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ECE 654: Solid State Devices II 

 

Chapter I 
Power Gains, and Stability Analysis of Microwave Transistors 

 
Introduction 

 

We start our discussion by introducing Smith Chart which is the plot of reflection coefficient in 

the complex plain. Then we will discuss the importance of interconnects and the parasitics they 

introduce on the performance of a microwave transistor. Finally we will discuss various gain 

definitions as well as the concept of stability, device cut off frequency and maximum oscillation 

frequency.  
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Smith chart is the plot of      in complex planeΓ

 
 

relationship between       and Z  is a bilinear transformationΓ

circle remain circle when they are mapped  

Impedance

Plane

( )ZIm

( )ZRe

Γ - Plane

( )ΓIm

( )ΓRe

mapping of constant

resistance until circle corresponds with

imaging axis in impedance plane  
 

 
with respect to 

Note: Γ (the reflection coefficient) is 

defined as the ratio of reflected to 

incident signals. 
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mapping of constant

reactance
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Smith Chart

1−=Γ
short circuit

inductive

capacitive

(matched)

⇒=Γ 1 open circuit

orthogonal

unit circle

-½ ½

 
 

 

Note that for Γ=0, there is no reflected wave (matching condition to Z0). For an impedance Smith 

chart, the bottom half of the circle represents capacitive impedances while the top half is 

associated with inductive impedances. Positive real values of impedance (positive resistances) 

reside inside the unity circle while negative resistances go outside of the circle.  

 

It is also possible to draw Smith chart for admittances. In this case the locations of open and 

short and capacitive and inductive areas are reversed. 
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Smith chart can be used to calculate impedance transformation

You can graphically find the transformed impedance
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now graphical solution using Smith Chart
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Standing wave 
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* incident and reflected wave make a standing wave along the line

at any point you can define standing wave ratio

min

max

min

max

I

I

V

V
SWR == shows how bad is the mismatch

 
 

 

 

 

 

very often SWR is referred to us VSWR

voltage standing wave ratio 
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VSWR is often expressed in dB

constant VSWR circles
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Impedance transformation 

 

4
λ line transforms short ckt to open ckt and vice versa

(quarter wave line)
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any given line: dZ ,0
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1 2 3 4f (GHz)open

inZ

short
what is short at one frequency is open at a different frequency  

 

 

open circuit transmission line
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going back to quarter wave line

L

in
Z

Z
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2

0= you can do matching

assume Ω= 25LZ we want to match it to Ω50
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Smith chart and passive elements 
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how to realize 2pF cap and 5nH inductor using open ckt line  (let say at 3GHz)

2j

λ43.02 =d

open
4

λ

λ172.01 =d

λ172.0=d

open

C=2pF      @3GHz

λ43.0=d

nHL 5=

you can use short ckt line λ176.0=d

L=5nH     @  3 GHz

pF2

 

* you can also use Smith Chart for admittance instead of impedance

we will have some homework on impedance transformation  
S-parameters  ����  scattering parameters 

 

d
inZ

short ckt impedance seen through a short piece of

transmission line can be anything
inZ

1 λ
d

inZ

f

it is also frequency dependant
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port 1 port 2

I2I1

V2V1

when we do not know anything about

device physics & modeling we represent

it as a black box with ports attached to it

There are many representation of this black box

Impedance      Parameters

2221212
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to find  Z11  �  open circuit output   �     I2 = 0     �  OK for low frequency

so for high frequency we are looking at certain parameters that are not determined

by short / open  ckts rather than by matching

under matched condition   �    no reflection

Hybrid            Parameters

Admittance     Parameters
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S S11, S22 are input, output reflection coefficient

S21, S12 are transmission and reverse transmission 
 

 

 

voltage waveform 
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S11, S12, S21, S22 are often presented in dB form

0

0

11
ZZ

ZZ
S

in

in

in
+

−
=Γ= ⇒− 11log20 S Return loss when port 2 is

terminated with 50Ω

02 =a

no reflection from termination  
 

 

Measurement of S-parm 
 

 

network analyzer

Port 1 Port 2

DUT

+
-

+
-

bias tee

power supply

22S

f=10GHz f=1GHz

11S

 
 

 

you often measure S-parm under different bias conditions (voltage & current)  

and over a frequency range of interest 

 

 

you also have DC measurement of your device

dIdI

GV DSV
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using all these data you can find the device model (non-linear: spice) that represents  

the device under DC and RF under different bias conditions 

 

 

Circuit Design and Analysis using a microwave transistor 

 

Assume that you have a microwave transistor and you would like to design a circuit (or an 

integrated circuit) using this transistor. How do you proceed? 

1st measure transistor for its RF performance

(S-parm) use
network

analyzer

Design

using

S-parm of the transistor

22211211 SSSSf

GHz1.0
1
2
3

Try to model

the transistor

Small-Signal Model Large-Signal Model

-Spice model

-BSIM model
gr gdC

orgsmVg
gsVgsC

* only need S-parm measurement

+ insight to the physics of device

for initial values

need DC
dg IV −

dsd VI −

+ RF VC −

parmS −

+insight to device physics

older technique

that measures Caps

vs.  supplied bias

need S-parm

for different biases
So large-signal modeling is a difficult task

often your transistor supplier provides that  
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For integrated circuit technologies 

 

 

* you cannot possibly measure every given geometery

you measure certain geometery (RF +DC)

generate a scalable large-signal model

that fits all possible geometeries  
 

 

for instant

geometery transistors

gr

W

( )minL

geometery

you only model 4 transistors

then you curve-fit

( )Wf

your model rg

for different

that you measured

 
 

 

- Scalable models are not very accurate,   gain may be off by a couple of dB

but you cannot afford not knowing the stability situation

that is why fab foundries often supply

S-parm data along with the model  
 

But raw S-parm data is useless

when you deal with an integrated transistor 
 

 

For packaged transistor 

you can measure S-parm of

inherent transistor + package  

you can use the same S-parm for your ckt design +   stability analysis 
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For integrated transistor 

    

you measure

S-parm of this structure

S

D

S

Source

Source

Gate
RF

pads

but in ckt design

transistor

you only use the transistor without its pads  

So raw S-parm  is useless

you need to de-embed the effect of pads  
 

1st degree approximation 

 

Pads are only capacitive 

PC

PC

typically the same

since there is often

a symmetry in your pad design  
But such large pads may induce capacitive coupling

2PC

1P
C

PXC
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may also have inductive term especially as interconnects become

narrower as you get closer to the transistor

2PC

1PC

PXC

1SL
2SL

 
 

Therefore you need to put embedding structues

and measure them so that you can model the effect

of pads  +  interconnects  
 

 

 

 

Summary :  to design circuits based on a microwave transistor: 

 

- measure S-parm of transistor + pads

- de-embed the effect of pads

- find the S-parm of the transistor

- repeat for different bias

- measure DC

- construct large-signal model

construct small-signal

model
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Design / stability analysis using

S-parm

of transistor

small-signal

model

large-signal

model

for DC analysis

you still need

a DC model
1st order model

      (ideal MOS equation)

          � do hand calculation

higher order model

computer simulation

useful

 for hand

   calculation

one analysis

for all

the frequencies

you find Vds and Id of each transistor

you are usingmake sure the small-signal / S-parm

is extracted under this bias

using large-signal model you can design

DC and RF performance at the same time

but you can only use CAD software

you can do hand calculation for one or two frequencies,

but to analyze over a range of frequencies

you simulate using a CAD software  
 

 

 

if you do hand-calculation

- for DC analysis use 1st order DC models (ideal MOS equations)

- for RF analysis use small-signal model find gain / bandwidth etc.

- for stability analysis use S-parms as they are more accurate  

 

s 
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if you do hand-calculation for only one or two frequencies

small-signal model S-parms  
 

 

 

 

 

if you do computer simulation

- use large-signal model for DC+RF+stability

- use S-parm tables to do stability analysis provided by foundry

( RF analysis )

This is basically a step

to make sure your model is not too off

Provided

that you have

S-parm for

that particular

size transistor

for that

particular

bias

 
 

let’s start with S-parm analysis 

 

Various Power Gain Definition of a Microwave Transistor 

 

1st.  define various gains 

 

     

sourcethefromavailablePower

loadthetodeliveredPower

P

P
GGainTransducer

AVS

L

T ===

transistorthetoinputPower

loadthetodeliveredPower

P

P
GGainPower

IN

L

P ===

sourcethefromavailablePower

networkthefromavailablePower

P

P
GGainAvailable

AVS

AVN

A ===
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transistor

matching

matching

SR

SV

21SinΓ outΓ

LR

SΓ LΓ
11S 22S

12S

S-parm
source reflection

coefficiant

load reflection
coefficiant

input reflection
coefficient

(not necessarily S11)

output reflection coefficient

(not necessarily S22)

 
 

L

L

in
S

SS
S

Γ−

Γ
+=Γ

22

2112
11

1

if transistor is matched at output

then
11Sin =Γ

050 =Γ⇒Ω= LLZ

when you do not put an

output matching network

 

S

S
out

S

SS
S

Γ−

Γ
+=Γ

11

2112
22

1

if transistor is matched at input

then
22Sout =Γ

050 =Γ⇒Ω= SSZ

when you do not put an

input matching network 
 

you can write different gains in terms of S-parm +
SL ΓΓ ,

 
 

Transducer Gain 

 

2

2

2

212

11

2

2

22

2

2

212

2

1

1

1

1

1

1

1

1

Lout

L

S

S

L

L

Sin

S

T S
SS

SG
ΓΓ−

Γ−

Γ−

Γ−
=

Γ−

Γ−

ΓΓ−

Γ−
=

 
 

That means

22

11

2

22

2
1111 LoutSLSin SS ΓΓ−Γ−=Γ−ΓΓ−

 
 

substitute        and         ,  you can prove that this is correctinΓ outΓ
 

 

s 
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transducer gain is basically whatever power gain

you have considering the fact that you could not

perfectly match at input and output  
 

 

Power Gain 

 

2

22

2

2

212
1

1

1

1

L

L

in

P

S
SG

Γ−

Γ−

Γ−
=

 

GP is not a function of
SΓ

for power gain you do not care about input matching network

you are looking at the input power to the transistor

That is why GP is not related to
SΓ

 
 

 

Available Gain 

 

2

2

212

11

2

1

1

1

1

outS

S

A S
S

G
Γ−Γ−

Γ−
=

 
 

GA is not a function of
LΓ

 
 

for available gain, you do not care about output matching network

you consider only the output power from the transistor

That is why GA is not related to
LΓ

 
 

Example 

 

For a 2.4 GHz MESFET Amplifier 

 

matching

matching

Ω50

SV

Ω50

°∠=Γ 1205.0S

°∠=Γ 904.0L
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Calculate different gain expressions assuming

°−∠=
Γ−

Γ
+=Γ 164627.0

1 22

2112

11

L

L

in
S

SS
S

°−∠= 1606.011S

°∠= 16045.012S

°∠= 305.221S

°−∠= 905.022S

°−∠=
Γ−

Γ
+=Γ 97471.0

1 11

2112

22

S

S

out
S

SS
S

 

)75.9(43.9 dBGT =

)31.11(51.13 dBGP =

)8.9(55.9 dBGA =

usually lower than the other

( )AP GG ,

mismatch at source and load

two gains                  , because of

 
There are still three more gain expressions: 

 

 

Maximum Available Gain (MAG) 

 
*

inS Γ=Γ

*

outL Γ=Γ

simultaneous input / output matching

valid as long as it is stable  
 

( )12

12

21

maxmaxmax −−==== kk
S

S
GGGMAG PAT

where
2112

22

22

2

11

2

1

SS

SS
k

∆+−−
=

21122211 SSSS −=∆

k is stability

factor as we

shall use soon  
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Maximum Stable Gain (MSG) 

12

21

1
S

S
MAGMSG k == =

you use this gain

definition instead of

MAG when transistor

is potentially unstable 
 

f

gain
12

21

S

S
MSG = 1=k

1>k

( )12

12

21
−−= kk

S

S
MAG

1<k

maxf
 

 

 

Unilateral Gain (GU) 

 

     

set    S12 = 0

2211 , SS outin =Γ=Γ
 

 

2

22

2

2

212

11

2

1

1

1

1

L

L

S

S

TU

S
S

S
G

Γ−

Γ−

Γ−

Γ−
=

input

matching

gain

inherent gain of the transistor

output

matching

gain

 

unilateral transistor is always stable 
 

maximum GTU is called maximum unilateral gain

or sometimes unilateral gain (GU)  
 

 



ECE 654      Solid State Devices II 

Prof. S. Mohammadi 

 - 23 - 

TUTUTU GGG == max,

2

22

2

212

11 1

1

1

1

S
S

S
GTU

−−
=

L

S

S

S

Γ=

Γ=

*
22

*
11

 
 

 

 

     

frequency (GU at zero dB) is also fmax

f

gain

MSG

1=k

1<k

maxf

MAG

1>k

GU

k :  stability factor  
 

Note: If you plot the short circuit current gain (H21) of the device as a function of frequency, it 

crosses the 0dB (H21=1) at a frequency known as cut-off frequency (fT) or unity current gain 

frequency. Of course you cannot measure H21 directly as it is impossible to maintain a good short 

circuit impedance at the device terminal. Therefore, you calculate H21 from measured S-

parameters and plot it along maximum unilateral gain or MSG/MAG combination shown in the 

above figure. 

 

fT and fmax are two important figure of merit that describe the small signal behavior of a 

microwave transistors. However, you need to know more about the transistor than just its fT and 

fmax. Parameters that are important for you in addition to these two figures of merits are stability 

condition, noise figure, linearity, power efficiency and maximum output power as shall be 

described later.  
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Stability 

50

50

+

−
=

+

−
=Γ

S

S

OS

OS

S
Z

Z

ZZ

ZZ

50

50

SΓ
LΓ

inΓ
outΓ

 
 

when the real part of ZS is positive then

10

10

≤Γ→≥

≤Γ→≥

LL

SS

R

R 1

2

resistance part

means that both input and output

matchings provide resistances

(positive resistance)  
 

in addition if the real part of Zin and Zout

is also positive that means  

1
1

1
1

11

2112

22

22

2112
11

≤
Γ−

Γ
+=Γ

≤
Γ−

Γ
+=Γ

S

S

out

L

L

in

S

SS
S

S

SS
S 3

4

 
     

    

* if eqns       ~       are all satisfied your amplifier is stable1 4

(provided that you only have one transistor

we will look at multiple transistor case)  
 

1=Γin
1=Γout

find                   and SΓsolve for        and
LΓ

These equations give circles on Smith Chart  
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1=Γin find LΓ it gives a circle that has a radius

and center as following :

Lr

LC

1=Γin

output stability circle

22

22

2112

∆−
=

S

SS
rL

( )
22

22

**

1122

∆−

∆−
=

S

SS
CL

we have defined        before∆

21122211 SSSS −=∆
 

 

 

There are two possibilities 

 

1=Γin

1<Γin

1>Γin

stable region

1=Γin

1>Γin

1<Γ
in

stable region

to find which one is the stable region, try 0=ΓL  

similarity you can find input stability circle by setting

1=Γout and find
SΓ
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Sr

SC

1=ΓS

22

11

2112

∆−
=

S

SS
rS

( )
22

11

**

2211

∆−

∆−
=

S

SS
CS

 
 

 

You can have two cases  �  consider output stability circle 

 

Case 1 

 

 

( )1≤ΓL1=Γin

output

stability circle

stable

every where on the Smith Chart

provides stable operation

we refer to this as unconditionally stable  
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Case 2 

 

 

    

stable

unstable

or

stable

unstable  
 

 

    

in each of the above conditions you can find load impedances

that result in unstable condition( )
LΓ

 
 

 

    

potential unstable

does not mean it is unstable but you have

to be careful providing right load impedance 
 

 

    

you can define these two different cases using stability factor

work out equations
2112

22

22

2

11

2

1

SS

SS
k

∆+−−
=

21122211 SSSS −=∆
 

1,1 <∆>kif unconditional stability
 

1,10 <∆<< k potentially unstable

(true for most RF transistors at low frequency) 



ECE 654      Solid State Devices II 

Prof. S. Mohammadi 

 - 28 - 

1,01 <∆<<− k potentially unstable

you often use this condition

to make an oscillator

in this case most of Smith Chart results in unstable operation

that is why it is good for oscillators  
 

* stability circles vs. frequency

typically you have the following situation

for widebandwidth Amps  

GHzat

in

10

1=Γ

gets worse as you go to

lower frequencies

GHz

atin

5

Γ

GHz

atin

1

Γ

k

f

1=k

potentially

unstable

GHz10very

low freq.

low-freq-3dB

BW
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for narrowband Amps

GHzat

in

5

1=Γ

GHzat

in

7

1=Γ
GHzat

in

6

1=Γ

k

f

1=k

potentially

unstable  
 

 

unconditionally  stable design

*  check stability for all frequencies, not just BW of interest

*  to be safe, design such that k>2 for all frequencies

*  if you have multi-stage amplifiers, need to consider stability within the transistors 
 

 

1<∆typically                for RF transistors

we can look at stability factor   k  ,

plot input/output stability circles in cadence 
 

 

 

 

last thing on gain/stability most of the gain equations we saw are also

circle equations on Smith Chart  
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            =
21 2

12

( 1)
S

k k
S

− −  

- matched is MAG  

 

gain circles are perfect circles

at low input power

distort as you go

to higher power

reasonable

gain and

NF values

dBNF 2=

dBNF 4=

dBNF 6=

Noise figure

circles
stability

circles

dBG 6=

dBG 9=

dBG 12=

dBG 15=

simultaneously

input/output

conjugate matched

**
, outLinS Γ=ΓΓ=Γ

how to find this optimum point for gain?  
 

L

L

S
S

SS
S

Γ−

Γ
+=Γ

22

2112

11

*

1

S

S
L

S

SS
S

Γ−

Γ
+=Γ

11

2112
22

*

1

find optSoptL ΓΓ ,

 
 

2

2

2

2

22

2

4

C

CBB
optL

−±
=Γ

1

2

1

2

11

2

4

C

CBB
optS

−±
=Γ

 
 

22

22

2

111 1 ∆−−+= SSB
22

11

2

222 1 ∆−−+= SSB

*

22111 SSC ∆−=
*

11222 SSC ∆−=

)(11, probablystablekif optLoptS >→<ΓΓ
 

optLoptS ΓΓ ,So that optimum point for                             exist

if you have unconditionally stable case

Gain at that optimum input/output conjugate 


