



































































































































overview of Two RandomVariables
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RV RVs
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Two RVs Joint probability mass function

Pxy IX y PC x x Y y

sample space
Sxy ay pxylx.gl so
the set of pairs x y which have

won zero probability
Three ways to represent apmt list table graph

E otadwmkpairofrandmah.am
Test 2 ICs in sequence
Each can be acceptable a or rejected r

Assume Pca 0,9 and

test outcomes are independent

Let X acceptable circuits

Y successful tests before I E rejection

s rr ra ar a a

Sxy x y o O L l o 1,1 2 2

r r ra ar a a

Sx o 1,2 Sy o l 2






































































































































mapping the outcome w i
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joint PMF as a list formula

pxyix.si 9,5
0.09 X I y
0.81 X L y L
0 else

Joint PMF as a table joint PMF as

fully labeled graph
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Computing probabilities from Joint pmf

All elements of Sxy are disjoint so

PCB p y x y
x y EB

Marginalpmf

Px Cx p x x Inostadfngabout value
of y

PC X x and Y anything

2 pal x yall
possible
y

Py ly p y x y

apt'ossible

p
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Joint CDF and Joint PDF ch 5.3 5 4

i

i

Marginal Pdf oo

fax J fxy x g dy
OO

f y y If fxy lay DX

Marginal CDF

Fx x PIX x PIX ex Yanything
PIX ex Y 00

lying Fxy Xy

Fy y LYi oo Fxytx y






































































































































Joint CDF and its properties
y

F y x y Pl X x i Y

q.tx.us

is
se

f

Properties

a quarter plane

Yay fxylx.gs I twang'eming

the region becomes the entire

sample space
many F y X y 0 either x y

approaches oo

the region becomes the null set

tiffs Fxy x y Fx tx

has Fanny p
miffy

P a X a b c c Y ed

Fxy bid Fxy b c Fxy la d tFxyla c






































































































































compute ftp.otaeregoitnatnsujqrregims

i

me npyuatmIIeauaedatoth6ig bothsmab
minus Fxy evaluated at one big one small

pictorial explanation
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Compute probabilities of any region
by
integrating the joint PDF

in general p x g EA JJ fxytx y dxdyfor an arbitrary
eventregion A x g cA

Note the joint PDF

is isis
If A is not completely
inside the Ros of the PDF

then you want to integrate

mlyoerA
For a rectangular region A a a X E b c Eyed

b

Pla E Xt b c eyed

y

fxy lay dxdy
x a

Note pay attention
to setting up the integration correctly






































































































































Examyple computing a probability from ajoint PDF

fxy Xy 2 osx eye 1

0 else

a what is PL X E Iz

b what is PL X E 14 YE Iz

Draw the Ros and each event

which triangle isY

tµM Ros in Ros
Pick a pointqq.de

x Yz y O is NOT
in Ros

Now add the event of interest x.ci z

s't
Hittin

set up and solvethedouble
integration see next page for

112 iz reminder on how

p XE h ffxytxyjdydx ffxzdydx f.ph X dx
o X

3 4






































































































































To set up the limits of integration always

always draw a picture and reason it out

I nisi iii in

O y
o 42

The limits on the outer integral b alwayf

the full range for that variable

Ex if x is on outside then X C o Yz

Ex if g is on outside then y C o l

The limits on the inner integral must

define the region Draw arrows to see range

I x on outside for a given valueof X

4 ye x I

a y on outside there are 2 cases

Ko i
if 0 EYE42 X E o y

o 42 if Ye Ey t l X C 91 2

For this example X on outside is easier
y on outside would require 2 parts

but give the same answer






































































































































Example part 2 What is PCX 44 and YE Iz

f
intersection of

t f
Ros

ya

q

event D

and aRos o

44

if y inside and x outside

draw arrow for a given x along y
direction

114 IL

p X E 14 Y Yz f f z dy dx
0 X

f z ly dy f 2ft x dx

Lx
2

I IT If
Possibleshortouts

If the joint PDF is flat in the
region of interest

PLA
aiealn nross 4fitjdoion.tt

area Ros Pdf is
not flat

over A or Ros
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A joint CDF is useful because it expresses

a probability

However it is most effective
for computing

probabilities of rectangular events only

It's possible but tedious to compute a

joint CDF from a joint PDF
It's straightforward but requires a lot

of attention to detail

How many ways
does the RUS intersect

the event X ex YE y

To compute the CDF you must consider
them all






































































































































Computing a joint cot from a joint PDF

Example joint uniform RVs

LX Y is a randomly selected point in

the unit square
fxy Xy

OEX El and eye I

else

Find joint CDF
Method divide 2 D plane into separate

regions based on the intersection of
the Ros with the region Xex Yey

Region 1 XO of ya 0

No overlap Fxy Xy O

Region 2 x y inside unit square

Fxytx y f f l dy dex XY
ex g

Region 3 osx El and y I 147g
Fxy lay fo fo l d x dy ex

layRegion 4 x l and o yet

qFxy lay fo fl l dy dx Y
Region 5 x 1 and y I Fxy x g






































































































































A few additional examples
Two random variables are uniformly distributed

over the triangle formed by o o 1,11 1,0

Find the constant c i e height of PDF
Find PC x Yz
Compute the marginal PDFs

tfPDF must be such that the

joint pdf integrated over its Ros is l
The area of the triangle is Ya so height is 2

g
T

PIX 12 fy z dy DX
µµRos

2 xdx 11,2 1 44 F x

314 ROSAevent

marginals

fx x f ytxgdy1 2 dy 2XwhenoEx
and 0 else

efragiw
value of X fxytx.lyf y y foof ylx g DX is nonzero only for oeys

Jj zdx 124 y when o eye I
andoe






































































































































Maggid PDF PMF CDF

When you care only about the
random variable and not the other

These are completely identical to what

we studied in Topic 2

Someproperties all are

pmf1pdfJjointpmfaqyxa
yp.y

tx y

marginal
pints

Pxtx
x

Py ly
ally

joint pdf go f y x y dx dy

Mpaffisnal foffxtx dx

II fy y dy


