
 

Models for random processes section 9 2
to describe how NH is related to Mta

Recall
Fix outcome a function of Tinie

Use tools from ECE 301

Fix time a random variable

Use tools already learned in ECE 302

Fix neither

What can we say about the random signal

Do we have any useful tools already
Yes

How should we extend these to be relevant
to this new more complicated situation

Some thoughts

PDF of Xlt

a pdf at each instant in time
is it constant or does it vary with

time

Joint PDF of Xlt and X Ita

how is the pdf at one instant t

related to the pdf at another instant tz
Canplausibly be extended to n samples in Tinie

But messy there are an infinite samples



A different less complete modeling approach
Moments of a Random Process

e

an extension of the moments of a RV

moments are now a function of Time

1stmoment mean m It E X t

2nd moment E Nlt
Variance Var XA ELX4tD E Xlt

But there are other useful moments
Autocorrelation cross correlation

auto covariance cross covariance

Sup at2mnstantf
t and tie t t T

we have 2 RVs It and X th X t.tt

the correlation between these two E Xlt XthD
is important enough we give it a name
autocorrelation and a notation R Lt tz

This gives us information about
Rx Lti t.tt

the relationship between 2 Time samples
of the same random process



We can also consider the covariance between

Xlt and X Ita

Cx l ti ta Cov Xlt X Ltd
E Xlt m It Nta MxLtd

El xht X Ltd El Xlt DENIED
this is called the auto covariance function

Relationships

Cx Lt tu Rx It tz m It Mx Itu

Cx Lt t Var X ft

Note the autocorrelation autocovariance

and mean functions do not completely
characterize a RP

But they do describe some basic information
about Xlt

we can denote these as Cx Lt t t

and Rx It ttt



Next consider two random processes

It and Yet
and we sample me at time t

and another at time t I

we can compute the correlation and
covariance between these two RVs

X Lt and Y Lt t

cross correlation

Rxy ti t.tt ElXlt Ytt itD
cross covariance

Cxy It t.tt El Xlt Ht ttD
ECXLGDELYH.tt

Rxy It t te Mx G My Hitt



Examples about 2nd order statistics

suppose two RPs Xlt and Yt

Example

Xlt is height of a person over their

lifetime Each person will have a

different instance of the RP

what is the correlation between their

height at 3 years and at 30 years
Rx 13,30 E X 3 11130

one point on the autocorrelation function

Example
Xlt is the size of a dog and

yet is the size of a dog's paws

what is the correlation between the
size of the paws at 3 months
and the site of the dog at 2 years

Rxy 2 0.25 E X z Y 0125J

one point on the cross correlation function



yet ea
mjf

autocorrelation visually

tenant

El Ntl mean of all
time tr

PF offizations

it an realization's

texture

Rxy ti tr EL Nti yitz Y yXaat tf



computing auto correlation example

suppose A is a uniform RV on o I
Xlt

and Xlt A cos 2T t ftpeRxlth7 E xttdXltd
E Accs 2Mt A cos Zittel

E AZ cos 21T t cos 21172

Because A is random and cos 2Mt isNo

ElAY fACxdx I o3tT
Rx Lt ta Is cos 2Mt cos 2Itz

CxCt ta Rx It tr El Xlt DECXIED

f cos 2Mt cos 21T tz

t cos Utt cos 2Ittz

it cos 21T t cos 21172

recall
E Xlt D ELA cos 21T t I as 2Mt



Computing cross correlation example

Xlt cos wt O Both depend on

Y It sin wt 0 0 a uniform RV
on interval C IT IT

f O It when Tk Oe IT

E Xlt E cos wt O

cos t yo do one full
it F cycle

O

and E Y lt O also

Cx Lt ta Rx It tz
autocorrelation
Rx Lt tz El Xlt x HD

E cos wt to cos I w ta t O

E E cos w t t G 20 E cos w Ct ta

see identities on next page

Iz cos wht ta
1st term is similar
tocomputing mean but
there are two complete cycles



tihar
Recall Cosa cos B If coscatp taos x p

Sina sin B If cos x p costa I
cosasnip tzfsnicxtD suicat

Cross correlation

Roxy It ta E NE Ht d

E f cos wt.to sin wtz to

Eff Siu wCt ttd 120

Isin w It tall

First term taking expectation over 0

goes to zero Second term is constant

Isin w Lt th

and for these 2 R Ps Cxy ti tr Rxylt t

Note that this depends on

ti ta but does not otherwise
depend on either t or tz

individually



Example Autocorrelation for a discrete time RP
Examp

Let Xn be a sequence of 2 interleaved 9.341
independent random variables

1 2 7 11
n odd Pxn X

uz x I

0 else

Xn Ln even p x
9 0 X b

ko X 3

0 else

possible x x x x
X x x

valuesfor 11 in

this Random x x x x

process x x x

Find mean and autocorrelation and auto covariance

mean i Mx n Mn E Xn

for n odd Mx n I ti El l O

fer n even Mxin off's to f 3 0

SO M n O for all n



Autocovariance ti j El Xi Xj ELKIE

Elk'Xj Rx i's
since E Xi 0 for all i

Autocorrelation R lis's E Xi x

Case l i j Rx Li i EH D

Ferrin Eui't fol's t off 35

i j
IT to To fo

Hoda El Xi I i I l Y

so Rx i i L for all i

case2 it's E Xi Xj E Xi E Xj
since Xi and Xj are independent

if it j

So R Ii s l i
ii is

0 it j



Review Random stochastic processes
using discrete time notation

X l n w depends on both the outcome w
or Xnlw and the Tinie h

Nn or Xn is an abbreviation that hides dependency
on w

Xn is also a random variable
a sample of the random process at n

If we fix w then Xn is a deterministic
function of Time tools from ECE 301

If we fix n then Xn is a random variable

tools from this class

El Xn mln mean is a function of timeor Mn

if we don't fix either w or n we need new tools

Here we focus on 2nd order statistics and how they
vary as a function oftime

Autocorrelation Rx Li j E Xi X

Auto covariance Cx Li j Rx Li j Mx i Mx j
cross correlation Ray i j E Xi Yi
cross covariance cxylt.fr Rx Li j Mili myCD


