh (’)/l) . (2)

The result of (2) is not translatable into a traditional equiv-
alent circuit. Using the continued fractions approximation of
tanh (y1) given by
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allows for very simple translation into equivalent electrical
circuits. The residual errors for these circuit models can be
considered by computing the error between the model and
the measured data. Using the above equations, we are able
to obtain the first, second and third order approximation of
the intrinsic inductor input impedance, Z;,q. The third order
equivalent model is shown in Fig. 1(b).
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C. Intrinsic Capacitor Model

The intrinsic capacitor is modeled as an ideal transmission
line with an ideal open-circuit. Using Taylor’s series approx-
imation and the continued fractions approximation, as de-
scribed in Section II-B, we translate the derived mathematical
equation into conventional equivalent electrical circuit. As in
Section II-B, the third order equivalent circuit model for the
capacitor is determined as shown in Fig. 1(c) and Fig. 1(d).
With the Taylor’s series model, the frequency dependent resis-
tor is needed for modelling the capacitor, while the continued
fractions model is able to handle the frequency dependence
without resorting to frequency dependent components. This is
shown in Fig. 7

III. PARAMETER EXTRACTION

In this section, we will demonstrate the parameter extraction
for a number of integrated inductors and capacitors using
their measured S parameters. Specifically we measured three
different spiral inductors (with one and a half turns, three and
a half turns and four and a half turns), and three different MIM
capacitors with areas of: 1000 pm?, 3000 pm? and 6000 um?.

A. Inductor Model

To obtain all the model parameters for the second order and
third order intrinsic inductor impedance without optimization,
both the real and imaginary part of the input admittance of
the second order intrinsic inductor model are approximated
by linear equations, assuming that (u)LMd/RC)2 > 1. The
parameters extracted for the second order model are then
used to calculate the parameters of the third order model.
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Fig. 2. Comparison between the intrinsic inductor and the second and third
order models.

This allows us to cast the resultant intermediate equations as
straight lines with the assumption that (wRdC’,-nd)2 > 1, thus
allowing us to extract the third order model parameters.

Fig. 2(b) and Fig. 2(a) show the imaginary and real data
match between the second order and the third order intrinsic
inductor model and the measured data. We note that the third
order model is generally more accurate and able to match the
data at higher frequencies. The only exception is for the one
and a half turn inductor, where both the second and third order
model gives generally similar results. This is due to the fact
that the one and a half turn inductor has not reached resonance
yet within the measurement frequency range. This indicates
that a second order model is good enough to match the one
and a half turn inductor. Fig. 3 shows the complete equivalent
circuit model of the inductor.

B. Capacitor Model

In the case of the intrinsic capacitor, we found that the
second order model is as accurate as the third order models
for the imaginary part. However, the second order model is
not as accurate at higher frequencies for the real part.

Fig. 4 shows the complete equivalent circuit model of the
capacitor and Fig. 5 and Fig. 6 show the real and imaginary
data match between the measured Y7;; and the model for
a 1000, 3000 and 6000 pum? capacitors. Fig. 7 shows the
input quality factor, Q11 (w) for a single 6000 wm? capacitor.
Notice that both of the third order models, the frequency
independent continued fractions model and the frequency
dependent Taylor’s series model, matches the measured data
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Fig. 3. Complete Inductor model.
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Fig. 4. Complete capacitor model.
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Fig. 5. Comparison of the measured and modelled Re (Y71).

beyond the first resonance. While the second order model is
only able to match the measured data to first resonance.

IV. CONCLUSION

In conclusion, we have demonstrated a new modeling
methodology for integrated passives based on fundamental
transmission line theory and continued fractions approxima-
tion. This model is scalable depending on the accuracy re-
quired. The third order model is, to the authors’” knowledge, the
first reported model that is able to match the measured results
beyond the first resonance in a systematic fashion. The wide-
band accuracy provided by the third or higher order intrinsic
model is needed in transient response design and also in
designs where the harmonic frequency response is important.
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Fig. 7. Comparison of the 6000pm? capacitor’s measured and modelled input
quality factor, Q11 (w).

The parameter extraction does not require any optimization
and is accurate and unambiguous.
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