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Encoder	  Block	  Diagram	  of	  a	  Typical	  Block-‐Based	  Video	  
Coder	  

(Assuming	  No	  Intra	  Predic9on)	  

Done:	  Mo9on	  es9ma9on	  
Last	  subject:	  Variable	  Length	  Coding	  
This	  lecture:	  Scalar	  and	  Vector	  Quan9za9on	  
And	  then:	  DCT,	  wavelet	  and	  predic9ve	  coding	  
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Quan9za9on	  

•  Scalar	  (or	  memoryless)	  Quan9za9on	  
•  Vector	  Quan9za9on	  
•  Rate-‐distor9on	  characteriza9on	  of	  lossy	  
coding	  
– Opera9onal	  rate	  distor9on	  func9on	  
– Rate	  distor9on	  bound	  (lossy	  coding	  bound)	  
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Scalar	  (memoryless)	  Quan9za9on	  

•  General	  descrip9on	  
•  Uniform	  quan9za9on	  
•  MMSE	  quan9zer	  
•  Lloyd	  algorithm	  

•  Quan9za9on	  is	  inherently	  nonlinear	  
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Scalar	  quan9za9on	  par99ons	  the	  line	  
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Func9onal	  Representa9on	  

ll BfgfQ ∈=   if  ,)(
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Distor9on	  between	  input	  and	  output	  

General	  distor9on	  measure	  d1(in,out):	  

Mean	  Square	  Error	  (MSE):	  	   2
1 )(),( gfgfd −=

Dq,l	  is	  expected	  
distor9on	  
within	  the	  l-‐th	  	  
region	  
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Uniform	  Quan9za9on,	  MSE	  

Uniform source: 
 

Each additional bit provides 6dB gain 



Granular	  and	  overload	  noise	  
•  If	  the	  quan9zer	  does	  not	  extend	  far	  enough,	  we	  
have	  overload	  noise	  
–  This	  can	  happen	  if	  there’s	  no	  real	  lower	  or	  upper	  
bound	  fmin	  and	  fmax	  ,	  or	  if	  b0>fmin	  or	  bL<fmax	  	  

•  The	  noise	  in	  the	  mid-‐range	  of	  the	  quan9zer	  is	  
called	  granular	  noise	  

•  Always	  try	  to	  minimize	  overload	  noise	  
•  Average	  distor9on	  is	  the	  combined	  effect	  of	  
granular	  and	  overload	  quan9za9on	  errors	  

From Gersho and Gray, 1992 9 



Uniform	  quan9za9on	  on	  a	  	  
non-‐uniform	  source	  

•  High-‐rate	  approxima9on	  –	  many	  quan9za9on	  
levels	  

•  Approximate	  pdf	  as	  uniform	  within	  any	  region	  
•  Then	  error	  in	  any	  region	  is	  approximately	  q2/12	  
•  Average	  MSE	  is	  approximately	  q2/12	  

From Gersho and Gray, 1992 10 

SNR 

Highest level / sigma 

Each additional bit provides 6dB gain, 
provided there is no overload! 
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Minimum	  MSE	  (MMSE)	  Quan9zer	  

•  Special case: uniform source 
–  MSE optimal quantizer = Uniform quantizer 

MSE minimize   to,   Determine ll gb
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MMSE	  quan9zer	  for	  non-‐uniform	  
source	  

•  Closed-‐form	  solu9ons	  don’t	  always	  exist	  
•  Use	  numerical	  procedures	  to	  find	  op9mal	  breakpoints	  
and	  reconstruc9on	  levels	  

•  Breakpoints	  and	  reconstruc9on	  levels	  scale	  with	  the	  
variance:	  

•  Implementa9ng	  quan9zer:	  Compare	  all	  breakpoints	  to	  
input	  f,	  or	  find	  reconstruc9on	  level	  that	  is	  closest	  to	  f	  
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Proper9es	  of	  MMSE	  Quan9zer	  

•  Equalizes	  quan9za9on	  error	  in	  each	  par99on	  
region:	  Dq=P(Bl)	  Dq,l	  	  
–  Recall	  Dq,l	  is	  expected	  distor9on	  within	  Bl	  ,	  the	  l-‐th	  
region,	  and	  Dq	  is	  the	  overall	  distor9on	  

•  The	  quan9zed	  value	  is	  an	  unbiased	  es9mate	  of	  
the	  original	  value:	  E(G)=E(F)	  

•  The	  quan9zed	  value	  is	  orthogonal	  to	  the	  
quan9za9on	  error:	  E(GQ)=0	  

•  The	  quan9za9on	  processes	  reduces	  the	  signal	  
variance:	  σ2

G=σ2
F-‐σ2

Q	  
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High	  Resolu9on	  Approxima9on	  

•  For	  a	  source	  with	  arbitrary	  pdf,	  when	  the	  rate	  
is	  high	  so	  that	  the	  pdf	  within	  each	  par99on	  
region	  can	  be	  approximated	  as	  flat:	  
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Lloyd	  
Algorithm	  

•  Itera9ve	  algorithms	  
for	  determining	  
MMSE	  quan9zer	  
parameters	  

•  Can	  be	  based	  on	  a	  
pdf	  or	  training	  data	  

•  Iterate	  between	  
centroid	  condi9on	  
and	  nearest	  neighbor	  
condi9on	  
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Entropy-‐constrained	  quan9za9on	  
•  Does	  the	  presence	  of	  entropy	  coding	  aler	  quan9za9on	  
change	  the	  quan9zer	  design??	  

•  Minimize	  the	  average	  distor9on	  for	  a	  fixed	  entropy	  

•  Result:	  a	  uniform	  quan9zer!	  (when	  the	  number	  of	  
levels	  becomes	  large)	  

•  Distor9on	  in	  each	  region	  similar;	  short	  codewords	  in	  
regions	  with	  rela9vely	  large	  pdf	  
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Vector	  Quan9za9on	  

•  General	  descrip9on	  
•  Nearest	  neighbor	  quan9zer	  
•  MMSE	  quan9zer	  
•  Generalized	  Lloyd	  algorithm	  
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Vector	  Quan9za9on:	  	  
General	  Descrip9on	  

•  Mo9va9on:	  quan9ze	  a	  group	  of	  samples	  (a	  
vector)	  together,	  to	  exploit	  the	  correla9on	  
between	  samples	  

•  Each	  sample	  vector	  is	  replaced	  by	  one	  of	  the	  
representa9ve	  vectors	  (or	  paLerns)	  that	  olen	  
occur	  in	  the	  signal	  

•  Applica9ons:	  
–  Color	  quan9za9on:	  Quan9ze	  all	  colors	  appearing	  in	  an	  image	  to	  L	  colors	  for	  display	  

on	  a	  monitor	  that	  can	  only	  display	  L	  dis9nct	  colors	  at	  a	  9me	  –	  Adap9ve	  paleLe	  
–  Image	  quan9za9on:	  Quan9ze	  every	  NxN	  block	  into	  one	  of	  the	  L	  typical	  paLerns	  

(obtained	  through	  training).	  More	  efficient	  (fewer	  bits	  per	  sample)	  with	  a	  larger	  
block	  size,	  but	  the	  block	  size	  is	  limited	  by	  complexity.	  
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VQ	  as	  Space	  Par99on	  

Every point in a region (Bl) is 
replaced by (quantized to) the point 
indicated by the circle (gl) 
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Distor9on	  Measure	  

MSE:	  

General	  distor9on	  measure	  dN(in,out):	  

Dq,l	  is	  expected	  
distor9on	  
within	  the	  l-‐th	  	  
region	  
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MMSE	  Vector	  Quan9zer	  

•  Necessary conditions for MMSE 
– Nearest neighbor condition 

 
– Generalized centroid condition: 

 
– MSE as distortion: 

– Necessary but not sufficient conditions 
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Nearest	  Neighbor	  (NN)	  Quan9zer	  

Challenge: How to determine the codebook? 
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Complexity	  of	  NN	  VQ	  
•  Complexity analysis: 

–  Must compare the input vector with all the codewords 
–  Each comparison takes N operations (for each dimension) 
–  Need L=2^{NR} comparisons 
–  Total operation = N 2^{NR}  
–  Total storage space = N 2^{NR}  
–  Both computation and storage requirement increases exponentially with N! 

•  Example:  
–  N=4x4 pixels, R=1 bpp: 16*2^16=2^20=1 Million operation/vector 
–  Apply to video frames, 720*480 pels/frame, 30 fps: 

2^20*(720*480/16)*30=6.8 E+11 operations/s ! 
–  When applied to image, block size is typically limited to <= 4x4 

•  Fast algorithms: 
–  Structured codebook so that one can conduct binary tree search 
–  Product VQ: can search subvectors separately 
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Generalized	  Lloyd	  
Algorithm	  

(LBG	  Algorithm)	  

•  Start with initial 
codewords 

•  Iterate between finding 
best partition using NN 
condition, and updating 
codewords using 
centroid condition 



Example	  

x: training sample 
o: reconstruction level 
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Caveats L  

Both quantizers satisfy the NN and centroid condition, but the 
quantizer on the right is better! 
 
NN and centroid conditions are necessary but NOT sufficient for 
MSE optimality! 
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Complexity	  of	  NN	  VQ	  
•  Complexity analysis: 

–  Must compare the input vector with all the codewords 
–  Each comparison takes N operations (for each dimension) 
–  Need L=2^{NR} comparisons 
–  Total operation = N 2^{NR}  
–  Total storage space = N 2^{NR}  
–  Both computation and storage requirement increases exponentially with N! 

•  Example:  
–  N=4x4 pixels, R=1 bpp: 16*2^16=2^20=1 Million operation/vector 
–  Apply to video frames, 720*480 pels/frame, 30 fps: 

2^20*(720*480/16)*30=6.8 E+11 operations/s ! 
–  When applied to image, block size is typically limited to <= 4x4 

•  Fast algorithms: 
–  Structured codebook so that one can conduct binary tree search 
–  Product VQ: can search subvectors separately 
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A	  Review	  of	  Vector	  Quan9za9on	  

•  Mo9va9on:	  quan9ze	  a	  group	  of	  samples	  (a	  vector)	  
together,	  to	  exploit	  the	  correla9on	  between	  samples	  

•  Each	  sample	  vector	  is	  replaced	  by	  one	  of	  the	  
representa9ve	  vectors	  (or	  paLerns)	  that	  olen	  occur	  in	  
the	  signal	  

•  Typically	  a	  block	  of	  4x4	  pixels	  
•  Design	  is	  limited	  by	  ability	  to	  obtain	  training	  samples	  
•  Implementa9on	  is	  limited	  by	  large	  number	  of	  nearest	  
neighbor	  comparisons	  –	  exponen9al	  in	  the	  block	  size	  

•  Transform	  coding+scalar	  quan9za9on:	  a	  constrained	  vector	  quan9zer!	  



31 

Addi9onal	  reading	  material	  

•  Wang, Ostermann, Zhang: 
– Sec. 8.5-8.7, 8.3.2,8.3.3 

•  Gersho and Gray, Vector Quantization and 
Signal Compression, Kluwer Academic 
Press, 1992 
– Scalar Quantization Chapter 6&7 
– Vector Quantization Chapter 10&11 



Problems	  to	  prac9ce	  (1)	  

•  Show	  that	  for	  an	  MMSE	  quan9zer,	  the	  original	  
random	  variable	  F,	  the	  quan9zed	  random	  
variable	  G,	  and	  the	  quan9za9on	  error	  Q=F-‐G	  
sa9sfy	  the	  following	  rela9onships:	  
– The	  quan9zed	  value	  is	  an	  unbiased	  es9mate	  of	  
the	  original	  value:	  E(G)=E(F)	  

– The	  quan9zed	  value	  is	  orthogonal	  to	  the	  
quan9za9on	  error:	  E(GQ)=0	  

– The	  quan9za9on	  process	  reduces	  the	  signal	  
variance:	  	   σG

2 =σ F
2 −σQ

2



Problems	  to	  prac9ce	  (2)	  

•  Consider	  a	  RV	  F	  with	  pdf	  p(f)=(λ/2)exp(-‐λ|f|).	  
•  A	  three-‐level	  quan9zer	  is	  defined	  as	  

– Find	  b	  for	  a	  given	  a	  such	  that	  the	  centroid	  
condi9on	  is	  sa9sfied	  when	  the	  distor9on	  measure	  
is	  MSE	  

– Find	  a	  for	  a	  given	  b	  such	  that	  the	  nearest-‐neighbor	  
condi9on	  is	  met	  

– Fin	  an	  op9mal	  set	  of	  a,b	  in	  terms	  of	  λ	  such	  that	  
both	  condi9ons	  are	  met.	  Derive	  the	  final	  MSE	  



Problems	  to	  prac9ce	  (3)	  

•  A	  2-‐D	  vector	  quan9zer	  has	  two	  codewords:	  
g1=[1/2,1/2]T,	  g2=[-‐1/2,-‐1/2]T.	  Suppose	  that	  
the	  input	  vectors	  f=[f1,f2]T	  are	  uniformly	  
distributed	  in	  the	  square	  defined	  by	  -‐1<f1<1	  
and	  -‐1<f2<1.	  Illustrate	  the	  par99on	  regions	  
associated	  with	  the	  two	  codewords,	  and	  
determine	  the	  MSE	  of	  this	  quan9zer	  (it	  is	  
sufficient	  to	  write	  the	  integral	  formula).	  
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OPTIONAL	  Programming	  assignment	  
•  Option 1: Write a program to perform vector quantization on a gray 

scale image using 4x4 pixels as a vector. You should design your 
codebook using all the blocks in the image as training data, using 
the generalized Lloyd algorithm. Then quantize the image using your 
codebook. You can choose the codebook size, say, L=128 or 256. 
Your program should work with any specified codebook size L. 
Observe the quality of quantized images with different L. 

•  Option 2: Write a program to perform color quantization on a color 
RGB image. Your vector dimension is now 3, containing R,G,B 
values. The training data are the colors of all the pixels. You should 
design a color palette (i.e. codebook) of size L, using generalized 
Lloyd algorithm, and then replace the color of each pixel by one of 
the color in the palette. L should be a user-selectable variable. 
Observe the quality of quantized images with different L. 

In both cases, design your quantizer on two different images.  How do the 
designs differ?  Show results of your 2 designs on 4 different images 



Rate	  distor9on:	  Bounds	  on	  lossy	  
coding	  performance	  
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Mutual	  Informa9on	  

•  Mutual	  informa9on	  between	  two	  RVs	  :	  
–  Informa9on	  provided	  by	  G	  about	  F	  
–  Recall,	  F	  is	  the	  input	  signal,	  and	  G	  is	  the	  quan9zed	  signal	  
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Mutual	  Informa9on,	  vector	  RVs	  

•  N-‐th	  order	  mutual	  informa9on	  



Rate-‐Distor9on	  Characteriza9on	  of	  
Lossy	  Coding	  

•  Rate	  distor9on	  func9on	  R(D)	  	  
–  Can	  also	  use	  distor9on-‐rate	  func9on	  D(R)	  

•  R(D)	  bound	  for	  a	  source	  
–  The	  minimum	  rate	  R	  required	  	  
to	  describe	  the	  source	  with	  	  
distor9on	  <=D	  

•  Opera9onal	  (or	  empirical)	  rate	  
distor9on	  func9on	  for	  quan9zer	  
–  For	  example,	  a	  vector	  quan9zer	  reaches	  	  
different	  points	  on	  the	  R(D)	  curve	  by	  	  
change	  #	  regions/codewords	  

•  R(D)	  op9mal	  quan9zer	  	  
–  minimize	  D	  for	  given	  R,	  or	  vice	  versa	  

Typical D(R) curve 

R

D

(bound)   )(RD

quantizer)given  (a   )(RD
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Lossy	  Coding	  Bound	  	  
(Shannon	  Lossy	  Coding	  Theorem)	  

©Yao Wang, 2003 

IN(F;G): mutual information between F and G, information provided by G about F 
QD,N: all coding schemes (or mappings q(g|f)) that satisfy distortion criterion dN(f,g)<=D 

 

h(F): differential entropy of source F 
RG(D):  RD bound for Gaussian source with the same variance 
i.i.d. Gaussian source requires highest bit rate!  



RD	  bound	  for	  Gaussian	  source	  

•  iid	  1-‐D	  Gaussian	  
•  iid	  N-‐D	  Gaussian,	  with	  independent	  
components	  

•  N-‐D	  Gaussian	  with	  covariance	  matrix	  C	  

•  Gaussian	  source	  with	  power	  spectrum	  S(ejω)	  
– which	  is	  the	  Fourier	  Transform	  of	  the	  
autocorrela9on	  func9on	  



Summary	  
•  Coding	  system:	  	  

–  original	  data	  à	  model	  parameters	  à	  	  quan9za9on	  à	  	  binary	  
encoding	  

•  Quan9za9on:	  
–  Scalar	  quan9za9on:	  

•  Uniform	  quan9zer	  
•  MMSE	  quan9zer	  (Nearest	  neighbor	  and	  centroid	  condi9on)	  

–  Vector	  quan9za9on	  
•  Nearest	  neighbor	  quan9zer	  
•  MMSE	  quan9zer	  
•  Generalized	  Lloyd	  algorithm	  

•  Rate	  distor9on	  characteriza9on	  of	  lossy	  coding	  
–  Bound	  on	  lossy	  coding	  
–  Opera9onal	  RD	  func9on	  of	  prac9cal	  quan9zers	  


