
 

Expected values of 2 RVs and Joint moments
Chapter 5,6

with 2 random variables we care how

they vary together
Definition
Let 2 gtx y be any function

of Xandy

Then Elz f gl y fxylx y dyDX

or Elt guy Pxy IX y
all

mZ glX Y
2 X
Z Y
2 X y sum of 2 RVs

2 XY product of 2 RVs

2 9 X ga y product of 2 separablefunctions

2 Xi yi a joint moment of X and y

example 2 x'y

2 X Mx y µ js
a joint centralized
moment of Xand y



Example Z XtY

Easy to show that ELt ELXET
proof E z Etty cxtylfxytxyldxdy

ffxfxylx.yldydx ffyfxylx.ly dxdy
Sx f x x dx Syfy y dy
EL x ELY

Also E X t Xz t Xn E X 1 Eliz t END

lf i mdZgxy
can be decomposed into 2 g X ga y
then ELZ El g X Elgely

In particular ELXY E X ELY

pneof EL g X guy ffg tx gzly fxy x y dydx
fg G fax dx fg.ly fyly dy
EL g IX E guy

Example Z exp X 45
Elt E exp X E Ys

if and only if X and Y are independent



Joint moments of X and y

Recall EL xn is the nth moment of X

E H µ Y is the nth central moment
of X

Jointmoments E xn Ym

Joint central moments Elk Mx y µy
m

These summarize information about the

joint behavior of X and Y
The more joint moments we know the

more we know about X and y jointly
Because while the joint PDF tells us

everything about this in practical situations

it may be difficult to obtain or estimate

Correlation El XY r y n 1 and m

If Etsy O X and Y are said to be orthogonal
but they may or may not be uncorrelated

Covariance El X Mx Y Ny coulx y Say
if CoV X Y O X and Y are said to
be uncorrelated



Correlation coefficient

p y
c0Vl coU oxy
ox Oy f VARIX VAR ly Ox oy

Note I E Ry E l
Pxy 0 uncorrelated

sexy o positively correlated

Pxy so negatively correlated

Be careful with the English terminology
These are mathematical definition's
When people papers and the press talk

about the correlation they often
mean the correlation coefficient

Q why covariance and not correlation

A sometimes you don't care about the mean

Ex in a circuit amplifiers are often given
a large DC voltage bias so they'll operate
as desired The information signal is
the variation about the bias So covariance

is more meaningful here
Q why correlation coefficient and not covariance
A No units the lack of units can make the

correlation coefficient more interpretable



Properties of correlation covariance and
correlation coefficient for general RVs Xandy

Shortcut for computing covariance

recall Varix ELK EUI E XY Ek
CoV X Y E XY E X E Y

proof E x Ek Y ELY E Xy E Y XEN
E XY E X Ely El x E y Efx Ely TENET

Cov LX X Var X

Cov X y Cov Y X

Varlxty Var X Var LY 2Co Y
proof cross term

disappears
Var XH E AYY Elxty only if

E X 12 4 42 El x Ely
2 Kandy are

EIN 12 ELM Elyr
uncorrelated

Ef

E X 2E ELY Ely 2

I El x 2 Elxy ELDELY
ELYL Ely 2

n varlxl ivarl D 2covlx.lt

hehermae.tCovLaXb cYtd acCov X Y All relationship
can be

CoV X 14 Utr Cov X a Cov xn derived
from this

CoV Yu t Cov Yer one



I ELXY E EFFENT
I could 4 I Ex J



Interpreting the correlation coefficient
indicates the strength of the linear
relationship between X and Y

suppose you want A estimate
ARV y

from another RV X using a linear
relationship

mode Y axtbtqtm.nwjecaff.int
whats ELY Varly p y

maynot
be

an exact
Define ELX µ Varlx o linear

relations

Ely ELaXtbtN qutb EffASSUMED
arty Var aXtbI r ax var N 12044N

a'o on T
ELXY Ela X2tbXtXN Assume

noise
a ELN tbµ uncorrelated

and since o2 ELXY µ withsignal
ECM o µ2

so ECxy a o 19M BM
Etsy El ELY

covlx 1and finally p y of a of



simplifying 2 a µ bu µ qutb
pay

I
ab m ofdeepen

Y of of

Interputation p y describes how
effective the

linear relationship
is

If YE aXtb is an accurate approximation

then 92 is small and

Pxy I I 1 as of o

lalo

If Ye ax tb is less accurate 92 larger
then pxy I 0 as q2 grows

If p o there is no linear relationship
betweenX Y

if f It there is a direct linear relationship



Scatterplot examples

y
thejoint

is ingens p.int 9
joint pdf of Xand Y

lines for which

Y fxy x y c
uncorrelated

pro
for different c

positively correlated
pe a

Ypeas

Not all Rbs
negatively

correlatedslope 5 y have a linear
Mastin

x



Covariance correlation and independence

Recall X and Y are independent
if and only if f y Ix y fx Ix fyly

for all X and ally

if X and Y are independent then Corthy O

w

ytopwmf

Be careful the reverse is not always true

ifCov XiD O

XandYmaynotbindependent



Example i uncorrelated but Not independent

example 5.27

O is a uniformly distributed angle o 21T

X cos 0 x y are on the
Y sin 0 unit circle

Are Xuanidorrywinadefendent

iymmtkaNfow
f y Lx y fx x fy y for all x and y

But note that the region of support for

f xy Lx y is onethe unit circle

So we know immediately that they are NOT

independent because a circle is not in productfarm

what is CoV X Y E XY Ek E y
E Xy because ECX O

E HY E cos 0 sin O E sing
I Lit sin 20 do 0

sin 20
X and Y are

TO uncorrelated but

not independent



Summary for independent RVs

Independent RVs are ok uncorrelated

Uncorrelated RVs may not be independent

Uncorrelated joint Gaussian RVs are independent

124 ONI
EL g Lx ga Y El g LX Elgalx

rxy E XY E X E Y

Cxy CoV X y 0

Var Ny Var X Nar Y Trossterm

and of course
fxy x y fx x fy y
fx xly fx x

next topic


